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Introduction 


This  document  is  a  final  report  describing  the  research  activities  performed  under  the  contract 
F  19628-89-K-0014,  ‘On  the  Dynamics  of  Space  Plasmas’.  The  research  was  focused  into  three 
related  areas.  These  were: 

A)  An  examination  of  stochastic  electron  acceleration  mechanisms  in  the  ionosphere  and  the 
resulting  dynamics  of  magnetospheric  (i.e..  Radiation  Belt)  particles  and  waves. 

B)  A  study  of  nonadiabatic  particle  orbits  and  the  electrodynamic  structure  of  the  coupled 
magnetosphere-ionosphere  auroral  arc  system. 

C)  An  experimental  investigation  of  the  wake  signatures  created  by  a  solid  body  immersed 
in  a  flowing  plasma. 

In  the  next  section  we  present  a  more  detailed  description  of  the  three  research  areas.  Following 
that  is  a  list  of  the  refereed  publications  which  resulted  from  the  research  investigations.  Copies 
of  the  publications  themselves  are  then  added. 


Description  of  Research 

In  this  section  we  present  a  more  detailed  synopsis  of  the  research  areas  which  were  investigated 
during  the  period  of  the  contract. 


A)  An  examination  of  stochastic  electron  acceleration  mechanisms  in  the  ionosphere  and  the 

resulting  dynamics  of  magnetospheric  (i.e..  Radiation  Belt)  particles  and  waves. 

In  this  area  we  have  studied  the  following  problems: 

(1)  The  interaction  of  high  frequency  electromagnetic  waves  (EM)  with  plasma  particles  in 
a  constant  magnetic  field.  This  theory  is  of  interest  to  ionospheric  modification  research. 
The  EM  waves  can  be  radiated  from  the  ground  and  will  propagate  in  the  ionosphere. 
They  interact  with  the  ambient  electrons  and  may  accelerate  them  to  high  energies.  We 
have  published  three  papers  in  scientiHc  journals  and  two  articles  in  conference 
proceedings. 

(2)  The  mode  conversion  of  EM  waves  into  electrostatic  (ES)  cyclotron  waves  in  the 
ionosphere.  We  consider  an  inhomogeneous  plasma  and  wave  frequencies  in  the  range 

where  0*  is  the  electron  gyrofrequency.  By  using  a  WKB  analysis  of  the 
wave  equation  in  a  warm  plasma  we  estimate  the  erergy  transmission  coefficients  and 


power  absorbed  by  the  ES  waves.  We  have  published  two  papers  containing  this  theory^ 
The  radio  window  idea  of  mode  conversion  into  ES  waves  has  been  tested  in  the  HIPAS- 
UCLA  facility  in  Alaska.  The  electimtatic  waves  can  interact  very  efficiently  with  the 
ambient  plasma  producing  density  cavities  and  acceleration  of  electrons  to  high  energies. 


(3)  The  interaction  of  electrons  and  VLF  waves  in  the  Radiation  Belts.  The  interaction  of 
electrons  and  whistler  waves  near  the  equator  inside  the  plasmasphere  is  investigated  by 
using  quasilinear  theory.  The  waves  propagate  at  arbitrary  angles  with  respect  to  the 
inhomogeneous  geomagnetic  field,  llie  cyclotron  instability  is  due  to  the  resonance 
interaction  of  waves  and  particles  at  multiple  harmonics  of  the  cyclotron  frequency.  The 
magnetosphere  can  be  treated  as  a  gigantic  maser  whose  mirrors  are  the  ionospheric 
regions  and  the  earth’s  surface  in  the  conjugate  hemispheres.  The  waves’  amplitudes 
grow  to  large  values  due  to  interactions  with  the  energetic  particles,  which  anisotropic 
velocity  distributions  provide  the  free  source  of  energy.  It  is  also  a  mechanism  for  the 
removal  of  energetic  electrons,  which  are  precipitated  into  the  ionosphere  and  lost  from 
the  trap.  This  theory  is  of  interest  to  active  magnetospheric  experiments  such  as  CRRES 
which  can  test  the  efficiency  of  wave  particle  interactions  in  the  Radiation  Belts.  We 
have  published  three  articles  in  scientific  journals  and  three  in  conference  proceedings. 


(4)  The  interaction  of  protons  and  whisder  waves  in  the  eouatorial  regions  of  the 
mafnetosphere.  Experiments  performed  by  U.S.  and  Russian  scientists  [H.C.  Koons, 
Journal  Geophysics  Research,  82,  1163,  1977;  R.A.  Kovrazhkin,  et  al.,  JETP  Lett.,  39, 
228,  1984],  have  shown  that  protons  can  precipitate  from  the  Radiation  Belts  as  a  result 
of  their  interaction  with  VLF  waves.  The  waves  are  launched  from  satellites  and  have 
frequencies  which  are  close  to  the  equatorial  electron  gyrofrequency.  Waves  and 
particles  can  interact  through  multiple  harmonics  of  the  proton  gyrofrequency  in  the 
inhomogeneous  geomagnetic  field.  For  protons  that  satisfy  the  second  order  resonance 
condition  the  change  in  pitch-angle  can  be  very  large  which  will  precipitate  them  into  the 
ionosphere.  We  have  published  two  articles  in  conference  proceedings  and  are  in  the 
process  of  preparing  a  paper  to  be  submitted  to  a  major  journal. 

(5)  The  development  of  a  relativistic  Hamiltonian  formalism  of  magnetospheric  wave  particle 
interactions  including  background  inhomogeneities.  We  are  also  studying  wave-particle 
interactions  in  the  Earth’s  magnetosphere,  and  particularly  have  in  mind  protons  and 
VLF  waves,  motivated  by  observed  precipitation  of  protons  by  VLF  waves  near  the 
electron  cyclotron  frequency  [Kovrazhkin,  et  al.,  JETP  Lett.,  39,  228,  1984].  An 
important  application  is  the  upcoming  WISP  (Waves  in  Space)  experiment.  Previous 
work  [Ginet  and  Albert,  Phys.  Fluids,  B3,  2994, 1991]  reduced  the  resonant  test  particle 
problem  to  one  dimension  in  resonance-averaged  canonical  variables,  for  the 
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!q>proximation  of  a  constant  background  geomagnetic  field  Bq.  We  are  generalizing  this 
to  realistic,  slow  varying  Bq,  which  is  especially  crucial  in  the  paradigm  of  Shklyar 
[Planet.  Space  Sci.  34,  1091,  1986],  who  gives  a  schematic  theory  of  nonrelativistic 
«  proton  pitch-angle  scattering  by  a  perfectly  ducted  electrostatic  wave.  The  resonance 

function,  <a-kiV^-tU,  is  a  function  of  distance  along  the  field  line,  so  that  many  isolated 
resonances  occur.  It  is  important  to  study  the  result  of  a  resonant  interaction  as  the 
»  particle  enters  and  leaves  the  resonant  region.  The  work  of  Ginet  and  Albert,  among 

others,  shows  that  the  behavior  depends  strongly  on  the  degree  of  tuning  of  the 
resonance. 

We  have  extended  the  relativistic,  electromagnetic  Hamiltonian  formalism  of  Ginet  and 
Albert  to  account  for  local  background  inhomogeneity.  The  price  is  an  additional  degree 
of  freedom  in  the  description,  which  can  no  longer  be  reduced  to  an  autonomous  (time- 
independent)  pair  of  equations  of  resonant  motion.  The  analytic  solutions  of  the 
homogeneous  case  no  longer  hold  exactly,  and  can  only  be  used  as  guides.  Nevertheless, 
resonance  averaging  is  still  fruitful,  yielding  a  non-autonomous  pair  of  equations  (with 
distance  along  the  field  line  replacing  time).  This  is  accomplished  by  exploiting  several 
constants  of  the  motion,  which  can  be  found  explicitly  to  lowest  and  first  order  in  the 
wave  amplitude,  or  exactly  if  an  iteration  method  is  used  to  solve  a  certain  implicit 
equation.  This  set  is  much  easier  to  solve  numerically  than  the  full  set,  and  allow  greater 
insight  and  possibilities  for  approximate  analytic  solutions  as  well. 

For  comparison,  two  codes  with  six  degrees  of  freedom  (plus  time)  have  been  written 
to  follow  the  exact  behavior  of  test  particles  with  a  quite  general  specified 
electromagnetic  wave,  one  for  a  dipole  magnetic  field  and  one  for  a  slab  approximation. 
Both  codes  use  a  Hamiltonian  description  to  allow  direct  comparison  with  the  theoretical 
treatment.  Both  use  scalar  functions  to  specify  the  vector  potential  of  the  magnetic 
fields,  and  so  satisfy  the  Maxwell  equation  V«B=0  exactly.  In  the  case  of  the  dipole 
field,  the  canonical  coordinates  of  the  Hamiltonian  are  also  dipole  coordinates.  The  slab 
geometry  code  allows  for  arbitrary  values  of  the  inhomogeneity,  including  zero,  which 
permits  testing  of  theoretical  ideas  in  a  clear  and  simple  way.  We  have  also  generated 
parameters  for  which  the  paradigm  of  Shklyar  [Planet  Space  Sci.  34,  1091,  1986]  of 
many  isolated  (  resonances  seems  to  be  valid.  It  is  not  necessary  to  carefully  tune  the 
particle  initial  conditions  to  achieve  resonance;  the  simulated  particle  "finds"  resonances 
it  encounters  along  its  path. 

We  have  seen  very  interesting  behavior  of  the  phase  angle  near  resonance.  Shklyar 
assumed  that  the  value  of  this  angle  at  exact  resonance,  which  controls  the  sign  and  value 
w  of  the  jumps  in  action,  would  be  randomly  and  uniformly  distributed  between  0  and  2t, 

and  used  this  assumption  to  generate  diffusion  coefficients.  We  see  instead  that  this 
angle  takes  on  values  only  in  a  range  of  width  t,  and  preferentially  close  to  the  angle  of 
*  the  x-point.  This  gives  the  jumps  in  action  a  systematic  direction,  determined  by  the 

resonance  number  and  other  parameters,  which  greatly  affects  the  cumulative  influence 
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of  many  resonance  crossings.  Numerical  results  from  both  the  resonance-averaged  and 
exact  numerical  simulations  support  the  following  scenario:  most  of  the  time,  the 
particle  trajectory  closely  follows  the  contours  of  the  instantaneous  Hamiltonian  (which 
would  be  exact  streamlines  in  a  homogeneous  B  field),  while  the  separatrix  between 
streaming  and  phase-trapped  motion  drifts  slowly  towards  the  particle.  However,  near 
the  x-point  of  this  separatrix,  even  slow  drifting  has  a  large  effect  because  it  allows  the 
particle  to  cross  the  opposite  side  of  the  island  enclosed  by  the  separatrix,  so  that  there 
is  a  net  increase  in  the  action  variable  of  roughly  the  island  width  (which  is  proportional 
to  e^).  Once  the  drifting  has  taken  the  island  past  the  particle,  the  motion  is  again 
guided  by  H-contours. 

These  qualitative  arguments,  supported  by  estimates  of  the  streaming  and  drifting  rates 
as  functions  of  distance  from  the  island,  explain  much  of  the  behavior  observed:  the 
localization  and  magnitude  of  the  jumps  in  action  (and  therefore  energy  and  pitch  angle) 
near  resonances,  and  also  the  systematic  direction  of  these  jumps.  Jumps  that  tend  to  be 
in  the  same  direction  will  have  a  much  larger  cumulative  effect  than  jumps  that  occur  in 
a  random  walk  fashion.  This  work  has  been  presented  at  the  1992  AGU  Spring  Meeting 
(EOS  73,  253,  1992]. 

Work  is  also  in  progress  on  a  three-dimensional  particle-in-cell  code  for  the  Echo  series 
of  beam-in-space  experiments.  The  design  features  cylindrical  geometry  and  open  radial 
boundary  conditions.  The  electrostatic  field  solver  is  at  a  mature  stage;  the  next  issues 
are  efficient  charge-to-grid  assignment  (scatter  of  information)  and  grid-to-particle 
interpolation  (gather)  as  w  as  time  advancement.  We  are  also  considering  incorporating 
the  kernel  of  the  field  solver  in  a  two-dimensional  version  of  the  code,  which  would  be 
a  relatively  quick  and  useful  took  for  exploring  the  qualitative  dynamics. 

B)  A  study  of  nonadiabatic  particle  orbits  and  the  electrodynamic  structure  of  the  coupled 
magnetosphere-ionosphere  auroral  arc  system. 

In  this  area  we  have  developed  a  model  describing  the  structure  of  a  prebreakup  arc 
based  on  an  ionospheric  Cowling  channel  and  its  extension  into  the  magnetosphere.  A 
coupled  two-circuit  representation  of  the  substorm  current  wedge  is  used  which  is  locally 
superimposed  on  both  westward  and  eastward  electrojets.  We  find  that  brighter,  more 
unstable  prebreakup  arcs  are  formed  in  the  premidnight  (southwest  of  the  Harang 
Discontinuity)  than  in  the  postmidnight  (northeast  of  the  Harang  Discontinuity)  sector. 
This  contributes  to  the  observed  prevalence  of  auroral  activity  in  the  premidnight  sector. 
Also,  our  model  predicts  that  the  north-south  dimensions  of  the  current  wedge  in  the 
ionosphere  should  vary  from  a  few  kilometers  at  an  invariant  latitude  (A)  of  62°  to 
hundreds  of  kilometers  above  A  =68°.  Comparison  of  the  model  results  with  the 
extensive  observations  of  Marklund  et  al.  (1983)  for  a  specific  arc  observed  just  after 
onset  shows  good  agreement,  particularly  for  the  magnitude  of  the  polarization  electric 
field  and  the  arc  size.  We  conclude  that  this  agreement  is  further  evidence  that  the 
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substorm  breakup  arises  from  magnetosphere-ionosphere  coupling  in  the  near 
magnetosphere  and  that  the  steady  state  model  developed  here  is  descriptive  of  the 
breakup  arc  before  inductive  effects  become  dominant.  A  more  detailed  description  of 
this  work  is  given  in  the  paper  entitled,  "Prebreakup  Arcs:  A  Comparison  Between 
Theory  and  Experiment".  This  work  is  reproduced  in  the  next  section. 

The  theory  of  auroral  arcs  has  progressed  along  many  lines  of  thought:  electrostatic 
shocks,  double  layers,  the  Alfv6n  wave  propagation,  the  formation  of  a  small  wedge,  and 
viscuous  interaction  of  the  magnetopause.  In  simple  terms,  the  arc  is  analogous  to  a 
fountain  that  rises  to  some  height  at  the  center,  spreads  out  at  the  top  and  then  is  returned 
over  an  extended  area.  The  presence  of  a  conductive  ionosphere  and  the  complex 
interaction  of  the  associated  fields  and  particles  makes  the  problem  very  complex.  A 
self-consistent  model  of  an  auroral  arc  should  include  a  mechanism  for  generating  the 
field-aligned  potential  drop  associated  with  the  arc  and  a  description  of  how  the 
associated  currents  are  conserved,  including  ionospheric  effects.  In  our  research,  we  also 
address  the  additional  complication  that  an  auroral  arc  may  not  be  self-contained.  We 
find  that  it  modifies  the  ion  population  that  is  EXB  drifting  through  it.  The  drifting  ions, 
on  the  other  hand,  affect  the  charge  distribution  inside  the  arc  and,  hence,  the  potential 
distribution  itself.  We  have  examined  the  effect  of  the  arc  on  the  ions  in  analogy  with 
similar  effects  in  the  magnetotail. 

We  find  that  ions  EXB  drifting  through  an  auroral  arc  can  undergo  transverse 
acceleration  and  stochastic  heating.  This  result  is  very  analogous  to  recent  work 
regarding  similar  phenomena  in  the  magnetotail.  An  analytic  expression  for  the 
maximum  arc  width  for  which  chaotic  behavior  is  present  is  derived  and  numerically 
verified.  We  find,  for  example,  that  a  1.5  km  thick  arc  at  A=65°  requires  a  minimum 
potential  drop  of  3  Kv  for  transverse  ion  acceleration  and  heating  to  occur.  Thicker  arcs 
require  higher  potential  drops  for  stochasticity  to  occur.  This  mechanism  could  be  a 
partial  cause  for  ion  conics.  A  more  detailed  description  of  this  work  is  reported  in  the 
paper,  "Acceleration  and  Stochastic  Heating  of  Ions  Drifting  through  an  Auroral  Arc". 
The  paper  is  included  in  the  next  section  of  this  report. 


C)  An  experimental  investigation  of  the  wake  signatures  created  by  a  solid  body  immersed 
in  a  flowing  plasma. 

In  this  area  we  have  experimentally  studied  the  formation  of  the  wake  of  a  conducting 
body  in  a  flowing  plasma  similar  to  that  encountered  in  Low  Earth  Orbit.  We  developed 
a  device  that  produced  a  well-behaved  plasma  stream.  This  device  allows  the  laboratory 
simulation  of  plasmas  over  a  wide  range  of  conditions  (including  scalable  to  Low  Earth 
Orbit)  with  the  unique  ability  of  allowing  the  study  of  the  three-dimensional  plasma 
phenomena. 
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We  have  developed  a  number  of  diagnostics  for  this  device  that  allow  us  to  measure  ion 
and  electron  currents,  densities  and  distribution  functions,  in  addition  to  measuring  the 
space  and  plasma  potentials  inside  the  device.  Electron  and  ion  currents  are  measured 
with  the  aid  of  collecting  Langmuir  probes  while  the  particle  distribution  functions  are 
ascertained  with  the  aid  of  retarding  potential  analyzers.  Space  and  plasma  potentials  are 
measured  with  a  differential  emissive  probe  operating  in  the  limit  of  zero  emission  for 
a  minimal  perturbation  of  the  plasma.  All  diagnostics  were  optimized  for  low  density, 
fast  time  response  measurements  (frequency  response  =  1  MHz)  and  wei  designed  to 
minimize  the  perturbation  of  the  quantities  being  measured. 

We  have  performed  considerable  work  in  studying  the  physics  of  wake  and  ram 
formation,  current  collection  of  biased  objects  in  the  wake  of  the  objects,  and  the 
problem  of  secondary  electron  emission  from  biased  objects  in  the  plasma  environment. 
Our  experimental  results  have  been  used  to  verify  the  prediction  of  various  computer 
models,  including  SIMION,  MACH,  and  POLAR. 

The  study  of  wake  and  ram  phenomena  is  important  for  a  number  of  reasons.  The  ram 
and  wake  regions  itself  can  be  a  source  of  noise  due  to  instabilities  being  driven  by  the 
density  and  potential  gradients  at  the  wake-flowing  plasma  interface.  Objects  placed  in 
the  ion-free  wake  region  can  experience  considerable  charging  problems  due  to  the 
collection  of  electrons.  Since  there  are  no  ions  in  the  wake  region  to  neutralize  the 
charge  collected  from  the  electrons,  the  object  may  charge  to  a  considerable  voltage. 
This  is  especially  true  for  an  object  in  polar  orbit,  where  high  energy  electrons 
precipitating  down  along  magnetic  field  lines  may  induce  charging  of  several  thousand 
volts  for  large  structures. 

We  have  investigated  the  current  collection  of  biased  objects  in  the  wake  region  of  a 
conducting  body.  The  experiments  were  performed  in  the  JUMBO  vacuum  chamber 
(1.7  m  long  and  1.7  m  diameter)  at  GL.  For  these  experiments  a  1  cm  diameter  biasable 
sphere  was  placed  on  axis  5  cm  downstream  from  a  10  cm  diameter  grounded  disk.  The 
sphere  was  biasable  to  a  potential  of  ±5000  V  and  the  current  collected  by  the  sphere 
was  measured  as  a  function  of  the  voltage  applied  to  the  sphere.  For  positive  bias 
voltages  applied  to  the  sphere  current  is  collected  as  electrons  are  drawn  into  the  sphere. 
It  is  observed  that  for  low  negative  bias  voltages  there  is  no  current  olle.  ted  by  the 
object  which  is  in  the  ion-free  wake  region.  As  the  negative  bias  voltage  is  increased, 
there  is  a  sharp  tum-on  of  the  current  collected  by  the  object  as  it  draws  ions  into  the 
wake  region.  The  bias  voltage  at  which  this  current  tum-on  occurs  is  dependent  on  a 
number  of  factors,  e.g.,  the  angular  momentum  of  the  flowing  ions  at  a  given  sheath 
electric  field.  As  the  beam  energy  is  increased  the  tum-on  voltage  also  increases.  This 
is  to  be  expected  since,  for  higher  energies,  it  is  more  difficult  to  deflect  the  ions  enough 
to  be  collected  by  the  sphere. 


-6- 


We  have  also  compared  the  measured  current-voltage  characteristics  of  a  biased  sphere 
in  a  wake  with  the  predictions  of  a  number  of  computer  codes.  For  the  simplest  model 
we  have  used  the  particle  trajectory  code,  SIMION.  When  the  measured  potential 
profiles  are  entered  into  SIMION  and  the  particle  trajectories  are  followed,  the  code 
predicts  the  dependence  of  the  current  tum-on  voltage  with  beam  energy,  distance  from 
the  conducting  body  to  the  biased  object,  and  the  magnetic  field.  The  code  cannot, 
however,  predict  the  magnitude  of  the  current  collected  or  solve  for  the  potential  profiles. 
In  addition  to  the  study  of  current  collection,  SIMION  has  been  used  to  study  the 
dynamics  of  wake  formation.  By  entering  the  measured  potential  profiles  this  code  is 
able  to  predict  the  size  of  the  wake  region  and  also  predicts  the  important  features  of  the 
mid-wake  region,  such  as  on-axis  density  enhancement.  This  code  has  been  invaluable 
in  the  design  of  the  advanced  plasma  detector.  Since  the  detector  operates  at  low  plasma 
densities,  the  inability  of  the  code  to  include  space  charge  effects  is  not  an  issue.  The 
code  is  in  remarkable  agreement  with  experimental  data  from  laboratory  tests  of 
prototype  detectors. 

We  have  found  that  the  MACH  simulation  results  consistently  give  a  wider  contour  for 
the  ion  sheath  of  the  biased  sphere  in  the  wake  than  was  measured  in  the  experiment 
under  almost  identical  conditions,  although  both  simulation  and  laboratory  data  give  a 
sheath  dimension  consistent  with  the  Langmuir-Blodgett  spherical  sheath  model.  The 
difference  may  be  due  to  a  slight  enhancement  of  scattering  of  ions  into  the  wake  region 
by  charge  exchange  (although  the  charge  exchange  length  is  longer  than  the  device)  or 
some  type  of  plasma  oscillations.  However,  it  is  extremely  time  consuming  to  solve  the 
current  collection  problem  using  computer  simulations  because  MACH  is  a  backwards 
tracking  code  where  particles  are  launched  from  their  collection  point  and  tracked  to  their 
source.  Due  to  this,  the  code  has  difficulty  in  converging. 
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Some  Consequences  of  Intense  Electromagnetic  Wave  Injection 
Into  Space  Plasmas 
By 

william  J.  Burke^,  Elena  Vlllalon^,  Paul  L.  Rothwell*, 
and  Michael  Sllevitch^ 


1  Introduction 


The  past  decade  has  been  marked  by  an  Increasing  Interest  In  performing 
active  experiments  In  space.  These  experiments  Involve  the  artificial  liijec- 
ions  of  beams,  chemicals,  or  waves  Into  thp  space  environment.  Properly 
diagnosed,  these  experiments  can  be  used  to  validate  our  understanding  of 
plasma  processes.  In  the  absence  of  wall  effects.  Sometimes  they  even 
lead  to  practical  results.  For  example,  the  plasma-beam  device  on  SCATHA  became 
the  prototype  of  an  automatic  device  now  available  for  controlling  spacecraft 
charging  at  geostationary  orbit. 

In  this  paper  we  discuss  the  future  possibility  of  actively  testing  our 
current  understanding  of  how  energetic  particles  may  be  accelerated  in  space 
or  dumped  from  the  radiation  belts  using  Intense  electromagnetic  energy  from 
ground  based  antennas.  The  ground  source  of  radiation  Is  merely  a  convenience. 
A  space  station  source  for  radiation  that  does  not  have  to  pass  through  the 
atmosphere  and  lower  Ionosphere,  Is  an  attractive  alternative.  The  text  Is 
divided  Into  two  main  sections  addressing  the  possibilities  of  (1)  accelerat¬ 
ing  electrons  to  fill  selected  flux  tubes  above  the  Kennel-Petscheck  limit 
for  stably  trapped  fluxes  and  (2)  using  an  Alfven  maser  to  cause  rapid  deple¬ 
tion  of  energetic  protons  or  electrons  from  the  radiation  belts.  Particle 
acceleration  by  electrostatic  waves  have  received  a  great  deal  of 
attention  over  the  last  few  years  (Wong  et  al. .  1981;  Katsouleas  and 
Dawson,  1963).  However,  much  less  is  known  about  acceleration  using 
electromagnetic  waves.  Tlie  work  described  herein  Is  still  In  evolution. 

We  only  justify  Its  presentation  at  this  symposium  based  on  the  novelty  of 
the  Ideas  In  the  context  of  space  plasma  physics  and  Che  excitement  they  have 
generated  among  several  groups  as  major  new  directions  for  research  In 
the  remaining  years  of  this  century. 


1.  Air  Force  Geophysics  Laboratory,  Hanscom  AFB,  MA  01731 

2.  Center  for  Electromagnetic  Research, 

Northeastern  University,  Boston,  MA  02115 
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II  Electron  Acceleration  by  EIectroinaj;netlc  Waves 

One  of  the  first  things  we  were  mistaught  In  under  graduate  physics  Is  that 
electromagnetic  (em)  waves  can't  accelerate  charged  particles.  If  the  particle 
gains  energy  In  the  first  half  cycle,  it  loses  It  In  the  second  halt.  Teachers 
are,  of  course,  clever  people  who  want  graduate  students.  So  they  hold  off  dlscus- 
slng  gy^oresonance ,  In  which  case,  all  bets  are  off.  The  resonance  condition  Is: 


(1)  “  “hjVj-  nAjj/y  -  0 


Here  u  Is  the  frequency  of  the  driving  wave,  the  component  of  the  wave  vector 
along  the  zero  order  magnetic  field  ^  ”  Jo  ''z  particle's  component  of 
velocity  along  and  n  is  an  integer  representing  an  harmonic  of  the  gyro- 
frequency  ^  o  “  g  T  Is  the  relativistic  correction  (1  -  v^/c^)“^^^, 

q  Is  the  charge,  and  m  the  rest  mass  of  the  electron. 

Before  going  Into  a  detailed  mathematical  analysis  It  Is  obvious  that  there 
are  going  to  be  problems  accelerating  cold  Ionospheric  electrons  to  hlgli  energies. 
Higher  than  flrat  gyroharmonlcs  will  have  Bessel  function  multipliers  where  the 
argument  of  the  Bessel  function  Is  the  perpendicular  component  of  the  wave 
vector  and  the  gyroradlus.  For  cold  electrons  with  small  gyroradll,  all  but  the 
zero  Index  Bessel  function  terms  will  be  snail.  The  second  concern  can  be 
understood  by  considering  the  motion  of  a  charged  particle  In  a  circularly 
polarized  wave.  Roberts  and  Buchsbaum  (196A)  have  sliown  that  wltli  an  electron 
In  gyroresonance  according  to  eq.(I)  and  ^  Initially  antiparallel  to  the  wave 
electric  field  _E  and  perpendicular  to  the  wave  magnetic  field  B,  two  effects 
combine  to  drive  It  away  from  resonance.  As  the  electric  field  accelerates  the 
electron,  y  Increases,  changing  the  gyrof requency ,  The  magnetic  component  of 
the  wave  changes  Vj,  and  thus,  the  Doppler  shift  term.  It  Is  only  In  the  case  of 
the  Index  of  refraction  n  "  ck/  u  «  1  that  unrestricted  acceleration  occurs. 

In  all  other  cases  the  electron  goes  through  cycles  gaining  and  losing  kinetic 
energy. 

Recently,  the  SAIC  group  (Menyuk  et  al«  1986)  has  devised  a  conceptually 
simple  way  to  understand  acceleration  by  em  waves  as  a  stochastic  process. 

In  terms  of  the  relativistic  momenta  Pj  and  p  i  »  eq.(l)  can  be  rewritten  as 

“(h^-l)p^  +  2nj,  (n  n  (1)  )  +  (  (n  n  u)  )^  -  1  )  mc^ 

Depending  on  the  phase  velocity  of  the  waves,  equation  (2)  represents  a  fanily 
of  ellipses  (  n  2  "  ckj/  u  <l),  hyperbolae  (  n  j  >1)  and  parabolae 
(  n  j  “  1 )  In  a  p  ,  p j  phase  space.  The  zero  order  Hamiltonian  can  also  be 
written  In  the  form 


(2)  Hjj/mc^  -  (  1  +  (pj/mc)^  (p  1  /mc)^  ]  -  (p^/mc)  (  lo  /ck^) 
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Thus,  In  p  ^  ,  p2  space  constant.  Hamiltonian  surfaces  represent  families  of 
hyperbolae  (  n  ^  <  1)  ellipses  (  n  ^  >  1)  and  parabolae  (  n  ^  "  1). 

Hamiltonian  surfaces  have  open  topologies  for  indices  of  refraction  0  2^1* 

The  case  n  2  “  1  in  which  resonance  and  Hamiltonian  surfaces  are  overlying 
parabolae  Is  that  of  unlimited  acceleration  studied  by  Roberts  and  Buschbaum 
(196«).* 

In  the  case  of  mail  anplltude  waves  the  Intersections  of  resonance  and 
Hamiltonian  surfaces  In  p  ^  ,  Pjj  space  ate  very  sharp.  As  the  amplitudes  of 
the  waves  grow  so  too  do  the  widths  of  resonance.  For  sufficiently  large 
amplitudes,  resonance  widths  may  extend  down  to  low  kinetic  energies  allowing 
cold  electrons  to  be  stochastically  accelerated  to  relativistic  energies. 

It  should  be  pointed  out  that  although  this  model  heuristically  explains 
the  main  conceptual  reasons  for  stochastic  acceleration  to  occur,  Its  validity 
extends  only  to  small  angles  8  between  Jc  and  At  large  angles,  It  1  .s 

not  clear  that  the  zero-order  Hamiltonian  topologies  described  above  will  still 
hold. 

Over  the  past  several  months  we  have  developed  a  rigorous  extension 
of  the  analytical  model  of  Roberts  and  Buchsbaum  by  letting  Jt  »  +  kj  z 

assume  an  arbitrary  angle  to  B^.  We  begin  with  the  Lorentz  equation. 

(3)  ^  a  q  (  ^  +  _v  X  j 

dt 

The  relativistic  momentum  and  Hamiltonian  are  given  by  £  =  m  Y  ^  and 
H  ■  mc2  y,  respectively.  The  magnetic  field  of  the  wave  ^  Is  related  to  the 
electric  JE  through  Maxwell's  equation  ^  =  (£/m  )Jt  x  JE.  The  time  rate  of  change 
of  the  Hamiltonian  Is 


« 

(*)  H  "  <1  1*  i  “  qc^  E.  £/H 

If  we  define  “  Ej  cos  ♦  ,  Ey  «  -  E2  sin  ♦  and  E2  “  -  E3  cos  ♦  ,  where 
♦  “k^x+k2i“i‘it  then  equation  (4)  may  be  rewritten  In  the  form 

H  H  -  qE|  Px  cos  ^  _  qE?  Py  sin  ♦  _  qEr  Pj  cos  ^ 

W  U  U)  b) 


The  Lorentz  force  equation  can**  also  be  rewritten  as 
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(6)  Px  4.py  (  n  +  qE?  sin  ♦  ]  .  qEi  («i  -  K^z)  cos  ♦ 

m  Y  ^  u 

•  • 

(7)  Py  _  Px  [  n  +  qE7  ky  sin  ♦  ]  =  _  qE?  (lo  _  z)  sin  4i 

'  n  Y  u  ij 

•  •  • 

(8)  Pz  -  Kt  h  +  ^  (p^  +n  p  )  .  0 

U1  E, 

where  Kj  «  k^  ( 1  +  Ejkjj/Ejk^).  Equations  (5-8)  are  exact.  Our  first  simplifi¬ 
cation  Is  to  assune  E2  k^/  <■»  “  Bj  <<  ,  then  eqs.  (b-B)  may  be  combined 

to  give 

*  t 

(9)  4HH  -  q  (El  +  E2)  [  /  q'cos(  0  4  *  -  o  ’+  ♦  ' )  dt  ’  + 

C^  U  U  o 

+  /  R’cos  (o4(i-a  ')dt'  -  2p  1  sin  (  o  4  ^  4  o  )  ] 

o 

+  q  (E1-E2)  (  /  q'  cos  (li-o4o’-4i  ')  dt' 

W  o 

t 

+  /  R*  cos(  ♦  -  <J  +  ^  *+  o  *)  dt'-*-  2p  ^  sin  (  ^  -  o  -  a  )  ] 

o 

-  _a_  83  (  «  (  Pzo  +J<z.  (H-Ho)  )  cos  « 

(tl  U 

-  il  /'  (  Q’  +  R'  )  (  cos(  ♦  4  ♦  •)  4  cos  (  ♦  -  ♦  ’)  ]  dt’  ) 

El  o 

where  o  (t)  "  /'  «  <t’)  dt',  tan  a  -  -  (  p^o/Pyo  )  • 

(the  subscript  0  refers  to  the  Initial  conditions  at  t  •  0),  and 
•  • 

Q  “  qE|  (  «  -  K^z)  -  gEq  (  u)  -  kjz) 

(i)  U 

•  • 

R  “  qEl  (  «  "  Kzz)  4  qEp  (  01  -  k^z) 
u  u 

Primed  and  unprlmed  quantities  are  evaluated  at  times  t'  and  t,  respectively. 

We  note  that  accelaratlons  represented  In  Eq.  (9)  are  related  to  terras  multiplying 
*^*ttrlc  fields  In  right-hand  (Ei  +  E2),  left-hand  (Ei  -  E2)  and  parallel  E3  modes. 
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Our  next  einpllf Icatlon  Is  to  substitute  for  x  and  z  in  eq.(9)  the  zero 
order  solutions  Un  the  electric  field  amplitude)  of  eqs.  (6-8).  That  Is,  ue 
take  X  “  p  co8(  O  +  a  )  where  p“v^/n  is  the  electron  gyroradlus  and 

(10)  p^  -  I  p^o  Kz.  (»  -  Ho)  ]  • 

«  <ll 

We  note  that  eq.(lO)  reduces  to  eq.(2)  by  taking  “  k^,  which  Is  only  valid 
for  small  angles  between  Ji  and  In  fact.  Figure  1  shows  that  Hamiltonians 
with  open  (hyperbolic  or  parabolic)  topologies  In  pj,  p  space  at  small 
angles  between  ji  and  become  closed  (elliptical)  as  the  angle  Increases. 

The  practical  Implication  Is  that  cases  of  potentially  Infinite  accelaratlon 
with  k  =  kjj  become  restricted  to  finite  values  at  other  direction  of  wave 
propagation. 

By  taking  x  “  p  cos(  o  +  a  )  and  expanding  terms  with  sin  kj,x  and 
cos  k^x  In  series  of  Bessel  functions,  eq.  (9)  becomes 

(11)  4HH  -  )  Tn 
(II  n 

Tn  “  a._  (-1  +  E2)  Jn_i  (kj,  P  )  1  If  (  Q'J’  cos(n  6  +  m  8  '  +  <•  +  <1  '  ) 
u:  mo  m-f  1 

+  R'J'o-i  cos(n  e-m6'+iji-i|)')]  dt'  +  2p  ^  cos  (n  6  +  T  )  } 

+  ^  (E1-E2)  Jn+i  (k),  P  )  (  i  /  [  Q’J'  cos(n  e-mS'+it'-ip’) 

(ii  mo  I 

+  R*J'm-l  cos(n  0  +  m  8  ’+  ♦+♦’)]  dt '  +  2p  ^  cos  (n  8  +  <|i  )  ) 

”  *1(^1  Jn  (St  P  )  i  ^  (  Pzo  *  Jia  (H~H„)  )  cos  (n  0  +  <|>  ) 

fa)  U) 

■  II  1  /  ^  (Q’  +  R’)J'  (  cos(n  0+m0  ’+(11  +  11.’) 

m  o  m 

“■I 

+  cos(n  8  -  m0’+i(»-(|.')J  dt’  ) 

where  0  -  /  ^  tJ  (t')  dt’  +  a  +  x  /2,  J '  5  J  (k^  p  ’ ) ,  (  v  -  m,  m  +  1) 
o  V  V  *  — 

and  t  “  kj  z  -  01  t. 

After  averaging  over  the  -fast  (gyroperlod)  time  dependencies  and  a  good  deal 
of  tedious  algebra,  we  obtain  that,  for  each  n,  the  particle  energy  obeys  the 
following  differential  equation; 

(12)  (U  +  1)2  (  1_  ^  ^  '’n  (*^)  "  ® 

ID  dt 

where  U  -  (H-H<,)/H<,  and 
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Vn  (U)  -  U  +2  fn/'*!  )  ^  ♦  (o)6ln  ♦  „  di  U  (  U  +  2r„/d,  ) 

4 

+  t  1-  t  2  i  (  E  2dl-  E  ihi)  (  C„+i  (U)  +  Fn+i(U)  ) 

2 

+(  r  2d2-  E  ihz)  F„+l  (U)  I 


(  E  ihi  +  E  2dl)  (  Gn_i(U)  +  F„_,(U)  ) 

+  (  £  jh2  +  £  2^2)  1 

2 

(  G„(U)  +  F„(U)  )  +  h2F„(U)  )  -  (  ♦  (O)cos  «  „  ) 

where  £  ^  ■  -  (q  tj  u  )  c/H^  (i“l,2,3),  d|  ■  1  -  u  2 

‘*2  ”  ^  -  kjZg/  u  ,  hj  -  1  +  Kj/kj  (dj  -  1) 

ffi  ”  1  M  -  n  n  ,,/  u  ,  h2  -  K^/kj  d2 

♦  (0)  -  V  X  „/2c  I  -(  £  1  +  £  2)  Jn-1  C'x  P  o)  +  (  E  2  -  E  j) 

Jn+l  (I'x  P  o)  1  ■*■  '’zo!^  E  3  Jn  (k^  P  ©) » 

♦  n  *  "  (  “  *  *  )  ■*•  •‘2*0 

2 

and  G  V  (U)  “  /  J  V  I  kx  P  (U*)  ]  U'  dU' 
o 

F  V  (0)  -  /  J  V  I  kx  P  (U*)  ]  dU’,  (  V  -  n,  n  +  1). 


-  £  I-*-  £  7  1 

2 

2 

-  £  3  I  hi 


Gq*(l2)  Is  in  Che  fona  of  Che  equaclons  of  a  hamonlc  osclllaCor.  Under  Che 
Unit  6  ••  0,  Eq.  (12)  becomes  Che  equacion  derived  by  Roberc  and  fluchsbaum 
(I96A).  The  llmlcs  of  Che  parclcles  excursion  In  energy  for  a  given  resonance 
n  and  elecCrlc  field  E  can  be  found  by  setting  the  potentials  Vj,  (U)  -  0.  At 
wave  amplitudes  where  Che  range  of  potentials  for  different  harmonics  overlap, 
we  have  the  onset  of  scochastlclty. 


At  the  present  time  we  have  Just  begun  to  explore  the  numerical  solutions  of 
equation  (12).  In  Figure  2,  we  show  some  of  our  preliminary  results.  We  assume 
that  u  pg/  n  g  -  U.3,  the  electric  field  amplitude  Is  such  Chat  £l  "  0.1,  and  the 
wave  frequency  Is  w  1.8  0  p.,We  consider  only  the  second  cyclotron  harmonic 
since  this  Is  Che  closest  to  satisfying  the  resonance  condition,  eq.(l),  for 
Initially  cold  electrons.  The  components  of  the  wave  electric  field  and  the 
refractive  index  n  ore  calculated  from  the  cold  plasma  dispersion  relation  for 
electromagnetic  waves  at  any  arbitrary  angle  0  to  B^.  It  turns  out  that  n  is 
always  smaller  Chan,  but  very  close  to  1  (  n  ■  0.97).  The  maxlmtas  allowed 
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Fig.  1.  Surfaces  of  zero  order  Hamiltonians  with  different  propagation 
angles  to  magnetic  field. 


Fig.  2.  Range  of  allowed  electron  energy  gain  (shaded)  as  a  function  of 

wave  propagation  angle  to  magnetic  field.  The  solid  line  represents 
maximum  energy  excursion  for  elliptical  topologies. 
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energy  gain,  as  given  by  Che  zero  order  Hamiltonian  topologies,  Is  represented 
by  Che  solid  lines  .  TIic  shaded  region  represents  the  actual  energy  gain  ns 
obtained  by  requiring  (U)  <  0.  We  see  that  for  fl  =  ^5°,  initially  cold 
electrons  can  be  accelerated  to  very  high  energies.  In  fact,  for  cold 
electrons  we  find  that  U  *  T  -  1  and  that  the  particle  can  gain  as  much  as  2.5 
Mev.  As*  9  decreases  more  initial  kinetic  energy  Is  required  for  any 
acceleration  to  Cake  place.  For  large  6  ,  the  elliptical  hanlltonlan 
topologies  severely  restrict  the  energy  gain. 


Ill  The  Alfven  Maser 


Active  control  of  energetic  particle  fluxes  In  the  radiation  belts  has 
maintained  a  continuing  Interest  In  both  the  United  States  and  the  Soviet  Union. 
Electron  dumping  experiments  concluded  by  the  Stanford  University  and  Lockheed 
groups  using  VLF  transmissions  are  well  known  (Inan  et  al.  1982,  Imhof  et  al. 
1983).  Perhaps  less  known  Is  a  theoretical  paper  by  Trakthengerts  (1983) 
entitled  “Alfven  Hasers"  In  which  he  proposes  a  theoretical  scheme  for  dumping 
both  electrons  and  protons  from  the  belts.  The  basic  Idea  Is  to  use  RF  energy 
to  heat  the  Ionosphere  at  Che  foot  of  a  flux  tube  to  raise  the  height  Integrated 
conductivity.  The  conductivity  Is  then  modulated  at  VLF  or  ELF  freq\ienclps 
which  modulates  the  reflection  of  waves  that  cause  pitch  angle  diffusion  In  the 
equatorial  plane.  The  artlflcally  enhanced  conductivity  of  the  lonospliere  thus 
maintains  high  wave  energy  densities  In  the  associated  flux  Cube,  thereby, 
producing  a  maslng  effect. 

In  addition  to  external  Ionospheric  perturbations  particle  precipitation 
also  raises  Ionospheric  conductivity.  The  maslng  of  the  VLF  waves  causes 
further  precipitation  which.  In  principle,  results  In  an  explosive  Instability. 
The  purpose  of  this  section  la  to  establish  the  basic  equations  and  to  present 
Che  results  of  a  preliminary  computer  simulation. 

The  fundamental  equations  derived  by  Trakhtengerts  (1983)  are  based  on 
quaslllnear  theory  and  relate  only  to  the  weak  diffusion  regime.  It  Is  useful 
to  use  similar  set  of  equations  derived  by  Schulz  (1974)  based  on  phenomeno¬ 
logical  arguments  that  Includes  strong  pitch  angle  diffusion.  The  key  variables 
are  N,  Che  number  of  Crapped  particles  per  unit  area  on  a  flux  lube  and  c  the 
wave  Intensity  averaged  over  the  flux  tube.  In  this  we  assume  that  c  is 
directly  proportioned  to  the  pitch  angle  diffusion  coefficient.  The  time  rate 
of  change  for  N  Is 

(13)  ^  -A  c  N  +  s* 

dt  1  +  c  T 

where  the  first  terra  represent  losses  due  to  pitch  angle  scattering  with  A  a 
constant  and  S  accounts  for  represents  particle  source  terms  In  the  magneto- 
spheric  equatorial  plane,  r  Is  a  parameter  that  characterizes  lifetimes 
against  strong  pitch  angle  diffusion.  The  time  rate  of  change  of  c  Is  given  by 

(14)  d  C  -  f  2  y  *N/N*  }  c  +  Vg  c  In  R  +  W 

dt  1  +  CT  LR, 


The  first  tern  represents  wsve  growth  near  the  equatorial  plane,  the  second  tern 
gives  the  wave  losses  In  and  through  the  Ionosphere  and  the  third  accounts  for  any 
wave  energy  sources.  The  tetms  Y  *  and  N*  are  used  to  denote  the  weak  diffusion 
growth  rate  and  column  density  of  a  flux  tube  at  the  Kennel  and  Petschek  (1966) 
Unit  lor  stably  trapped  particles.  In  the  second  term,  v„/LRg  approximates 
bounce  frequency  of  waves  where  Vg  is  the  group  velocity  of  the  wave  LR^  the 
approximate  length  of  a  flux  tube;  R  Is  the  reflection  coefficient  of  the  ionos¬ 
phere.  Since  R  <  1  the  second  term  Is  always  negative.  The  (1  +  t  t  )  term 
empirically  lowers  growth  rate  due  to  the  pitch  angle  distribution  becoming  more 
isotropic  under  strong  diffusion  conditions. 

In  our  present 'study  we  have  examined  numerical  solutions  of  equations 
(13)  and  (14)  using  non-equlllbrlum  Initial  conditions.  The  first  case  Is 
represented  by  figure  3  In  which  we  started  Initial  wave  energy  densities 
which  are  a  factor  of  3  (top  panel)  and  0.1  (bottom  panel)  above  the  Kennel- 
Petschek  limit.  In  both  cases  we  Ignored  associated  enhancements  In  Ionos¬ 
pheric  coupling  that  lead  to  Increased  reflectivity.  We  see  that  the  wave 
energy  density  quickly  dasps  Co  Che  Kennel-Pec schek  equilibrium  represented 
by  the  solid  line. 

In  the  second  level  of  simulation  the  wave  energy  density  Is  Initially  set 
at  a  factor  of  three  above  the  Kennel-Pet schek  equilibrium  value  but  Includes 
a  coupling  factor  to  the  Ionosphere  t  .  We  find  that  for  values  of  t  >.  10% 
the  oscillations  become  splke-llke.  The  top  panel  of  Figure  4  represents  the 
normalized  wave  energy  density  for  c  ■  10%  after  the  waves  have  evolved  Into 
periodic  spikes.  The  middle  and  bottom  panels  of  Figure  4  represent  the  nor¬ 
malized  energetic  particle  density  (cm"2)  contained  on  a  flux  tube  and  the 
normalized  height  Integrated  density  of  the  Ionosphere.  Attention  Is  directed 
to  the  phase  relationship  between  the  maxima  of  the  three  curves.  The  maxi¬ 
mum,  energetic  particle  flux  leads  the  wave  term  and  goes  through  the  Kennel- 
Petschek  value  as  the  wave  growth  changes  from  positive  to  negative. 


0  160  320 

TIME  (s) 


Fig.  4.  Example  of  splke-llke  wave  structures  as  well  as  energetic 
particle  losses  and  Ionospheric  density  changes  with 
magnetosphere  Ionosphere  coupling. 


>- 


Fig.  5.  Simulated,  mormallzed  wave  energy  density  with  magnetosphere- 
ionosphere  coupling.  A  VLF  source  is  turned  on  at  t  ”  fi50s. 
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The  oaxlmum  Ionospheric  effect  occurs  after  the  wave  spike  naxlmum.  Our  phys¬ 
ical  Interpretation  of  Figure  4  is  as  follows.  A  spike  in  the  wave  energy 
density  causes  a  depletion  of  electrons  trapped  In  the  belts  to  levels  well 
below  the  Kennei-Petschek  limit.  The  subsequent  drop  of  precipitating  electron 
flux  allows  the  Ionospheric  conductivity  to  decrease.  Thus,  VLF  waves  are  less 
strongly  reflected  back  Into  the  magnetosphere.  This  effectively  raises  the 
Kennei-Petschek  limit  as  higher  particle  fluxes  are  necessary  to  offset  In¬ 
creased  Ionospheric  VLF  absorbtlon.  In  the  presence  of  equatorial  sources  of 
particles,  the  slmllatlons  show  flux  levels  building  to  1.15  times  the  Kennei- 
Petschek  limit.  The  .enhanced  fluxes  In  the  magnetosphere,  even  with  weak  pitch 
angle  diffusion,  allows  the  Ionospheric  conductivity  to  rise,  eventually  leading 
to  another  masing  spike. 

Figure  (5)  shows  the  effect  of  an  external  VLF  signal.  The  first  few  spikes 
result  from  the  masing  effect  of  the  ionosphere  due  to  particle  precipitation. 

At  t  "  650  seconds  a  VLF  square  wave  source  Is  turned  on  with  a  50  second  dura¬ 
tion.  The  spikes  now  are  modulated  at  the  driving  frequency  at  a  reduced  ampli¬ 
tude.  The  mnplitude  Is  reduced  since  the  fluxes  are  more  frequently  dumped 
with  the  VLF  signal  present  than  In  Its  absence. 

Iversen  et  al.  (198A)  using  simultaneous  ground  and  satellite  measurements, 
have  recently  observed  the  modulation  of  precipitating  electron  at  pulsation 
frequencies.  In  terms  of  our  simulations  these  would  be  close  to  the  situation 
shown  In  Figure  4  in  which  natural  masing  occurs  In  a  flux  tube.  The  observed 
frequencies  are  consistent  with  those  expected  from  the  linear  theory.  Detailed 
comparison  with  experimental  data  necessitates  knowing  the  efficiency  with  which 
VLF  waves  reach  the  Ionosphere. 


IV  Conclusion 


Although  the  work  presented  in  this  paper  Is  still  In  a  very  preliminary 
stage  of  development  It  appears  that  significant  space  effects  can  be  produced 
by  the  Injection  of  Intense  electromagnetic  waves  Into  Ionospheric  plasmas. 

In  the  coming  months  we  expect  that  as  calculations  mature  we  will  grow  in  the 
ability  to  translate  mathematical  representation  Into  physical  understanding. 

If  the  results  of  our  analyses  live  up  to  early  promise  then  a  series  of  ground- 
based  wave  emission  experiments  will  be  developed  to  measure  Injection  effects 
In  space.  The  upcoming  EQIO-7  experiment  presents  a  well  Instrumented  target  of 
opportunity  for  electron  acceleration  experiments  with  the  HIPAS  system.  After 
the  launch  of  the  CRRES  satellite  It  will  be  possible  to  make  simultaneous  In 
situ  measurements  of  wave  and  particle  fluxes  In  artificially  excited  Alfven” 
Masers.  Looking  forward  to  the  i990’s  It  appears  that  WISP  experiment  planned, 
for  the  Space  Station  will  make  an  ideal  source  for  both  electron  acceleration 
and  radiation  belt  depletion  experiments.  Recently  a  Soviet  experiment  measured 
electrons  accelerated  to  kilovolt  energies  using  a  low  power  telemetry  system 
( Babaev  ct  al. .  1983).  Just  Imagine  what  could  be  done  with  the  specifically 
designed,  high  power  WISPI 
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The  relativistic  equations  of  motiort  are  analyred  for  charged  particles  in  a  magnetized  plasma 
and  eaternally  imposed  electromagnetic  fields  (w.k).  which  have  wave  vectors  k  that  are  at 
arbitrary  angles.  The  particle  energy  is  obtained  from  a  set  of  nonlinear  differential  equations, 
as  a  function  of  time,  initial  conditions,  and  cyclotron  harmonic  numbers  For  a  given 
cyclotron  resonance,  the  energy  oscillates  in  time  within  th-  limits  of  a  potential  well; 
stochastic  acceleration  occurs  if  the  widths  of  different  Hamiltonian  potentials  overlap  The  net 
energy  gain  for  a  given  harmonic  increases  with  the  angle  of  propagation,  and  decreases  as  the 
magnitude  of  the  wave  magnetic  field  increases.  Applications  of  these  results  to  the 
acceleration  of  ionsopheric  electrons  are  presented. 


I.  INTRODUCTION 

1  he  interaction  of  high-power  rf  fields  with  plasma  par¬ 
ticles  is  a  subject  of  very  active  research  because  of  its  rich¬ 
ness  in  basic  plasma  processes  and  practical  applications.  It 
can  be  used  as  a  method  to  increase  the  plasma  temperature' 
and  to  accelerate  some  particles  to  high  energies.’  Particle 
acceleration  by  electrostatic  waves  is  a  well-explored  area  of 
research  because  of  its  application  in  laboratory  plasmas.' 
Although  less  is  known  about  acceleration  processes  by  elec¬ 
tromagnetic  waves,"  they  may  have  greater  relevance  in 
space  plasma  physics.  Recently,  there  has  been  an  increasing 
effort  to  understand  the  basic  ionospheric  plasma  processes 
and  the  nature  of  particle  motion  under  the  influence  of 
high-power  rf  fields.'  A  number  of  nonlinear  phenomena 
have  been  observed  such  as  the  formation  of  exvitons  (local 
plasma  density  depletion)  and  parametric  instabilities.  In 
addition,  particle  acceleration  has  also  been  observed  near 
the  critical  layer  where  the  wave  frequency  matches  the  local 
plasma  frequency,’  In  this  paper,  we  concentrate  on  single 
particle  rather  than  collective  plasma  motion 

1  he  motion  of  a  relativistic  particle  of  charge  q  and  test 
mass  rtt,  under  the  influence  of  an  external  electromagnetic 
field  and  a  uniform  magnetic  field  0^.  is  described  by  the 
Lorentz  force  equation 

^=-7^E4  ^X(B  +  B„)j.  (I) 

where  r  is  the  speed  of  light.  Gaussian  units  are  rfsed 
throughout  the  paper.  The  wave  propagates  at  an  arbitrary 
angle  with  respect  to  B„.  which  we  assume  to  be  along  the  z 
direction  Without  loss  of  generality,  the  wave  propagation 
vector  is  given  b)  k  =  *,  S  -(-  Ar,  i,  and  the  electric  field  is 

E  •—  if ,  errs  "I’  -  yf ,  sin  d*  -  )£,  cos  <)>.  ( 2 ) 

where  i,i.  and  z  are  unit  vectors,  d' ttt  A  4  A  ;  -oir.nnd 
to  is  the  wave  frequency.  1  he  wave  magnetic  field  is  given  by 
the  Maxwell  equation:  B  =  r/r.i(kx  E).  Thf  relativistic  mo¬ 
mentum  is  p  =  rrtj'sr,  where  y  —  (I  ~  rj/c'  -  I’/c’)  '  is 
the  Lorentz  factor,  v  is  the  particle  velocity,  and  i’, .  i-.  are 
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the  components  perpendicular  and  parallel  to  B„.  respective¬ 
ly.  This  interaction  is  resonant  at  multiple  harmonics  of  the 
relativistic  cyclotron  frequency  fl  I  he  resonance  conditions 
are 

o)  ~  k,v,  ~  nil  -  0,  (  .1.1) 

fl=  -qB^mcy.  (3b) 

where  rt  is  an  integer;  the  nonrclativistic  cyclotron  frequency 
is  denoted  by  11,,  where  11  =  fl,  /)  The  case  of  a  circularly 
polarized  wave  ( i.e.,  £,  1  f ,  and  F.,  ^  0)  « Inch  propagates 
along  B„  has  been  studied  in  Refs.  R-IO  It  has  been  shown* 
that  to  all  orders  in  the  field  amplrtudes,  particles  can  be 
accelerated  indefinitely  provided  that  (1)  the  index  of  re¬ 
fraction  7  =  ck  /<k>  is  equal  to  1  and  ( 2 )  the  particle  is  initial¬ 
ly  at  resonance  with  the  n  =  I  harmonic. 

In  this  paper  we  extend  the  analytical  results  of  Roberts 
and  Buchshaum"  to  waves  of  arbitrary  polarizations,  propa¬ 
gation  angles,  and  refractive  indices,  by  assuming  that  the 
field  amplitudes  become  small  compared  to  |B„|  as  the  prop 
agation  angle  increases.  Our  analysis  is  also  applicable  to 
electrostatic  modes,  which  appear  as  a  particular  application 
of  our  general  results.  We  show  that  the  net  energy  gain  for 
any  given  harmonic  resonance  is  always  finite  except  in  the 
c.ase  of  circularly  polarized  waves  with  q  —  I.  To  lowest  or¬ 
der  in  field  amplitudes,  particles  gain  energy  following  cer¬ 
tain  trajectories  in  (p,  ,p, )  phase  space  These  traiecioiirs 
may  be  opened  or  clmted  according  to  the  magnitude  of  the 
wave  magnetic  field,  the  angle  of  propagation,  and  the  value 
ofrefractiveindexq  Wefindthal  they  are  closed  for  electro¬ 
magnetic  fields  that  propagate  at  large  angles,  and  hence  the 
net  energy  gain  is  restricted  In  finite  values  They  can  be 
opened  for  em  waves  that  propagate  at  small  angles,  if  r;  is 
smalt  or  equal  to  I.  For  electrost.stic  waves  (i.e.,  for  sni.all 
values  of  |B| )  the  energy  trajectories  are  always  opened,  and 
if  resonances  overlap,  the  net  energy  gain  can  be  very  large 
The  total  energy  H  is  obtained  from  a  set  of  nonlinear 
differential  equations  which  depend  on  lime,  initial  condi¬ 
tions.  and  the  harmonic  number  n.  In  deriving  these  eqna 
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tion^,  wc  assume  (hal  ihe  panicle  iindcrptK’i  many  cycloinm 
Ofhits  before  ds  energy  charrges  apprecinhiy  J  he  slow  lime 
evoluiion  of  //  is  found  by  averaging  over  nine  scales  asso¬ 
ciated  with  the  motion  of  the  wave  and  gyromotion.  and 
salisfiesrquationsofiheforni  (<f///rf/)‘  I  -  tl  Tor 

a  given  harmonic  n.  H  oscillates  in  time  within  the  Hamilto¬ 
nian  potential  wells,  and  the  maximum  allowed  energy  gain 
is  given  by  setting  the  potentials  \\  (//)  -  0  The  widths  of 
the  potential  wells  are  also  given  as  functions  of  [H|  and  the 
angle  of  propagation  We  find  that  the  resonance  widths  in¬ 
crease  with  the  angle  and  decrease  as  |B|  increases  Besides, 
they  are  larger  for  particles  that  initially  satisfy  he  reso¬ 
nance  condition,  Eq  (3)  The  particle  motion  becomes  sto¬ 
chastic  when  the  widths  of  potentials  for  different  harmonics 
overlap,  and  then  the  mean  net  momentum  transfer  to  the 
particles  can  be  very  large 

We  apply  our  results  to  the  acceleration  of  electrons  in 
the  ionosphere  by  considering  an  extraordinary  mo<le  propa¬ 
gating  into  a  region  of  increasing  plasma  densiiv  For  the 
purpose  of  illustration,  calculations  are  presented  with  a 
moiie  frequency  —  I  811^;  here  11,  is  evaluated  in  the 
Earth’s  magnetic  field  (11,  —  I  6  MHz).  We  show  that,  at 
large  angles  of  propagation,  initially  cold  particles  can  be 
accelerated  to  large  energies  at  power  levels  (Pt-O  25  W/ 
cm*)  This  happens  near  the  critical  density  (cniofT)  where 
the  wave  vector  k  and  group  velocity  along  k  arc  zero  and  the 
wave  amplitude  is  greatly  enhanced.'  (n  addition,  we  also 
find  that  the  mo<lc  becomes  purely  circularly  polarized  near 
the  cutoff  layer,  and  its  magnetic  field  amplitude  is  very 
small.  Because  the  first  and  second  cyclotron  harmonic  re¬ 
sonances  overlap  near  the  cutoff,  initially  cold  particles 
which  gain  some  energy  interacting  with  the  first  harmonic 
can  be  picked  up  by  the  second  and  boosted  to  still  higher 
energies  For  small  angles  of  propagation  and  at  the  p>wer 
levels  considered  in  our  calculations,  we  find  that  resonances 
do  not  overlap  so  that  initially  cold  particles  only  interact 
with  the  first  harmonic.  Because  the  resonance  condition. 
Eq  (3).  is  far  from  being  satisfied  for  n  =  I.  cold  particles 
0.  and  <ki^211, .  then  the  net  energy  gain  for  small  an¬ 
gles  of  propagation  is  very  small. 


fl.  BASIC  EQUATIONS 

We  start  by  considering  that  Eq.  ( I )  admits  the  follow¬ 
ing  three  constants  of  motion ' ' : 

i/M  ?a)-0,  (4) 

dl\  C  n)  C  ’ 

where  r  —  {x.y,2)  is  the  vector  position.  //  -  ymr'  it  the 
total  particle  energy  iiicliuling  the  rett  energy,  .iml  A.  the 
vector  potential,  it 

A  -  icE,/<ii  tin  '!>  f  ycEj/ni  cos  ‘h  -  kE,/(o  tin  '!> 

After  multiplying  they  component  of  Eq.  (4)  hyA,  andthez 
component  by  .  we  easily  obtain 

p,  -  f  {E,/E,){p,  4-H/7J  ^0,  (5) 

where  K,  -  A,  ( I  y  E,k,/Eyk^).  Hereafter,  dots  signify 
dilferentiation  with  respect  to  lime. 

The  equalinns  rrf  rnolioii  for  the  perpeiidicul.ir  compo- 


neiilt  of  the  pain  le  moinciiliiiii  can  alto  he  wrilli  ii  iii  tin- 
form 


r,  I  Tv  I  **  I  t ,  All  Itni I 

1  ) l/.i  A ,z )cot  '!>  . 


(to 


r.  /’.('l  *  (r/T'./rri))  I  A, /i.)  )tin '!>  I 
=  -  (<?/r,A.))(i/i  -  A.zltiii  '!> 


I  7 1 


In  our  c.ilciil.iliniit,  »e  tlialj  neglect  the  coiteclii'ii  lo  I  lie 
cyclotron  frequency  in  Eqt.  (6)  and  17)  by  attniiiiiig 
S,  =  EjcA,  (i  e  ,  wcastiinie  that  either  A.  .()or/V..' 

fl„  it  very  small) 

The  evolution  in  lime  of  the  particle  energy  it  given  hy 


//// 


COS  'h 


_  sin  cos  T*  (  8 ) 

Oi  fr> 

Equations  (5)  (R)  arc  the  foundations  of  our  :il 

analysts. 

Before  gr'ing  intf>  a  drt.silrd  matlirmatii  al  derivation,  it 
is  uscfisl  toconslijrr  the  lowcst-ordcr  solutions  in  the  electric 
field  amplitudes  lo  Eqs.  (5)-(7),  If  ihc  electric  field  ampli¬ 
tude  is  small  we  may  approximate  x  by 

X  — /zcrisfo  I-  n), 

where  rr  —  fo IK  f tan  o and -  c, /U 
is  the  particle  gyTt)iadins.  Hereafter,  the  subscript  zero  refers 
tothe  initial  coitfliiions  at  /  r-  0  fo  zcroili  oidei  in  the  eirr 
trie  field  amplitudes.  Eq  (5)  yicltls 

P,  +  iK,/fo){H  - //„)  .  (10) 

In  terms  ofp,  and  Pi .  the  components  parallel  and  perpen¬ 
dicular  to  Bo«  respectively,  Eq.  ( 10)  can  also  be  written  as 


where  is  the  l.nrentz  factor  evaluated  at  /  -  0.  and  is 
also  evaluated  at  i  =  ()  Note  that  depending  on  the  magni¬ 
tude  of  /?,,  Fq  (11)  describes  families  of  elliptical 
( Wt  I  >  I  )r  parabolic  ()/?,)  —  1),  or  hyperbolic  ( I/?,  |  ^  1 ) 
trajectories  in  (p, .  p, )  phase  space. 


HI.  SOLUTION  OF  THE  EQUATION  OF  MOTION 

Equations  (6)  and  (7)  can  be  solved  to  all  orders  in  the 


field  amplilndcs  as  fnnciions  of  *h  =  A,.t  >  ilr,z  - 

iiti  and 

Q  -  (qE,/ra)[ta  -  K,z) 

'  {qE,/r,i){M  -  k,i)  , 

( 1 2.n ) 

E  =  (qE,/o))(o)  -  A',z) 

(  (qE~/rt))Ui>  —  k,i) 

(I2h) 

We  find 
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cos(a  —  ct'  +  <^') 


+  R  '  cos(tr  —  <7'  —  <t>' )  )rff '  -  /),  sin(<7  +  nr)  . 


P,  -  —  \  IP'  siii((7  -  (7'  +  4>') 
2  Jo 


4  R  '  sin(<7  —  o'  —  <^')  '  +  /I,  cos((7  40). 


I’cinied  and  unprinicd  quantities  are  evaluated  at  times  t  and 
I respectively.  After  substituting  these  equations  into  F.<| 
(S)  and  integrating,  we  obtain 


(13a)  P,-Pm^ — (//-//„) 
to 


—  r  (P'  4  ')cos  dt  ‘ 
2  £,  Jo 


Equations  (13)  and  (14)  together  with  Eq.  (8)  give  the 
following  expression  for  (he  rate  of  change  of  particle  ener- 


(13b)  gy: 


=  — (£,  4-  £})f  C  P '  cos(<7  4  tb  -  o'  4-  d>')rfr '  4  f  R  '  cos(<7  4  tb  —  <7'  -  tb' )rf/  ’  -  2/i,  sinlo  4  tt’  4  n )) 
c'<u  to  VJo  Jo  > 

4  -?-(£,  -  P'  cos(<b  -  a  +  o'  -  <t>‘)dl'  +  j  R'  cos(<b  —  <7  4  tb’  4  t7')</( '  4  2p,  sin(<b  -  <7  —  a ) j 

-±EAa(p^  4  — ( Jf  -  f/„))cos  <b  -  — f  (P'4/e  ')|cos('b4'b  )4cos(<b-‘b  )Jrfr’  (15) 

0)  I  V  ft)  /  E,  Jo  I 

We  note  that  polarizations  represented  in  Eq.  ( 15)  are  related  to  terms  multiplying  electric  fields  in  right-hand  (£,  4  E,). 
left-hand  (E,  —  £,),  and  parallel  £,  modes. 

Next,  we  substitute  for  x  using  Eq.  (9)  and  define  Y  =  rr  4  a  4  <7/2  and  'I'  =  k,z  —  a>i,  so  that  <b  =  'I'  4  k,p  sin  T 
After  expanding  the  sine  and  cosine  terms  in  Eq.  ( IS)  in  the  series  of  Bessel  functions  J.  (/(),  we  obtain 

— ; —  =  y  K  •  <  Ifta) 

f'ft)  r 

where 

/,  =  ^(£,  4  £,)J, .  ,  (/1)(X  +  '"Tf"  +  '•'  + 

4  £  ,  (J  Icosl/iT  -  niT'  4  'I'  -  r)  Jdr'  4  2p,  cosfnT  4  ♦))  4  -^(£,  -  £,)J,*  ,  U) 

f  (O 

')cos(nT-/nT'  4  ♦-'»'■)  4  £  7.,.  ,  (/( ')cos(nT  4  mT'  4  1'  4 '»'))d/' 

42p.  cos(nT4'l'))--2^J,(J)|4^p^  4-^(Jf-//o))cos(nT4'b) 

~  —  y  I  (P'  4  £  ')j„(j  ’llcosInT  4mT'  4  1’  4  'E')  4  cos(/fT  -  mT'  4  'b  -  'I'  ))*'  .  (16b) 

£|  m  Jo  I 


where  4  —  k,p,  and  the  summations  are  over  all  integer  values  from  —  00  to  4  oo.  Note  that  //  can  be  split  into  rapidly 
fluctuating  parts,  which  depend  on  the  timescales  associated  with  the  motion  of  (he  wave  (through  (he  function  9')  and  with 
the  gyromotion  (through  the  function  T),  and  a  slowly  time-varying  part  .  If  /(//)  is  any  given  function  of  the  total 
energy,  the  slow  time  variation  of  /is  obtained  as 


Jo  2ir  Jo  rr 


Our  next  step  is  to  approximate  v,  —  (c^/H)p,  in  Q  and  £  by  the  reroth-order  solution  to  Eq.  ( 10).  Mere,  every  // 
function  appearing  in  (he  definitions  of  v,  and  p,  is  given  to  lowest  order  by  the  slow  time  energy  function  //' .  The  argument 
of  the  Bessel  functions  .3  and  the  momentum  p,  are  also  given  in  terms  of//'  and  initial  conditions  bv  means  of  Eqs.  (10)  and 
(ID. 


fiftl  c'  yj  \  c  / 


where  n„  =  —  fBg/ntOo  is  the  relativistic  cycTotron  frequency  evaluated  at  r  =  0,  and  U  —  (//'—//  J  )///„  is  the  slow  time 
evolution  of  the  normalized  particle  energy.  Differentiating  Eq.  ( 16b)  with  respect  to  time,  we  obtain  the  following: 
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/,  .  ,(-l)cos|(n  I  m)Y  +  2’l<l  ^ 


,  (/t  )c(k|  (n  -  m )T  1 } 


+  -^(£,  -  E,)J,  ,,a)Y{QJ^  ,  ,{A)c<K\(n  -  m)r\  +  RJ^  ,(2)nis|(n  I  :n)T  t  2'l'|} 

(0  m 

E  ^ 

+  -^-^ /.(-<)  2(0  +  «)y„(/i)(coM(n  f  m)T  ^2'^l  +cos|(/i  -  m)T|}  -  (nt  )  'hr.  , 
where  nT  +  't*  —  nfl  +  k,v,  —  ra  The  funclion  r,  isdcfincd  hy 

P,  =^{E,  +  E,}J,^,lX)^2  j"  f  mT '  + 'I*  + 'h’ ) 


+  RJ„.AA 


')sin(rtT  -mr  +  - 'P')  |<2f '  +  2p,  sin(nT  +  '('))  +  -?■(/?,-  f,)7.  .,  (,() 

/  rt> 

.. ,  ,(>»')sin(nT  -  mV  (  '»»  -  'I'')  Y  /?  V,  ,  (^ ')sin(/iY  I  mY'  f  '»<  f- 


(  IR) 


+  2/>,  ,in(nY  +  'l')j--’Aly.(^)|4^;,^,  4^ —(//*_ //i)j5in(nY  t  't-) 

y  f  (O'  +  ^  ')/„('l  )(5in(nY  +  mY'  +  'I'  +  'l'')  +sin(nY  -  mY'  +  'P  -  '('')l</r  ']  . 

£>|  m  Jo  J 

Differentialing  P,  with  respect  to  time,  we  obtain 

r.  =  -^(f,  +  Et)J,  -  I  »  ,  (T)sinl  (n  +  m)Y  +  2>l'|  +  RJ^  ,  (/i)sin|  (n  -  m)Tl} 

01  m 

+  -  £^j)A*i(/l)X{0-(„*  ,(>l)sin{(n  -m)Yl  +  „  ,  (/( )sin|  {n  )  m)Y  +  2'1'1} 

Q  E\ 

+  —  —  +  2'1'J  +  sin[(n  -  m)Y)}  +  (nY  +  'h/.  .  M9) 

C I  ^ 


Since  we  are  only  interested  in  the  slow  time  evoluthrn  of  the 
total  particle  energy,  we  can  average  Eqs.  (18)  and  (19) 
over  the  fast  time  dependencies  (i.e.,  over  Y  and  'I")  to  find 
that  only  terms  with  n  ■=  m  give  a  nonzero  contribution.” 
We  also  consider  the  contribution  of  a  single  ( isolated )  reso¬ 
nance,  and  then  for  each  harmonic  n,  we  find  that  the  parti¬ 
cle  energy  (4/f/f  /c’oi  =  /J )  obeys  the  following  coupled 
dilTerential  equations: 

ff=‘-^(E,+E,IRJl-,(^l  +  -(E,-EAQJl,A'l) 

Al  (j 

a  Ei 

+  —  -^(Q  +  R}Jia}-(nr  +  'HP^,.  (20a) 

6f  e, 

rj  =  (nt-b'h/J  .  (20h) 

— _ _ _ _ _ I 


I - 

The  superscript  .S  refers  to  the  slow  lime  conlribulions. 
Here,  P^  is  such  that  at  r  =  0  one  has  PltO) 
=  4(W,j/c)'f,  (O)sin  6,.  where 

.C(0)  =  (i>,„/2c)|  -  (Z,  +  2,)y,_  ,  (.(„) 

-I-  (Z,-  2,),!,,  ,(,<„)  1  f  (tv/r)Z,y,(^„)  . 

S,  =  n{a  +  <r/2)  t-  k,  z„, 

Z,  =  -  {qEA,onc/H„)  ,  (  =  1.2.3. 

and  all  quantities  with  the  subscript  0  are  evaluated  at  r  =  0. 
Combining  Eqs.  ( 10),  ( 17),  and  (20)  leads  to  a  nonlinear 
equation  for  //  as  a  function  of  lime  and  initial  conditions. 
Hereafter  we  shall  drop  the  S  on  the  funclion  //.  knowing 
that  by  H  we  always  mean  the  slow  lime  evolution  of  the 
particle  energy.  After  multiplying  by  HH.  integrating  once 
over  lime,  and  writing  all  expressions  in  terms  of  normalized 
quantities,  we  find  (see  the  Appendix), 


(U  ^  \yl-~y  VAV)  =0, 

\<y  dt  } 


r,((/)  =  ^(/’^Cf  +~j  -  (0l<i,v(^v+  ~Jsin  d. 


x{- (2,-2, )(/■.,,({/)+(;., 


(l/)J  I-  (2,7,  -  2J!7,)|(|.„/C)F. 


((/)+)9.G.. ,({/))} 
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-l(l,  +  I,)/2|{(I,  +  X,)(f,  ,(fOlG, 

-  (y7,I,  +  ,(0)  ifl.O,  ,(G))} 


-  Z‘,{Cn(l/)  +^.  -  IfJtMco-i.S.  )’  ,  (21b) 

I - 


where  d|  =  I  —  ri,0,,  rj,  =  ck,/io.  /S,  is  defined  in  F,q. 
{ I  lb),  r.  =  I  —  and 


GJU)  =  r 
Jo 

r" 


[\AiV)]dU'. 


w  ith  V  —  n,n  ±  1 . 1  his  is  just  a  differential  equation  describ¬ 
ing  the  motion  of  trapped  particles  within  the  Hamiltonian 
potential  well  I', .  Under  the  limit  /i,  —  0,  F.qs.  (21 )  reduce 
to  the  equations  derived  by  Roberts  and  Buchshaum''  for  the 
cases  n  =  jt  I  -  Note  that  in  the  limit  k,  —0.  Fqs.  (21 )  and 
the  Hamiltonian  trajectories  as  defined  in  Eq  ( 10)  are  exact 
integrals  to  the  equation  of  motion  ( i.e.,  they  are  valid  to  all 
orders  in  the  field  amplitudes). 


tcntials  for  dilfcrent  harmonics  overlap,  the  particle  motion 
becomes  stocha.stic  and  at  the  net  momentum  transfer  to  the 
particle  can  be  very  large.  Nevertheless,  since  A  (the  argu¬ 
ment  of  the  Bessel  functions)  is  given  by  the  lower-order 
solution,  Eq.  (17),  the  amount  of  energy  the  particle  c.iii 
gain  is  limited  according  to  the  value  of /?, .  In  fact,  recall  that 
the  Hamiltonian  trajectories  as  defined  in  Eqs  (II)  aie  open 
hyperbolas  for  |/7,  |<  I  in  a  (p,  .p, )  phase  .space  For  |/7, 1  .1 
they  are  closed  ellipses  and  the  range  of  accessible  energy 
gain  is  restricted  to  finite  values 

In  order  to  belter  understand  the  physical  ineaninp  of 
0,,  let  us  consider  the  lime  average  of  the  wave  magnetic 
field 


<B'>  =  (£';/2)(i7’£>/£|  -t  /?,>)  (22) 


IV.  THE  HAMILTONIAN  POTENTIAL  WELLS 

We  note  that  the  first  term  of  Eq.  ( 2  lb )  does  not  depend 
on  the  wave  amplitude  and  is  always  positive  for  d,  ^0.  T  he 
cased,  =  Ocorrespondstoacircularly  polarized  wave witha 
refractive  index  =  I.  If,  in  addition,  r,  =  0,  (hen  this  temi 
is  zero  and  we  are  in  the  case  of  unlimited  acceleration.  For 
d,  ^0  and  at  large  values  of  V,  (his  first  term  dominates  over 
all  the  others,  and  its  contribution  can  be  diminished  by  tak- 
tttS  ''<1  ft.e..  particles  initially  at  resonance  with  the 
wave).  Thus  1',  can  be  regarded  as  a  potential  well  within 
which  H  oscillates  as  a  function  of  time  T  he  maximum  value 
that  H  can  attain  for  a  given  resonance  and  field  amplitude 
can  be  found  by  setting  the  potentials  I',  ( U)  =  0.  At  wave 
amplitudes  and  propagation  angles  where  the  widths  of  po- 
_ I 


Electrostatic  waves  ate  characterized  by  small  values  of  0, 
and  of  the  product  r)£,/£,  Thus,  the  zeroth-order  traiector- 
ies  associated  with  electrostatic  fields  are  open  in  a  (p,  .p,  ) 
phase  space.  For  electromagnetic  waves.  0,  is  large,  in  gen¬ 
eral.  However,  if  the  angle  of  propagation  is  small  and  if  the 
refractive  index  is  such  that  i/c  I.  then  0,  ~r],  and  the 
Hamiltonian  trajectories  can  al.so  be  open  as  is  the  case  for 
circularly  polarized  waves  with  >;<  I.  If  the  angle  of  propaga¬ 
tion  is  large,  the  allowable  energy  gain  is  limited  even  for 
tX  1 

It  is  also  instructive  to  study  the  behavior  of  I’,  with 
respect  to0, .  We  consider  only  the  case  of  particles  w  hich 
are  initially  at  rest,  i.e.,  i'^,  =  r,,,  =  0.  Hence  U  =■  A  -  ]  and 
the  potential  well  becomes 


F',(l/)  =  (</JlfV4)((;-)  2r,/d,)'+  ((Z,-  I,)/2|{  -  (Z,-  Z,)|G,.  .(U)  -)  f,  .  ,(f')| 

A  P, a, V,  -  |(Z,  -I  Z,)/2){(Z,4  Z,)[G..  ,((/)  I  £.  ,(1/)) 

-0,(lfi,  4  Z,>?,)C.,,(G)}-Z»(C,(G)  4  FJV)-01GJU)]  .  (2.1) 

r~ - 


Terms  multiplying/?,  in  the  right-hand  and  parallel  polar¬ 
ization  fields  are  always  positive  for  any  0,  ^0.  Although 
iheP,  term  in  the  left-hand  component  may  be  negative,  its 
contribution  is  small  because  the  order  of  the  Bessel  function 
is  higher.  Therefore,  we  conclude  that  the  larger  0,  is.  the 
smaller  the  widths  of  potential  wells. 

Finally,  some  comment  should  be  made  regarding  tfre 
dependence  of  V,  on  propagation  angles.  For  initially  cold 
particles  with  small  gyroradii,  all  but  the  zeroth-order  Bessel 
functions  are  very  small.  Since  the  argument  of  the  Bessel 
functions  is  (he  perpendicular  component  of  the  wave  vector 
k ,  times  the  particle's  gyroradius,  increasing  the  propaga¬ 
tion  angle  increases  the  value  of  the  Bessel  functions  terms 
Thus,  for  all  but  the  first-  and  zeroth-order  harmonics,  the 
potential  may  not  trap  low-energy  particles  unless  the  prop¬ 
agation  angle  is  large.  The  behavior  of  (he  potential  for  small 
valuesof/:,  isasfollows.  For/,  — Oand  |'i|>2.oiily(hefiisl 


term  of  Eq  (2.7)  is  nonzero,  and  therefore  no  particles  can  be 
trapped  For  /,  —0  and  n  ^  I.  the  right-hand  polarization 
field  may  accelerate  cold  particles. 

V.  ELECTRON  ACCELERATION  IN  THE  IONOSPHERE 

We  consider  an  extraordinary  mode  propagating  in  a 
cold  plasma  at  an  angle  0  with  respect  to  B,,  I  he  disivrsion 
relation  is” 

7’=I-A'/P,  (24.1) 

/7  -  I  -  |)'V2(1  -A  )|sin'e 

-  {|)'V2(I  _  .V))’sin'fl4  )•■  cos’d)''^ 

(24b) 

where  A' =  r,?^, /(u’.  is  the  electron  plasma  frequency, 
)  11,  /fit.  and  11,  ^  eB,y/cm  1  he  electric  field  component 

ratios  are  given  by 
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^ _ AT _ 

E,  '  <1  -  }■’)(!  7j')  ,r  ■ 

E,  _ 

£■■  T-.r-,,; 

Combining  Eqa.  (25h)  and  (Mb)  we  find 

0.  -7.(1  -Ar)/(1  -  AT  -  7;). 


(2‘<a) 


(JM.) 


(2fi) 


where  7.,  7,  are  (he  .t^and  i  components  of  the  refractive 
index. 

The  magnitude  of  the  electric  field  X,  is  given  as  a  func¬ 
tion  of  the  power  flow  density  P  along  k  by  solving  for  the 
following  equation: 


<u'//  J  V, 

i! 

O'c  c 

16)r 

(I  +  7’)  +  I  + 


(27a) 


where  t>, ,  the  group  velocity  along  k,  is  given  by 


c  I -l-J(D  <u/D)(l -7’)' 


(27b) 


and  D  ‘  —  dD  /dm. 

In  oiir  numerical  calculations  we  assume  that 
oi  =  t.Sn.,  where  fl,  —  1.6  MHr.  is  the  electron  cyclotron 
frequency  in  the  Earth's  magnetic  field.  The  wave  propa¬ 
gates  into  a  region  of  increasing  plasma  density  until  it 
reaches  the  ctitolf  point  where  k  and  v,  are  zero  At  the 
reflection  point  we  find  the  following. 

(i)  The  electron  density  is  given  hy  solving  for 
I  -  AT  =  T.  which  in  our  case  is  n  =  4  6Sx  10*  cm  '  and 
corresponds  to  <u^/n,  =  1.22. 

(ii)  The  electromagnetic  mrxle  becomes  circularly  po¬ 
larized.  i  e..  X,  =  X,.  and  X,  =  0. 

(iti)  The  magnetic  field  is  zero  because  k.  the  proftaga- 
tion  vector,  is  zero. 

(iv)  The  electric  field  amplitude  X,  is  very  large  bec.ause 

U,  siO. 

(v)  The  resonance  widths  as  obtained  solving  for 
h",  ( (/)  =  0  are  also  large  because  0,  is  zero. 

We  conclude  that  electron  acceleration  should  he  most 
effective  near  the  turning  point.  In  the  following  calculations 
we  show  that  significant  acceleration  can  indeed  only  lake 
place  near  the  cutoff  layer. 

Figure  I  shows  the  zeroth-order  Hamiltonian  Ir.ajcctor- 
iesfnr  a  low  plasma  density  (n  =  3x  10'  cm  ’)  at  diflercnt 
angles  of  propagation.  These  trajectories  are  open  (hyperbo¬ 
lic)  forfl<^r  =  I4'and  closed  (elliptical)  for  larger  angles. 
In  all  cases  the  refractive  index  is  smaller  than,  but  close  to. 
unity  (7  —  0.95).  The  ratio  between  the  magnitudes  of  the 
wave  magnetic  and  electric  fields  is  also  close  to  unity  I'or 
ar  as  211.  and  for  the  power  levels  that  are  used  in  otir  calcula¬ 
tions  {P-^0.2i  W/cm’ ).  we  find  that  the  potentials  are  posi¬ 
tive  so  that  acceleration  cannot  take  place.  If  the  density  is 
increased  to  3. 14  x  10*  cm  “  we  find  that  electrons  can  gain 
about  12  keV  through  the  interaction  with  the  n  -  I  har¬ 
monic.  „ 

In  Figs.  2  and  3,  the  plasma  density  is  4.3  X  10*  cm  ' 
which  corresponds  tOf.>.../n.  -  1.2,  and  the  llamiltoni.an 


I 


FKi  I  lUmiltoninn  Tor  differrnl  prnpaf  jiion  to  (lie 

mapoftic  iirld- 1  hr  chosfii  p.ir:ime<rr%,ire6f^/(I,  -O^antJrj-  I  Rll,  If 
fl  flf  ihr  l/ajrciory  k  n  psfahfyla.  and  il  fcprc^enn  ihr  tran^iiinn  .in|lr 
hftwr«n  cimfd  rilipiic.it  (A  -  fl,  )  and  openrd  hyperbola  ifl  ■  0,  )  t>rhin 


trajectories  are  open  for  all  angles  of  propagation  The  net 
energy  gain,  as  given  by  solving  for  the  zeros  of  f.  ( V),  is 
represented  by  the  shaded  regions  as  a  function  of  6.  We 
consider  the  first  two  cyclotron  harmonic  resonances  and 
assume  that  the  particle  is  initially  at  rest.  The  first  harmonic 
resonance  interacts  with  cold  particles  through  the  contribu¬ 
tion  of  the  right-hand  polarization  field.  The  second  har¬ 
monic  does  not  interact  with  cold  electrons  even  for  the  lar¬ 
gest  8,  because  7,  the  refr.active  index,  is  very  small 
( 7 r:. 0.25).  The  energy  that  a  particle  can  gain  from  the  first 
harmonic  is  very  limited  because  the  resonance  condition  is 
far  from  being  satisfieil  (r,  -  0.45)  for  i’.,,  =  0  and  211, 
For  the  second  harmonic  r,  =  —  0.1,  .and  the  net  energy 
gain  can  be  larger  In  Fig.  2.  F  =  0, 15  W/cm’,  .and  the  first 
and  second  harmonics  barely  overlap  In  Fig.  3  where 
P  —  0.25  W/cm',  they  fully  overlap  (double  shaded  region) 
for  angles  greater  than  40".  The  second  harmonic  may  trap 
those  electrons  that  have  already  gained  some  energy  inter¬ 
acting  with  the  first  harmonic,  and  boost  them  to  still  higher 
energies.  In  fact,  since  U  =  y  —  I,  we  see  that  the  net  energy 
gain  can  be  as  much  as  1 50  ke V. 

In  Fig.  4,  we  show  the  Hamiltonian  potential  wells  .ss  a 
function  of  the  normalized  particle  energy  £/.  We  represent 
the  inverse  of  the  function  IF, . 

<F,(t/)=  -sgn(F,)log[|)',(t/)|/((/  b  I)']  .  (28) 
The  plasma  parameters  are  those  of  Fig  3,  and  we  consider 


I'HJ  2  R»nge  of  allowed  ^•n^r|y  gain  (^hadptl  regional  for  ihe  tcM»njinie 
b.*irmoritc  nwmhmo  -  1.2,  .1  function  of  propag.ilion  angle  lo  iit.ig 

nelie  The  pla^m.i  frequency  \%  «iiich  Ihai  -  I  2.  -  I  Rfl. . 

ami  fhe  lolal  power  flu*  ii  T  "  0  W/rm* 


3700  Pbys  FlukJs.  Vol  30.  No  12.  Docombor  1907 


E  Villaldn  arwl  W  J  Burhn  3700 


-25- 


two  diflerrnt  angles  of  propagation-  (a)  0=  80"  and  (b) 
fl  -  20*.  The  magnitudes  of  the  potential  wells.  |r.  (f/)|.ate 
very  small.  For  f>  =  80*  and  n  =  2  the  maximum  value  of 
I  r,  I  is  of  order  10“’,  and  for  n  =  I  the  maximum  value  is 
2x  10“’.  This  is  consistent  with  the  assumption  that  the 
particle  energy  changes  slowly  over  the  gyro  and  wave  per¬ 
iods.  In  fact,  by  normalixing  time  to  f!  “ '  in  Eqs.  <21 )  we  see 
that  |F,l((u/n)’mustbemuchsmallerthan  1  if  the  changes 
in  energy  (Kcur  over  many  gyroperiods 

In  the  theory  presented  in  Sec.  Ill,  we  assume  that  the 
magnitude  of  the  wave  magnetic  field  is  much  smaller  than 
that  of  the  background  magnetic  field  for  increasing  prop¬ 
agation  angles.  This  allows  us  to  use  the  r.eroth-order  solu¬ 
tions,  Eqs.  (9)  and  (10),  in  the  perturbative  analysis  at  large 
angles.  In  order  to  verify  the  validity  of  this  approximation 
we  have  calculated  the  following  dimensionless  quantities; 

B,/B„  =  v.  (ru/n)X,ro .  B,  /n„  =  q,  (or/n  )I,j  „ , 
B,/flo=/9,(ar/n  )!,)„. 

In  the  case  of  Fig  4.  we  find  that  for  6  =  80*.  B,/ 
=  7x  10-  =  9X  10“’. and  B,/B„  =  I  3x  10“’. 

For  0  =  20*  these  values  are  I.JxlO"’,  4x10“’,  and 
4x  10“’,  respectively.  The  magnitude  of  the  wave  electric 
field  as  given  by  X|  (recall  that  near  the  cutolT  we  have 
X,  aX,  and  X,a0)  is  found  to  be  closed  to 0.14  for  all  cases 
of  Fig  4. 

VI.  CONCLUSION 

In  this  paper,  we  have  presented  a  theoretical  analysis  of 
the  energy  gained  by  relativistic  charged  particles  in  oblique¬ 
ly  propagating  electromagnetic  waves.  The  main  results  of 
our  analysis  are  as  follows. 

( 1 )  To  lower  order  in  the  field  amplitudes,  particles  gain 

energy  following  certain  trajectories  in  a  phase 

space  Because  these  trajectories  are  closed  for  large  values 
of  the  magnetic  field  amplitude  |n|  and  the  propagation  an¬ 
gle  0.  the  net  energy  is  restricted  to  finite  values  I  hey  are, 
however,  open  for  large  values  of  |D|  and  small  values  of  0  if 
the  refractive  index  q  is  smaller  or  equal  to  I .  For  suiriciently 
small  values  of  |B|  they  are  always  open 

(2)  For  a  given  harmonic  resonance,  the  range  of  the 
allowed  panicle  energies  is  obtained  by  solving  for  the  reros 
of  the  Hamiltonian  potentials  F, .  The  resonance  widths  are 
always  finite  except  for  the  case  of  circularly  pMarired  w  aves 
with  q  =  I  and  for  particles  that  are  initially  in  resonance 
with  the  n  =  1  harmonic. 
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FIG  4  Hamillonitn  polenlinl  welU  rcpfrs<rnlpd  hy  Ilif  fiuiclinns  1/ n  . 
|m«  Eq.  (2S))  asa  funclinn  of  p.irljtlf  pnci|v  foi  Ihp  plauna  parampIof<  r'f 
Tip  1.  and  for  two  diffprrnl  anplps  of  propapahon  fain  -  Xfr  and  Dr) 
Or-  2ir 


(3)  Resonance  widths  are  larger  for  particles  that  ini¬ 
tially  most  closely  satisfy  the  resonance  condition  They  in- 
crea.se  as  0  increases  and  decrease  as  |B(  increases 

(4)  The  onset  ofstochasticity  occurs  when  the  w  idths  of 
potentials  for  different  harmonics  overlap 

This  analysis  is  limited  to  small  field  amplitudes  in  com¬ 
parison  with  the  dc  magnetic  field  B,  at  large  values  of  0. 
which  is  a  good  approximation  for  the  calculations  we  have 
presented  on  the  acceleration  of  ionospheric  electrons.  It  is 
valid  to  all  orders  in  the  field  amplitudes  for  small  values  of 
6.  We  have  shown  that  electrons  can  be  accelerated  by  ex¬ 
traordinary-mode  waves  which  propagate  into  a  plasma  of 
increasing  density.  At  moderate  power  levels,  acceleration 
tKcurs  near  the  cutoff  point  for  large  angles.  This  is  because 
of  the  following  results 

(5)  The  extraordinary  mode  becomes  purely  circularly 
polarired  and  its  magnetic  field  is  rero. 

(6)  The  electric  field  amplitude  is  largest  at  the  turning 
point 

(7)  The  resonance  widths  are  also  larger 

(8)  The  first  and  second  cyclotron  harmonic  reson- 
ances  overlap  for  large  propagation  angles. 

Depending  on  the  location  in  the  plasma  where  one 
wishes  to  accelerate  electrons,  the  wave  frequency  should  be 
chosen  so  that  the  cutoff  point  falls  within  that  region  For 
continuous  acceleration  over  large  regions  of  the  plasma,  a 
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broad  aprclriiin  of  wa\fs  siiotild  he  considered  As  the  lesii 
nance  widlha  overlap,"  lire  electrons  may  gain  eonsideiahle 
energy  for  dilTerenl  freriiiencies  and  liattnoniis  limvevei. 
near  the  turning  point  the  electric  fields  are  so  large  that 
other  nonlinear  effects  may  also  be  important,  and  may  af- 
fcci  both  the  acceleration  and  propagation  prtKcsses.  In  ad¬ 
dition.  linear  mode  conversion  into  electrostatic  waves"  of 
large  refractive  indices  can  also  he  very  relevant  anti  may 
enhance  the  acceleration  process  by  allowing  initially  cold 
particles  to  be  picked  up  by  the  second-  nr  higher-order  har¬ 
monics.  Questions  related  to  the  propagation  of  large-ampli¬ 
tude  waves  in  the  ionosphere  and  the  consequent  heating  of 
plasma  electrons  deserve  further  attention 
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APPENDIX;  DERIVATION  OP  EOS.  <2f ) 

From  Eq.  ( 10)  we  obtain 

[  -k,v,/6t  =  d,  +  iH^H)d,.  (Al) 

\  -  K,v,/a,  =  h,  <A2) 

nt  +  ’i'ss  -  |tf, -t- (/VW)(d,_nlV,u)|  ,  (A3) 

where  rf,  -  I  -  d,  =  ri,{0,  -  v^/c),  h,  =  \  -0]. 
and  A,  =0,(0,  - 

By  using  Eq.  (A3),  integrating  Eq.  (20b)  over  i  me 
from  ?ero  to  r.  and  recalling  that  /  J  =  <////  /c'ra.  we  find 
that  the  function  y  ^  (irT  -I-  '\/)P\(t)/H  is  given  by 

X  =  -  (H,fi)/H’)[r,Pl(0) 

+  ld,rU0)  -4riHi/c^]U 
-6r,iHi,/c’)d,U’  ~  2(Hi/c^)d\U')  (A4) 

Bvsirbslttuting  Eqs.  (Al )  and  (A2)  into  Fqs  (12).  we 
find  Q  and  F  as  functions  of  //  and  initial  conditions  (.'oni- 
bining  this  with  Fqs  (A4)  and  (20a).  we  obtain 


III!  -  (////) 
(it 


-  //( 

I  //„/., 

)Ji  ,  1  1  I 

4  V 

to 

1  ^(/T, 

-  r.MaJl  1  //,^i 

,1-1) 

to 

F.\(l,,ll  t  //,.A,)7 

ilA)) 

//  ■//, 

O} 

4 

where 

n  -  4^'  h 

1  -  ■  f/„  a,  -r 

to 

rr) 

to 

(If 

,  h  rf„  ft, 

(t)  Of  /i)  ftl 


Equation  f  A5 )  can  he  integrated  once  over  (irne  ftfuii  0 
to  I.  The  left-hand  side  becomes  J(// ^  Ibc 

contribution  of  the  term  //,//,» can  be  calculated  by 
Eq  (R).  By  considering  that  al  /  —  0.  'b,,  -  A ,/>„  cos /r 
^  A:,2„and  that/»^,  =  ~ /’lo  -  rity  cfisrr.  and  ex¬ 

panding  in  terms  f>f  Bessel  functions,  we  obtain 

yc.(0)cosr5,,  (Ah) 

where  f,  |0)  and  fS,  are  defined  after  Eqs.  ( 20)  I  Uinc  f-c| 
(A61  and  after  a  gorni  deal  of  tcflious  hut  vMnightlorwnid 
algebra,  we  arrive  al  Eqs.  ( 21 ). 
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The  relativistic  equations  of  motion  have  been  analyzed  for  electrons  in 
magnetized  plasmas  and  externally  imposed  electromagnetic  fields  that  propagate  at 
arbitrary  angles  to  the  background  magnetic  field.  The  electron  energy  is  obtained 
from  a  set  of  non-linear  differential  equations  as  functions  of  lime,  initial  conditions 
and  cyclotron  harmonic  numbers.  For  a  given  cyclotron  resonance  the  energy 
oscillates  in  time  within  the  limits  of  a  potential  well.  Stochastic  acceleration  occurs 
if  the  widths  of  hamiltonian  potentials  overlap.  Numerical  analyses  suggest  that,  at 
wave  energy  fluxes  in  excess  of  10*  mW/m',  initially  cold  electrons  can  be 
accelerated  to  energies  of  several  MeV  in  less  than  a  millisecond.  Practical  attempts 
to  validate  the  theory  with  a  series  of  planned  rocket  flights  over  the  HIPAS  facility 
in  Alaska  are  discussed.  The  HIPAS  antennas  will  be  used  to  irradiate  the  magnetic 
mirror  points  of  10-40  keV  electrons  emitted  from  the  ECHO  7  rocket  in  the  early 
winter  of  1988.  Follow-on  rocket  experiments  to  exploit  the  wave  amplification 
properties  of  the  ionospheric  “radio  window”  are  described. 

I.  Introduction 

Attempts  to  actively  perturb  space  plasmas  using  HF  emissions  from  ground 
based  antennas  have  generally  used  0-mode  radiation  (Stubbe  e/  al.,  1985;  ROSE  ei 
at.,  1985;  LEE  et  al.,  1988).  The  X-raode  can  only  propagate  to  the  altitude  of  cutoff. 
This  is  because  the  circularly  polarized  X-mode  rotates  in  the  same  sense  as 
electrons  about  the  magnetic  field,  and  thus  interacts  strongly  with  them.  Recently 
scientists  at  the  Air  Force  Geophysics  Laboratory  (AFGL)  have  become  interested 
in  using  this  characteristic  for  controlled,  gyroresonant  acceleration  of  electrons  in 
space  plasmas.  Indeed,  gyroresonant  X-mode  radiation  has  been  used  successfully 
to  accelerate  electrons  to  relativistic  energies  in  the  ELMO  Bumpy  Torus 
(Batchelor  and  GolofingeR,  1980).  Although  the  driving  mechanisms  have  not 
been  established,  JAMES  (1983)  has  reported  the  presence  of  electrons  accelerated  up 
to  several  kilovolts  in  energy  after  sounder  emissions  from  the  ISIS  satellites. 
Badaev  ei  al.  (1983)  have  also  reported  the  detection  of  electrons  accelerated  to 
kilovolt  energies  through  interactions  with  a  low  power  telemetry  system. 

The  motion  of  an  electron  moving  in  the  presence  of  a  right  circularly  polarized 
wave  propagating  along  the  magnetic  field  has  been  treated  by  Ruiil.Rls  and 
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Buschbaum  (1964).  They  show  that  if  the  Doppler  shifted  frequency  of  the  driver 
wave  is  at  the  electron  gyrofrcqucncy,  and  the  phase  speed  of  the  wave  is  that  of  light 
in  free  space,  test  electrons  stay  in  resonance  and  can  be  accelerated  to  arbitrarily 
high  energy.  For  other  wave  phase  speeds,  electrons  eventually  lose  resonance  due 
either  to  the  relativistic  lowering  of  the  gyrofrequency  or  to  unbalanced  Doppler 
shifts.  In  either  case  the  electrons  appear  to  move  in  pseudo-potential  wells  in  which 
they  alternately  gain  and  lose  kinetic  energy.  Recently  the  analysis  of  Roberts  and 
Buschbaum  has  been  extended  to  include  the  case  of  obliquely  propagating  waves 
using  two  different  perturbation  formalisms.  Menyuk  et  al.  (1987)  utilized  the 
canonical  Hamiltonian  while  Villalon  and  Burke  (1987)  solved  the  Lorentz 
equation.  While  the  First  concentrated  only  on  the  stochastic  regime,  the  second 
considered  both  stochastic  and  sub-stochastic  acceleration. 

This  paper  is  divided  into  three  sections  in  which  we  discuss;  First,  the 
relativistic  Lorentz  equation  for  a  test  electron  moving  under  the  influence  of  an 
electromagnetic  wave  in  a  cold  magnetized  plasma,  second,  wave  propagation 
through  the  ionospheric  “radio  window,”  and  third,  a  series  of  planned  space  flights 
to  test  the  validity  of  our  model. 

2.  Analytical  and  Numerical  Solutions  of  the  Lorentz  Equation 

We  consider  the  motion  of  an  electron  gyrating  in  a  constant  magnetic  Field  Aii 
in  the  presence  of  an  obliquely  propagating  electromagnetic  wave  with  wave  vector 
k  =  k.x+k,z  and  frequency  <o.  The  wave’s  electric  Field  is  given  by 

E  =  £iicos0  —  fzysini^  —  £)ZCos<^, 
where  the  phase  angle  ^=k,x-‘rk,z-wt.  The  Lorentz  equation  is 

p  =  +  F  X  (Bo  +  ir-)). 

where  p,  V  and  q  represent  the  momentum,  velocity  and  charge  of  the  electron;  B.  is 
the  wave  magnetic  Field.  This  equation  admits  three  constants  of  the  motion  derived 
from 


d/d/[p  -  qrX  Bo~  kHjo)  +  g/1]  =  0, 

where  is  the  vector  potential  of  the  wave  and  H-mc^y,  is  the  relativistic  energy,  y 
is  the  standard  relativistic  factor  l/x/T— ir/P.  The  relativistic  momentum  and 
velocity  are  related  by  p=mVy.  The  time  rate  of  change  of  the  electron’s 
Hamiltonian  is 

d///d/  =  qciJE  •  p)l  H. 

j 

I  Substitution  into  the  Lorentz  equation  gives 

i  - 
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fi,  +  py[n  +  {qEikj)l{myQ))sin<f>]  =  (qEila})(w  -  K,z)cos<p, 
p,  -pi[n  +  (qEik.)l(mya))sin<i>]  =  -(qEil(o){(j}  -  k,z)sin<p, 
p,  -  (K.tilw)  +  (E,IEt)ip.  +  ilpy)  =  0, 

where  Ki=k,[l  +  Eik.l  Eik,]  and  Cl=qBolmy  the  relativistic  electron  cyclotron 
frequency.  Dots  over  quantities  indicate  time  derivatives.  To  this  point  the 
equations  are  exact. 

Our  first  assumption  is  that  terms  containing  the  quantity  (EikMl(o)=  Bo  can 
be  ignored  in  any  reasonable  geophysical  situation.  The  second  assumption  is  that  to 
zero-order  the  x  and  y  components  of  the  momentum  vector  of  any  test  electron 
follow  Larmor  trajectories. 


Pm  =  -psinfff  +  do), 
Py  =  pcos(<T  +  Oo), 


where 


a(i)  =1^  modi', 

Oo  =  tan'(prt/p>«), 

with  the  subscript  0  referring  to  initial  momentum  conditions. 

After  substituting  into  the  Lorentz  equation,  expanding  in  a  series  of  Bessel 
functions,  averaging  over  fast  time  variation  and  filling  many  pages  of  algebra, 
whose  main  steps  are  indicated  by  Vili  alon  and  BURKE  (1987)  we  arrive  at  an 
equation  in  the  form 


[1  +  U]^[dU/dt]^  +  o)^V,(U)  =  0. 

This  is  very  similar  to  the  equation  of  a  particle  moving  in  a  pseudo-potential  field. 
The  term  U=(,H—  Ho)l  Ho  represents  the  hamiltonian  of  the  electron  normalized  to 
its  initial  value.  The  subscript  n  on  the  potential  functions  K(U)  represents  the 
contribution  of  the  n-th  harmonic  of  the  electron  gyrofrequency.  The  actual  form  of 
the  potential  is  given  in  Appendix  1.  Here  we  note  several  features  of  the  potential 
that  provide  immediate  insight  into  this  electron  acceleration  model.  First,  an 
electron  can  only  access  the  regions  of  parameter  space  in  which  F,  is  negative.  The 
regions  of  access  can  be  determined  for  each  harmonic  by  solving  for  the  zeros  of  the 
potential.  Second,  at  large  value  of  U  the  potential  increases  as  ff*.  Thus,  in  the 
asymptotic  limit  F,  is  positive  and  the  amount  of  energy  that  can  be  absorbed  from 
the  wave  is  finite.  Third,  the  contributions  of  the  right,  left  and  parallel  polarizations 
are  distinct  and  depend  on  Bessel  functions  of  order  n—  I,  n  +  I  and  n,  respectively. 
Thus,  right  circularly  polarized  waves  should  interact  most  strongly.  Since  the 
arguments  of  the  Bessel  functions  are  products  of  k,  and  the  gyroradius,  accelera- 
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tion  efnciency  should  be  enhanced  for  test  electrons  with  a  substantial,  initial  kinetic 
energy. 

To  test  the  range  of  validity  of  the  assumptions  presented  above,  we  have 
performed  a  series  of  numerical  solutions  of  the  Lorentz  equation  and  compared  the 
results  with  the  predictions  of  our  pseudo-potential  model.  In  all  cases  we  used 
electromagnetic  waves  propagating  in  the  X-mode  at  a  frequency  twice  that  of  the 
electron  gyrofrequency.  The  ratio  of  the  plasma  frequency  to  the  drive  frequency  is 
0.58.  These  correspond  the  conditions  of  5b=0.55  G  and  w=IO''/cc,  typical  of  the 
bottomside  of  the  ionosphere  at  auroral  latitudes  during  periods  of  magnetic  quiet. 
Note  that  under  these  conditions  the  waves  are  propagating  below  the  right  hand 
cutoff  where  VillaLON  and  Burke  (1987)  predict  the  strongest  electron/ wave 
interactions.  All  cases  presented  here  represent  averages  of  33  cases  with  random 
initial  phases. 

In  Fig.  I  we  present  a  summary  of  the  numerical  results.  In  log-log  format  we 
have  plotted  the  maximum  kinetic  energy  gained  by  initially  cold  test  electrons 
normalized  to  their  rest  energy  as  a  function  of  the  wave  Poynting  flux  in  milli¬ 
watts  per  square  meter.  Note  that  existing  mega-Watt  ionospheric  heaters  typically 


X  -  Mod*  Acc*l*ratlon  (U  /n  =  2 


Fig.  I.  Numerical  solutions  of  Lorentz  equation.  The  kinetic  energy  gain  is  plotted  as  a  function  of 
input  wave  energy  flu*.  The  straight  line  and  triangles  represent  average  energy  gained  by  thirty 
three  test  electrons  with  random  initial  phase  from  gyroresonant  waves  propagating  along  and  at  30° 
to  magnetic  Held  lines,  respectively. 
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deliver  I-IO  mW/m^  to  ionospheric  altitudes  of  200-300  km.  The  straight  line  and 
diamond  symbols  represent  effects  of  radiation  propagating  along  and  at  30°  to  the 
magnetic  field,  respectively.  Results  for  higher  angles  are  similar  to  those  at  30°,  The 
characteristics  of  the  acceleration  divide  into  three  categories  which  we  call  quasi- 
periodic  resonance,  chaotic  and  direct  wave  acceleration.  The  range  of  chaotic 
acceleration  extends  roughly  from  lO’  to  lO"  mW/m’. 

Figure  2  provides  examples  of  each  type  of  acceleration  with  the  solutions 
followed  for  0.7  ms.  Wave  intensities  of  10‘  mW/m^  accelerate  initially  cold 
electrons  to  60  keV  in  400  fts  and  then  fall  back  to  low  energy.  If  the  wave  intensity  is 
increased  to  10‘  mW/m‘  electron  arc  accelerated  irregularly  to  9  MeV.  In  the  direct 


Fig.  2.  Numerical  solutions  of  the  Lorcniz  equation  for  three  wave  energy  flux  levels  followed  for  0.7 
ms. 
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acceleration  regime  wave  magnetic  fields  are  greater  than  A>  and  electrons  undergo 
periodic  accelerations  up  to  SO  MeV. 

Comparisons  of  the  predictions  of  the  pseudo-potential  model  of  Villalon 
and  Burke  (1987)  with  the  numerical  solutions  of  the  Lorentz  equation  are  given  in 
Fig.  3,  represented  by  dashed  lines  and  triangles,  respectively.  The  first  impression 
gained  from  this  comparison  is  that  predictions  of  these  independent  approaches  to 
the  problem  are  in  remarkable  agreement.  At  a  propagation  angle  of  0°  the  V-B  and 
numerical  solutions  agree  exactly.  At  other  angles  V-R  predicts  less  acceleration 
than  was  numerically  calculated. 


j _ I _ I  I  I  I  I  I 


34567  3  4567 

LOO  S  (mW/m’) 

Fig.  3.  Comparison  of  prcdiclions  of  pseudo-potenlial  models  with  exact  numerical  solutions  of  ihe 
Lorenu  equation  for  different  wave  propagation  angles. 
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Figure  4  plots  the  values  of  V„{U)  for  selected  values  of  n.  Again  the  wave 
frequency  is  at  the  second  gyroharmonic,  with  a  Poynting  flux  of  lO’  mW/m^.  The 
region  of  negative  potentials  extends  down  to  f/=0  for  the  first  and  second 
harmonics.  We  note  however,  that  the  slope  of  the  potential  for  the  first  harmonic  is 
steeper  than  the  second  at  low  energies.  Thus,  initial  acceleration  is  by  the  first, 
rather  than  the  second  harmonic.  Potentials  of  higher  harmonics  arc  initially 
positive  and  do  not  accelerate  low  energy  electrons. 


X  -  Mod*  Pot*ntl*l  Walla 


U 

Fig.  4. 
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3.  Radio  Window  Mode  Conversion 

It  is  obvious  from  the  discussion  presented  above  that  serious  acceleration  of 
ionospheric  electrons  by  ground  antennas  requires  power  enhancements  that  greatly 
exceed  any  capabilities  that  can  be  achieved  within  a  reasonable  time  span.  This  is 
one  time  however,  when  nature  appears  to  be  working  on  our  side.  Mjoliius  and 
Fla  ( 1984)  have  studied  O-mode  radiation  propagating  in  the  ionosphere  where  the 
vertical  plasma  density  gradient  is  at  an  arbitrary  angle  to  the  earth's  magnetic  field. 
Consequent  to  obeying  Snell's  law  the  cold  plasma  dispersion  relation  reduces  to  the 
Booker  quartic  (BOOKER,  1938).  Normally,  O-mode  radiation  propagates  to  the 
altitude  where  the  driver  frequency  is  equal  to  the  local  plasma  frequency  and  is 
reflected.  It  is  possible  however,  for  radiation  transmitted  from  ground  in  the  O- 
mode  close  to  a  critical  angle  6c  to  convert  linearly  to  the  Z-mode,  where 

sin6)c  =  \J  YKY  ^  I)siny/. 

Here  Y=Qleo.  For  the  case  we  have  been  considering  here  Y=2.  In  Alaska  where 
the  magnetic  dip  angle  is  about  13°,  6c=T.5°  towards  the  south  of  vertical. 

O-mode  rays  in  this  “radio  window”  propagate  in  the  slow  extraordinary  (Z) 
mode  to  the  altitude  of  cutoff  where  they  are  reflected.  As  they  approach  the  altitude 
where 


^  =  (!  -  r')/(l  -  KWy/), 

with  ,V'=(Wp/<u)^  the  Z-mode  undergoes  resonance.  Here  the  group  speed  slows  to 
zero.  In  this  region  the  Z-mode  turns  into  an  electrostatic  wave  that  propagates 
perpendicular  to  the  Bo-  Cold  plasma  theory  does  not  allow  the  possibility  of 
electrostatic  waves.  ViLLALON  (1988)  had  included  warm  plasma  effects  as  second 
order  corrections  to  the  Booker  quartic.  In  the  resonant  region  the  group  velocity 
( y^)  of  the  electrostatic  waves  is  much  less  than  the  speed  of  light  with  which  the 
radiation  enters  the  ionosphere.  The  conservation  of  energy  requires  that  the 
amplitude  of  the  wave  electric  field  steepens  as  (c/  K,)''^.  Calculations  by  V illalon 
(1988)  show  that  in  the  resonant  region  electrons  can  be  accelerated  by  several  keV 
with  modest  input  powers  of  1  mW/m^  The  possibility  of  the  wave  energy  being 
dissipated  by  other  non-linear  processes  must  next  be  given  careful  analysis. 

4.  Planned  Space  Experiments 

Experiments  to  test  in  space  the  validity  of  the  theoretical  models  outlined  in 
the  last  two  sections  are  planned  for  the  next  several  years.  To  perform  such 
experiments  two  major  elements  are  necessary;  (1)  an  HF  ground  source,  and  (2) 
properly  instrumented  space  vehicles.  We  first  consider  the  impact  of  these 
constraints  for  mission  planning. 
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Suitable  ground  antennas  exist  at  Tromso  in  Norway,  Arecibo  in  Puerto  Rico 
and  HIPAS  in  Alaska.  Although  the  Tromso  and  HIPAS  antennas  have  access  to 
nearby  rocket  ranges,  Arecibo  does  not.  From  the  closeness  of  the  "radio  window” 
to  both  the  vertical  and  magnetic  Ticld  directions  at  high  latitudes,  rocket  trajectories 
must  pass  both  overhead  and  close  to  the  magnetic  meridian.  Rockets  fired  from  the 
Andoya  range  are  constrained  to  over-water  trajectories  at  some  distance  from 
Tromso.  It  is  possible  to  launch  rockets  toward  magnetic  north  from  mobile 
launchers  located  south  of  HIPAS. 

To  measure  the  characteristics  of  the  waves  transmitted  from  the  ground  as  well 
as  their  effects  on  both  the  ionospheric  plasma  and  the  acceleration  of  electrons  to 
kilovolt  energies,  in  situ  diagnostics  are  necessary.  These  instru  -^ents  should 
measure:  (I)  the  density  and  temperature  of  the  ionospheric  constituents  n  sj’ecify 
the  cold  plasma  dielectric  coefficient,  (2)  the  spectral  characteristics  of  waves  in  the 
ionosphere  to  provide  information  on  alternate  decay  modes  of  the  primary  wave 
associated  with  parametric  instabilities,  and  (3)  energetic  electron  detectors  that 
look  both  up  and  down  magnetic  field  lines.  The  latter  are  useful  for  distinguishing 
wave-acceleration  from  natural  auroral  effects. 

Some  or  all  elements  of  this  complement  of  passive  detectors  are  available  on 
present  or  planned  American  and  Japanese  polar  orbiting  satellites.  Because  of  the 
repeatability  of  coordinated  ground-satellite  experiments  these  resources  should  be 
utilized  to  the  fullest.  There  are  however,  significant  drawbacks  to  satellite  based 
experiments  that  cannot  be  ignored.  First,  satellites  generally  fly  at  altitudes  far 
above  the  interactions  discussed  in  the  previous  sections.  At  these  heights  it  is  very 
difficult  to  meet  exacting  magnetic  conjunction  conditions.  Thus,  only  debris  from 
wave-electron  interactions  can  be  detected.  Second,  because  of  the  high  speed  of 
satellites  and  the  relatively  low  sampling  rates  allowed  to  particle  detectors,  spatial 
resolution  is  probably  insufficient.  Limitations  of  the  second  kind  are  directly 
addressed  by  the  joint  US/ Canadian  satellite  FOCUS  1,  scheduled  for  a  Scout 
launch  in  the  early  1990’s.  FOCUS  will  only  operate  in  real  time  when  in  view  of 
ground  receiving  stations.  High  spatial  resolution  will  be  achieved  by  using  a  broad 
band  telemetry  system  normally  associated  with  rocket  experiments.  Coordinated 
studies  of  wave-plasma  interactions  using  ionospheric  heaters  is  a  prime  scientific 
goal  of  this  mission. 

To  understand  the  basic  physics  of  wave  particle  interactions  suborbital  rocket 
flights  have  much  to  offer.  First,  they  can  be  designed  to  pass  close  to  or  through 
critical  volumes  of  space  at  relatively  low  speeds.  Second,  available  telemetry  rates 
allow  important  parameters  to  be  measured  with  high  resolution.  Third,  spatial- 
temporal  ambiguities  are  easily  resolved  by  simultaneous  measurements  with 
multiple  payloads.  Fourth,  the  environment  can  be  actively  varied  to  meet  specific 
experimental  goals.  In  the  case  at  hand,  an  artificial  auroral  environment  can  be 
turned  on  and  off  by  emitting  charged  particle  beams  from  one  of  the  rocket 
payloads.  Fifth,  rocket  launches  can  be  coordinated  with  satellite  passes  over 
heaters  to  gain  maximum  insight  into  the  large-scale  effects  of  localized  plasma 
perturbation  experiments. 


-36- 


1156 


W.  J.  Burke  m  al. 


An  initial  attempt  to  validate  the  electron  acceleration  concepts  will  be  carried 
out  during  the  llight  of  the  ECHO  7  rocket.  ECHO  7  represents  a  cooperative  effort 
between  NASA,  the  University  of  Minnesota  and  AFGL.  Launch  from  Poker  Mat 
toward  magnetic  east  is  scheduled  for  a  moonless  evening  during  a  period  of  low 
magnetic  activity  in  the  early  winter  of  1988.  There  are  four  payloads,  one  to  emit 
electrons  with  controlled  injection  energy  between  10  and  40  keV  and  pitch  angles 
between  15®  and  180®;  the  other  three  measure  plasma,  energetic  particle  and 
electromagnetic  field  effects  of  the  beam  emissions.  The  primary  mission  of  ECHO  7 
is  to  study  the  long  distance  transmission  properties  of  electron  beams  in  space.  It  is 
also  ideally  instrumented  to  measure  the  effects  of  HF  waves  interacting  with 
controlled  plasma  environments. 

The  ground  track  of  the  ECHO  7  trajectory  along  with  the  positions  of  the 
Poker  Flat  Range,  the  HIPAS  facility  and  Eilson  AFB  arc  sketched  in  Fig.  5.  The 
heavy  part  of  the  trajectory  line  represents  the  post-deployment  segment  of  the 
flight.  The  hatched  portion  near  the  HIPAS  magnetic  meridian  represents  the 
“radio  window.”  The  dashed  tine  to  the  north  of  the  trajectory  represents  the 


Fig,  5.  Schematic  representation  of  ECHO  7  trajectory  relative  to  the  position  of  the  HIPAS  facility. 
The  heavy  line  represents  the  post  deployments  phase  of  the  flight.  The  dashed  line  represents  the 
mirror  points  of  beam  electrons  emitted  downward  from  ECHO.  This  region  will  he  illuminated  by 
X-mode  radiation  at  the  second  harmonic  of  the  electron  gyro-frequency. 
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location  of  magnetic  mirror  points  at  100  km  for  beam  electrons  injected  down  the 
Held  lines.  We  note  that  full  deployment  of  the  ECHO  payloads  occurs  about  thirty 
kilometers  to  the  east  of  the  HIPAS  magnetic  meridian.  E.'cperiments  designed  to 
verify  the  effects  of  transmission  through  the  “radio  window"  are  thus  doomed  to 
failure.  For  this  reason  we  have  decided  that  during  the  ECHO  llight  it  is  better  to 
illuminate  the  region  of  the  magnetic  mirrors  with  radiation  near  the  second 
harmonic  of  the  electron  gyrofrequency  in  the  X-mode.  This  is  the  right  hand 
polarization  mode  that  does  not  propagate  to  very  high  altitudes  in  the  ionosphere. 
However,  the  P-fl  model  predicts  efficient  acceleration  near  the  right-hand  cutoff. 

A  series  of  follow-on  rocket  flights  along  the  magnetic  meridian  over  HIPAS  is 
planned  for  the  early  1990’s  as  a  joint  effort  with  NASA  and  UCLA.  The  diagnostic 
packages  to  be  flown  during  these  experiments  will  be  similar  to  those  Hown  on 
ECHO  7.  Photometers  will  be  added  to  the  complement  to  measure  radiation  from 
cavitons  expected  to  form  in  the  vicinity  of  the  Z-mode  resonance.  Periodically 
during  the  mission,  energetic  electron  beams  will  be  injected  into  the  resonance 
region.  Thus,  the  relative  efficiencies  for  cold/ warm  electron  acceleration  by  Z- 
mude  radiation  can  be  determined. 

Figure  6  is  a  sketch  of  the  planned  experimental  geometry.  The  rocket 
trajectories  will  be  in  the  HIPAS  magnetic  meridian.  HIPAS  will  transmit  at  the 


Rockal  Tralaclory 


Fig.  6.  Schematic  represienlalion  of  a  ray  propagating  in  the  ionospheric  "radio  window."  Near  the 
Z-mode  resonance  it  is  expected  that  phisma  density  cavitons  will  form. 
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second  gyroharmonic,  in  the  O-mode.  Rays  outside  the  “radio  window"  are  reHected 
to  the  ground  with  little  effect  on  the  ambient  plasma.  Inside  the  “radio  window” 
radiation  that  converts  to  the  Z-mode  continue  to  propagate  to  the  altitude  of  the 
left  hand  cutoff  where  they  are  reflected.  As  the  Z-mode  radiation  approaches 
resonance  the  intensity  of  the  wave  vector  turns  normal  to  the  magnetic  field  and  the 
electric  fields  steepen.  Pondcromotive  forces  generate  plasma  density  cavitons 
(WONG  and  Santoru,  1981;  WONG  et  ai,  1987).  Electrons  within  the  cavitons  see 
intense  electric  field  variations  at  the  second  gyroharmonic.  When  the  rockets  are 
near  magnetic  conjunction  with  HIP  AS  created  cavitons,  particle  detectors  should 
measure  intense  fluxes  of  accelerated  electrons. 

Appendix  1.  Mathematical  Form  of  Pseudo-Potentials 

In  the  main  text  we  argued  that  the  equations  of  motion  for  a  test  electron  in  an 
obliquely  propagating  elcctrotnagnctic  wave  can  be  reduced  to  the  form  of  motion 
in  a  potential  well. 

(df//d/)'  +  <u'K,(t/)/(t/-t-  l)\ 

where  U=(H-  Ha)l  Ha  is  the  energy  gained  normalized  to  the  initial  relativistic 
Hamiltonian.  The  potential  well  associated  with  the  n-th  harmonic  of  the  electron 
gyro-frequency  is 

K(U)  ==  iJ^U|2)\U+2r„|d^)^  ~  ^{0Um<t>nd,U(U  +  2r„l(J,) 

+  (E,  -  l2)/2((Eti/,  -  E,/i,)(G,..(f/)  + 

+  (LiJi  —  Ei/ii)F,.i(f/)l 

-  (E,  -  E2)/2KIi/ii  +  +  F..,(U)) 

+  (E./i,  +  E2d.)F,-,(l/)) 

-  E,Mhi(C4f/)  +  F,{t/))  +  /iiF,(t/))  -  (vi(O)cosd),)’. 

Terms  with  Ei+Ej  and  Ei  — Ej  refer  to  the  right  and  left  hand  polarization  modes, 
respectively. 

Here  also 


I.,  =  -(gEila))clHa  »=  1,2,3, 

</,=  !-  K.k,c'l(o\ 

di  =  (K,k,clw^)  -  k,zol(o, 

/i,  =  I  +  {K.lk.m  -  1), 

In  =  (K.lk.)d2, 
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r,  =  1  —  k.zoloi  —  nilolo), 

(f>,  =  /c,zo  +  n(ao  +  «/2), 

V/(0)  =  f'o/2c(-(I,  +  Zj)J^,{k.po)  +  (Z,  -  Z,)J^^{k.po)] 

+  y^IcZiJnik.po). 

where  J„  represents  a  standard  Bessel  function  of  order  n.  The  functions  G„{U)  and 
Fn(U)  are  defined  by 


G.(U)=l"j,\k.p(U’)]U’dU\ 

=j"jn\k.p(U')]dU'. 

REFERENCES 

Babaev,  A.  P..  S.  B.  LvAittiov.  G.  G.  Manacad/e.  A.  A.  Martinson,  and  P.  P.  Timofeev.  Plasma 
particle  acceleration  due  to  emission  of  ground-based  and  onboard  transmilters,  in  Active 
Experiments  in  Space,  ESA  SP-I9S  61-65,  1983. 

Batchelor,  D.  B.  and  R.  C.  Goldi  inoer,  a  theoretical  study  of  electron-cyclotron  absorbtion  in 
ELMO  bumpy  torus,  Nuc.  Fus.,  20,  403-417,  1980. 

Booker,  H.  G.,  Propagation  of  wave-packets  incident  obliquely  upon  a  stratified  doubly  refracting 
ionosphere,  Philos.  Trans.  K.  Soc.  London  Ser.  A,  237,  4|  I,  1938. 

James,  H.  G.,  Sounder-accelerated  electrons  observed  on  ISIS,  J.  Geophys.  Res,,  88,  4027-4040,  1983. 

Lee,  M.  C.,  K.  M.  Groves,  C.  P.  Liao,  □.  R.  Rivas,  and  S.  P.  Kuo,  Combined  operation  of  two  ground 
transmitters  for  enhanced  ionospheric  healing,  J.  Geomag.  Geoeleelr.,  this  issue,  I I4I-U4S,  I9H8. 

Menyuk,  C.  R.,  a.  T.  Oroiiot,  K.  Papadupoui.os,  and  H.  Karimabadi,  Stochastic  electron  accelera¬ 
tion  in  obliquely  propagating  electromagnetic  waves,  Phys.  Rev.  ten.,  58,  2071-2074,  1987. 

Mjoliius,  E.  and  T.  Fla,  Direct  access  to  plasma  resonance  in  ionosphere  radio  experiments,  J. 
Geophys.  Res.,  89,  3921-3928,  1984. 

Roberts,  C.  S.  and  S.  J.  Buschbaum,  Motion  of  a  charged  particle  in  a  constant  magnetic  field  and  a 
transverse  electromagnetic  wave  propagating  along  the  lleld,  Phys.  Ref.,  I3S,  A38 1  -  A389,  1964. 

Rose,  G.,  G.  Granoal,  E.  Neske,  W.  Ott,  K.  Spencer,  J.  Holtet,  K.  Maseide,  and  J.  Troim, 
Experimental  results  Irom  the  HERO  project:  in  situ  measurements  of  ionospheric  modifications 
using  sounding  rockets,  J.  Geophys.  Res.,  90,  2851-2860,  1985. 

Stubbe,  P.,  H.  Kapka,  M.  T.  Rietvelo,  A.  Frey,  P.  Hoec,  H.  Kohl,  E.  Nielsen,  G.  Rose,  C.  LaHoz, 
R.  Barr,  H.  Derbloh,  A.  Heoberc,  B.  Thilde,T.  B.  Jones,  T.  Robinson,  a.  Brekke,T.  Hansen, 
and  O.  Holt,  Ionospheric  modification  experiments  with  the  Tromso  heating  laciltiy,  /  Aimos. 
Terr.  Phys.,  47,  1151-1163,  1985. 

ViLLALON,  E.,  Ionospheric  electron  acceleration  by  electromagnetic  waves  near  regions  of  plasma 
resonance,  submitted  to  Phys.  Rev.  Lets.,  1988. 

ViLLALON,  E.  and  W.  J.  Burke,  Panicle  acceleration  by  obliquely  propagating  eleciromagnelic  fields, 
Phys.  of  Fluids,  30,  3695-3702,  1987. 

WoNO,  A.  Y.  and  J.  Santoru,  Active  siimuiaiion  of  auroral  plasma,  J.  Geophys.  Res.,  86.  7718-7732, 
1981. 

WoNC,  A.  Y.,  T.  Tanikawa,  and  A.  Kauthi,  Observation  of  ionospheric  cavitons,  Phys.  Rev.  Leu.,  58, 
1375-1378, 1987. 


-40- 


ACTIVE  CONTROL  AND  NONLINRAA  FlCEDRACK  INSTABILITIES  IN  IME 
F>NTtrS  RADIATION  BELTS 

H.  B.  SlUvitch.*  P.  L.  RothwcU.**  and  B.  VUUlon* 


^Center  for  Bloctroiugftetlcs  Rosearcli,  Northoastern 
Univcritty.  Boston,  HA  02ilS,  U.S.A.,**Alr  Force 
Crophyslcs  Laboratory,  llattscoe  Air  Force  Base,  Bedford  HA, 
01711,  U.S.A. 


ABSTRACT 


The  stability  of  trapped  particle  fluxes  are  exanlned  near  the  Kennel* Pc tschek  ll«lt.  In 
the  absence  of  coupling  between  the  Ionosphere  and  siagnetosphere  It  is  found  that  both  the 
fluxes  and  the  associated  wave  Intensities  are  stable  to  external  perturbations.  However,  if 
the  Ionosphere  and  Magnetosphere  are  coupled  through  the  ducting  of  tho  waves  then  a 
positive  feedback  auiy  develop  depending  on  the  efficiency  of  the  coupling.  This  results  is  a 
apiky,  nonlinear  precipitation  pattern  which  for  electrons  has  a  period  on  the  order  ol 
hundreds  of  seconds.  Here  we  give  a  linear  analysis  that  highlights  tlw»  regions  of 
Instability  together  with  a  eonputer  alMulatlon  of  the  nonlinear  regimes. 

INTRODUCTION 


Active  control  uf  energetic  particle  fluxes  In  the  radletlon  belts  has  been  a  .opl  of  iiwijor 
Interest  In  both  the  United  States  and  the  Soviet  Union.  Electron  dumping  exper Isient s 
conducted  by  the  Stanford  University  and  Lockliecd  groups  using  VI.F  t ransmi ss Inns  Ar<>  well- 
known  /1,2/.  Perhaps  less  known  Is  tlie  tlieoretlcal  work  by  Trakhtengerts  /!/  eiittlleU 
"Alfvdn  Hesers"  in  which  he  proposes  a  theoretical  scheae  for  dumping  both  electrons  and 
protons  from  the  radiation  belts.  The  basic  Idea  le  to  use  RF  energy  to  heat  the  ionosphere 
et  the  foot  of  a  flux  tube  to  raise  the  height  integrated  conductivity.  The  conductivity  is 
then  modulated  at  VLF  or  ELF  frQ<|uencles  which  modulates  the  reflection  of  waves  that  cause 
pitch  angle  diffusion  In  the  enuatorlal  plane.  The  artificially  enhanced  conductivity  of  the 
Ionosphere  thus  maintains  high  wave  energy  densities  In  the  associated  flux  tube  thereby 
producing  a  positive  feedback. 

In  addition  to  external  tonoipherlc  perturbations  particle  precipitation  also  raises 
Ionospheric  conductivity.  The  trapping  of  VLF  waves  causes  further  pr«'clpltat Ion  which.  In 
principle,  results  In  an  explosive  Instahlliiy.  The  purpose  of  this  paper  Is  to  nsrabllsh 
the  basic  equations. 

The  fundsaentel  equations  derived  by  /T/  are  based  on  queallinear  plassui  theory  and  relate 
only  to  the  weak  diffusion  regime.  Ve  have  plotted  an  exa«ple  of  the  Trakhtengerts  equations 
In  Figure  I.  Here  we  lllustrete  the  importance  of  positive  feedback  from  the  Ionosphere 
using  a  parameter  which  pareawterizes  the  strength  of  the  coupling.  Wlien  the  coupling  Is 
weak,  perturbations  near  the  Kennol^Fetschek  limit  slowly  damp  aw.iy.  Howevor,  as  the 
coupling  strength  exceeds  SZ  highly  nonlinear  oscillations  develop.  It  is  important  to  note 
that  the  spiky  behavior  that  results  clearly  violates  the  basic  assumptions  upon  which 
quaslllncar  theory  is  based.  No,  therefore,  need  to  set  the  Trakhtengerts  analysis  on  firmer 
ground.  In  particular,  one  needs  to  take  into  account  the  change  In  pitch  angle  anisotropy 
as  a  function  of  the  pitch  angle  diffusion  coefficient. 

It  1*  useful  to  usa  a  stallar  sat  of  equations  derived  by  Schuls  /./  which  arc  based  on 
phononono logical  arfwents  that  Include  strong  pitch  angle  diffusion.  Tho  key  variables  are 
N,  Che  number  of  trapped  particles  per  unit  area  on  a  flus  tube  and  D,  tha  nortsallced  pitch 
angle  diffusion  coefficient  which  Is  proportional  to  tha  Inverse  trapping  llfatina.  Ua  nolo 
that  D  l.s  averaged  over  tho  entire  flus  lube.  In  tho  Schult  forimilat  Ion  the  t  lam  rate  of 
change  of  N  Is  given  by 


where  tha  firat  term  capreianta  loasaa  due  to  pitch  angle  acatcering  and  represents  an 
equacerlal  particle  source  tarn  for  the  particular  flus  lulm.  The  paraiteter,  i  , 
charaeterltes  the  espacted  trapped  particle  llfetloms  due  to  strong  pitch  siigle  dlfluslon 
For  electrons  this  la  on  the  order  of  a  hundred  secmids.  Note  that  the  denominator  In  (1) 
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reflects  the  change  tn  pitch  angle  anisotropy  as  a  function  of  D  which  is  necessary  fur 
consistency.  The  tine  rate  of  change  jf  D  Is  given  by 

^  •  D(2y  +  V  In  R)  ♦  W^/t,  (2) 

dt  IJI^; 

The  first  tens  represents  wave  growth  near  the  c<|uatorlai  plane»  tlie  second  term  gives  the 
wave  losses  in  and  through  the  toiiosphere  and  tlw!  third  accounts  for  any  wave  energy 
sources. 
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Fig.  1.  The  effect  of  ionospheric  feedback  on  electron  precipitation. 

Note  the  spiky  behavior  duo  to  Che  nonlinear  nature  of  the  feedback 
process. 

In  ttie  second  term,  the  expression  V«/LRg  approximates  the  bounce  fref]uency  of  waves  where 
Vg  is  the  group  velocity  of  the  wave,  fKg  the  approxliute  length  of  a  flux  tube;  H  fs  tlw? 
reflection  coefficient  of  the  Ionosphere.  Since  R  <  I  the  second  term  is  always  ni*g.i!lve. 
The  denominator  in  <l)  reflects  the  decreased  efficiency  for  pitch  angle  scattering  iltrough 
wavc'perC Icle  interactions  as  the  diffusion  rate  Increases.  This  is  due  to  the  pitch  angle 
distribution  becoming  more  isotropic  as  described  by  Keimel  and  I'etsrhek  /S/. 

The  w.ive  growth  is  of  particular  Interest  and  requires  further  comment.  It  can  bn  expressed 

as 


t  • 

(I  ♦  Dt,) 


(1) 


wile  re  is 
N  -  and 

setting  Che 


defined  by  the  value  of  the  growth  rate,  st  the  Kennel  Petschek  Jimjr  where 
^  *  ^g*  source  lerm  In  (I)  can  be  defined  in  terms  of  these  p;i  i  amv  r  e  r  s  by 

LII5  of  tl)  to  lore. 


'  Noa, , 


ih) 


We  now  Include  the  coupling  of  the  radiation  belt  waves  and  particles  to  the  active 
ionosphere.  Tills  mechanism  introduces  s  positive  feedback  effect  which  will  structure  tlie 
large  amplitude  nonlinear  response  of  the  system  /3/.  The  key  idea  here  Is  th.it  the 
precipitating  electrons  modify  the  Ionospheric  plasma  density  which,  fn  turn,  modifies  the 
ionoaphyic  reflection  of  the  waves  causing  the  precipitation.  The  modll  Ic.it  ion  of  th.. 
plasms  density  by  the  precipitation  is  givnn  by 

doi  ■  Q(  DN  )  -  o_nj^  /Cl 

dt  20  4  ^  ‘  ^ 

where  nj  Is  the  ionospheric  pissu  density.  The  WIS  of  (5)  represents  ■  b.lsnrc  of  .hnslty 
Increese  due  to  tho  proclpltstl^n,  particle  flui  and  a  decrease  due  to  fli-ctron- Ion 
rocmblnallon  effects.  Q  Is  the  ioniratlon  efficiency  (rlcctron,/c»)  and  n  I,  tl.o 
reromblnation  coefficient.  ^ 
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fositlva  facdback  arises  i^hen  enhanced  Ionisation  cautus  enhanced  wave  reflection.  The 
■nhancttd  Ionisation  aa  calculat«t|  from  (5)  Increases  R  In  (2)  causing  D  to  Inctoasa, 
Therefore,  the  trick  is  to  relalu  changes  In  the  refloctlon  coefficient  to  changes  In  ihu 
Ionospheric  plasnwi  density.  This  Is  paiticularly  difficult  for  uhlsllrr  waves  hecaus**  t>f  (In* 
unknown  nature  of  the  ducting  efficiency  as  well  as  uncertainties  In  the  reflection  process 
at  the  Ionosphere.  Therefore,  we  assiuae  an  empirical  coupling  relationship  which  Is  gtvin  l>y 


6R  •  (6) 

”lo 


Here  c  Is  an  adjustable  parameter  whose  strength  Indicates  the  degree  of  coupling  hetween 
changes  In  the  ionospheric  density  and  changes  In  the  wave  reflection  coefficient.  Note*  Lh.'it 
c  as  used  here  Is  similar  to  hut  not  csactly  the  same  as  used  figure  I.  As  si-imi  Im>Iuw 
positive  feedback  Is  triggered  whoii  c  i  (I.e.  on  the  ortler  of  10*^  Inr  l  tie  weak 
dltiuslon  case). 


We  Initially  evamlne  the  stability  of  equations  (1),  (2)  and  (S)  by  performing  a  linear 

perturbation  analysis.  All  first  order  quantities  are  conaldemd  to  vary  as  exp(sr/i^).  X.nrn 
order  qu.inllties  are  defined  at  the  kennel -Petscliek  limil  and  are  dunnled  hy  t  tie  "u” 

subscript.  A  cubic  equation  (dispersion  relation)  Is  obtained  f»r  the  nnnd  hnens  lon.i  1  n.-tiur.il 

frequencies,  s.  This  equation  is  given  by 

fs  +  ♦  ItiDilfs  ♦ 

-  nu,(.»2.,/t  I  (7) 

where  tj  •  and  0|  •  *^***  **i»chiilr”  /A/  limit  where  i  lie 

Ionosphere  and  m.ignetosphere  are  dtrcoupled  (  c  •  0)  equation  (7)  can  l>e  reduced  to  .i 
quadratic.  It  Is  found  that  damped  oscillatory  aolutlons  exist  in  tin*  weak  dltiuslon  limit 
(  «  1  )  but  there  are  no  real  frequenclea  that  exist  in  the  strong  tlllfuHlon  (  ” 

1  )  Tiaitt  for  reasonable  growth  rates.  Note  that  the  factor  (I  *  i‘>|ii.ii  lim*:  (l)  .md 

(3)  mutt  be  retained  In  the  linear  analysis  even  In  the  weak  diffusion  limlr. 

The  full  cubic  equation  for  the  case  when  c  !s  nonzero  yields  the  following  three  solutions 
In  the  weak  diffusion  limit.  We  choose  ||  •  100  and  *  2  and  find  the  following  roots 

S,  -  -  A 

*2,3  *  i  I  5A  D,  -  13  tl'/^  (B) 


Now  when  c  >  5ADj/3S  then  we  have  a  purely  growing  (unatable)  mode.  Alternatively  when  titis 
condition  Is  not  satisfied  we  have  oscillatory  solutions.  Evolution  of  the  unstable  mode 
will  soon  exceed  the  linear  rcgliae  and  the  nonlinear  dynamics  must  examined  using  other 
techntquei.  We.  therefore,  give  a  numerical  example  as  thovn  In  figure  2  which  hlgttlighis 
the  nonlinear  nature  of  the  feedback  mechanism.  (See  also  figure  1).  The  lop  panol  ol  figure 
2  represents  the  normalized  wave  energy  density  for  •  lUZ  in  figure  1.  The  middle  .md 
bottom  panels  of  Figure  2  represent  N  and  n|.  Attention  Is  directed  to  the  ph.isc 
relationships  between  the  three  curves.  The  maximum  particle  flux  leads  tlio  wave  Intensity 
and  goes  through  the  Kennel -fetschek  limit  as  the  wave  growth  changes  from  positive  to 
negative.  The  m.iximum  Ionospheric  effect  occurs  after  the  wave  spike  suxlmum.  Our  physical 
Interpretation  of  Figure  2  Is  as  follows.  A  spike  in  the  wave  energy  density  causes  a 
depletion  of  electrons  trapped  In  tl»e  belts  to  levela  well  below  the  Kennel-Fotscltek  limit. 
The  aubsequont  drop  of  precipitating  eloctron  flux  allows  n|  to  decrease.  Thus,  VI.F  waves 
are  less  strongly  reflected  back  Into  tlic  xuignntosphere.  This  effectively  raises  tin*  Kennel* 
Pctacliek  limit  as  higher  particle  fluxes  are  necessary  to  offset  Increased  Ionospheric  VI.F 
absorbtlon.  When  the  equatoPtal  particle  source  causes  the  trapped  electrons  to  cxci'cd  ihe 
new  Kennel 'Fetschek  limit  an  cxploslvo  hurst  of  preclpltat ion  Is  produced  due  to  Lite 
ionospheric  feedback.  The  repetition  rate  or  frequency  of  tliesc  bursts  Is  on  the  order  of 
hundreds  of  seconds  and  la  governed  by  the  globel  nonlinear  dynamics  of  the  ratllatlon  belt 
ayatem. 


DISCUSSION  AND  CONCLUSIONS 

Davidson  and  Chiu  /6/  assumed  a  passive  ionosphere  and  obtained  linear  oscillatory  solutions 
In  the  strong  diffusion  Unit  by  having  the  growth  rate  be  modulated  by  the  filling  and 
dumping  of  the  loss  cone.  We  have  not  yet  Incorporated  this  filling  mechanism  Into  the 
present  approach.  Instead  our  oscillations  arise  from  the  large  amplitude  nonlinear  coupling 
between  the  praclplCatlng  particles  and  the  reflected  waves  at  the  ionosphere.  We  are 
presently  modifying  our  nuswricel  approach  by  Including  a  realistic  estimation  of  the  loss 
cone  filling  time  In  both  woak  and  strong  diffusion  limits.  Hopefully,  this  will  more 
completnly  rharacterlze  those  oscillatory  (spiky  I)  regimes  that  h.ive  been  observed  In  l.he 
data.  For  example,  see  the  paper  by  Iversen  et  el.  /?/. 
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ABSTUACr 

This  paper  studies  the  lh(*ory  of  gyroresonant  interactions  of  energetic 
trapped  electrons  and  protons  in  the  Earth’s  radiation  zones  witli  ducted 
eiectroiiiagiictic  cyclotron  waves.  Siibslorin  injected  electrons  in  the  mid 
latitude  regions  interact  with  coherent  VLF  signals,  such  as  whistler  mode 
waves.  Energetic  protons  may  interact  with  narrow  l>and  hydroniagnetic 
(Alfvcii)  waves.  A  set  of  equations  is  derived  based  on  the  Fokker- Planck 
lii<Y>ry  of  pilcli— angle  diffusion.  They  describe  the  evolution  in  time  of  the 
iiuijiber  of  particles  in  the  flux  tube  and  the  energy  density  of  waves,  for  the 
interaction  of  Alfveti  waves  with  protons  and  of  whistler  waves  with  elcc 
Irons  The  coupling  coefTicicnts  are  obtained  based  on  a  qua.sdincar  analysis 
after  averaging  over  the  particle  bounce  rrK>tion.  The  reflection  of  the  waves 
in  the  ionosphere  is  discussed.  To  dump  the  energetic  particles  from  t)>c  radi¬ 
ation  belts  efficiently,  the  reflection  coefficient  must  be  very  close  to  unity  so 
waves  amplitudes  can  grow  to  high  values.  Thei),  the  precipitating  particle 
fluxes  may  act  as  a  positive  feedback  to  raise  the  height  integrated  conduc¬ 
tivity  of  the  ionosphere  which  in  turn,  enhances  the  reflection  of  the  waves. 
In  addition,  by  heating  the  foot  of  the  flux  tube  with  high  intensity,  RF 
energy  the  mirroring  properties  of  the  ionosphere  are  also  enhanced.  The 
stability  analysis  around  the  equilibrium  solutions  for  precipitating  particle 
fluxes  and  wave  intensity,  show  that  an  actively  excited  ionosphere  can  cause 
the  development  of  exponentially  growing  instabilities. 

I.  INTRODUCTION 

A  theory  of  nonlinear  interactions  of  radiation  bells  particles  with  cy¬ 
clotron  waves  is  developed  here.  Wc  consider  cases  where  the  wave  frequen¬ 
cies  are  small  fractions  of  the  equatorial  cyclotron  frequency  and  where  the 
wave  vectors  are  aligned  with  the  geomagnetic  field.  Because  of  the  latter  we 
only  consider  resonant  excitations  due  to  the  first  harmonic  of  the  cyclotron 
frequency.  For  high— temperature  plasmas,  the  pitch— angle  distributions  of 
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Ducieti  whistlers  and  Alfven  waves  arc  such  that  iheir  wave  vector  k  is 
aligned  with  llie  geomagnetic  held.  These  waves  grow  if  the  particle  motion 
resonates  at  the  first  cyclotron  harmonic  and  there  is  a  sufficient  number  of 
electrons  or  protons  wiiich  satisfy  the  resonant  condition^ 
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Ionospheric  Electron  Acceleration  by  Electromagnetic  Waves 
Near  Regions  of  Plasma  Resonances 

Ci.i^na  Vii  i.aion' 


(VMi«‘r  li>r  hUitfomtuinrtui  Reuuinh,  .Wittfit-tiUt-rn  Vnufrsuf,  0/>iii»n.  Miifinchuwits 


fiicciroti  ticccIcraiiiMi  by  elccir<»m;ignetic  lielih  pr<ip.i^.iiiHg  m  the  mhoin<>grneoii&  lono^pherii.  plasma 
IS  iiivcsitg.iied  It  II  found  that  high-ampliiuJe  short  Mavcienffit  ciectrosMtic  wases  me  generatcii  by  the 
mcitlciit  clcciroinjgnctii:  lields  that  pcnetrjic  the  taditt  window  Ihese  waves  can  very  efTiticiilly  transfer 
their  energy  to  the  etccirons  if  (he  incideni  (iei|uens>  is  near  (he  second  harmonic  of  ihe  cyclotron 
ftequeiicy 


I  iNTHonUt  IION 

XcLckiation  of  ionospheric  electrons  by  eleciromuf^nciic 
(f  Nfl  hcfJs  vi;i  tiriufiufion  either  from  groimJ  htivcU  mtcro- 
w.ivi*  (I .insiniiteis  [It  luit/  ct  iif .  tOKI .  tlifiiiniivr  el  <if. 

•*i  lioni  >ateliilCN  or  lockeis  (./iions.  I0H3].  is  a  problem  of 
set)  .ictisc  reseaich  Ibis  iiiieresi  is  inolivaled  by  obscrvalnms 
of  high-ericrg)'  electrons  by  spacecraft  in  the  ionosphere,  and 
this  fact  can  help  to  improve  our  understanding  of  basic 
properties  of  wave*particle  plasma  interactions  [Fe>er,  1979], 
Artificially  accelerated  electrons  can  also  be  used  as  a  probe  of 
the  |>oieniiai  coupling  between  the  ionosphere  and  the  mag* 
nctospherc  We  consider  an  FM  monochromatic  plane  wave 
of  frequency  >'t  and  wave  vector  k  and  assume  that  the  wave  is 
launched  near  the  ground  at  an  arbitrary  angle  with  respect  to 
the  constant,  ambient  magnetic  Held  Bq.  We  lake  Bq  to  he 
along  the  :  direction,  i  e..  B,,  w  B^c..  and  k  »  k,e,  -h  k^e..  the 
wave  electric  Held  can  be  written  as  1C  «  e,£,  cos  —  e,£,  siti 
</i  e.£,  cos  where  tp  »  X,v  -f-  A.;  —  lur.  and  E,  .ire  real 

numbers  The  motion  of  a  relativistic  electron  of  charge  q  and 
rest  mass  m  is  described  by  the  l.orenix  force  equation 

dp/dr  »  4/[E  +  v'<  X  IB  +  Bql]  ID 

where  B  is  the  wave  magnetic  Held,  v  is  the  particle  velocity, 
and  p  -3  ui/v  is  (he  momentum  The  relativistic  factor  is  v  ^ff 
r.'  »”'V^  +  Pi'  "h*  ^  where  p^  and  are  the  momen- 
(iiin  components  perpendicular  amt  parallel  to  Bq.  respec¬ 
tively  flic  particle  gams  energy  if  ihc  resonance  conditions 

-  kj'.  -  iiil/V  =  (1  (21 

.lie  cliiscly  saiislicd  llcic  r>  is  .in  integer  and  O  -«//!.,/*»«  is 
(he  electron  cvclotroii  licquency 

Recenlly.  f'lllahw  iiiul  Binitr  [I9H7J  have  developed  a 
ihcorv  m  which  EM  vupraluminous  (ie.  the  rciraciive  indes. 
q.  i>  smaller  than  onel  cold  plasma  waves  accelerate  the  elec¬ 
trons  via  resonant  stochastic  acceleration  That  is.  by  taking  oi 
near  2(1.  (hey  show  that  the  cyclolroii  resonances  overlap  at 
high  p«)vver  levels.  It  was  shown  that  wave  intcnsiiics  ol  10" 
inW  in*  accelerate  the  electrons  up  to  energies  of  about  100 
leV  Ntinwrical  integration  of  (If  shows  (hat  for  (he  efcccroos 
to  reach  large  energies  tin  (he  MeV  rangel  the  power  levels 

_ _  '  ^ 

'  \ls«»  .It  Air  I  iircc  (Icophysics  I  ab«*r;it<»ry.  Manscom  .Air  I  ofce 
H  isc  M.isN.icltustfit\ 

(  ••pvnelil  hv  Ihe  \ineMi..iii  <  iet>p<i)'>iv'al  I  .'iu<ui 

l*q\-f  luimhef  HMlA(Wn89 

III  IN  M?:?  Vi  8HIA  iMi»N')Mi2no 


(hat  are  required  exceed  a  value  of  fO^  ntW/m^  [Iliirkf  cr  ol. 
I'IRR)  Neverihclcss.  such  power  levels  are  at  least  a  factor  of 
Itf'  tunes  greater  than  what  is  currently  available  in  lono 
spheric  heating  ex|>riinients  flitis  other  nutre  feasihie  ap 
pioaches  to  accelerate  Lold  nuiospheric  electrons  .Jiotdd  t>e 
mvesiigated 

In  lilts  article,  we  propose  a  far  mote  ell’cLlive  acceleration 
mecluinism  based  iipi>n  propagation  characteristics  of  l:M 
vvaves  in  nonuniform  plasmas.  If  the  incident  frequency  <•>  is 
near  2Q.  and  if  the  plasm.i  density  is  such  that  o>  is  between 
the  ItKal  upper  hybrid,  and  electron  plasma,  fre¬ 
quencies.  <  i>p  ^  coupling  to  elecrrostadc  (fSl  plasma 
waves  of  short  wavelength  is  possible  We  show  that  Ihese 
waves  very  efTicienily  transfer  energy  to  (he  electrons  We  also 
leport  calculations  relevant  to  present  RT  healing  experiments 
hy  considering  a  ptvwer  dux  P  *  I  mW/m*  The  energy  gamed 
by  the  electrons  is  obtained  by  applying  (he  llamihonian  po 
teiitial  wells  theory  of  rd/iddn  tind  Burke  [1987]  Al  low  pump 
held  amptiludes  we  Hnd  that  particles  gam  energy  following 
tr;i/ccrorics  in  p.,  p,  phase  space  along  (he  ^ero  order  llannh 
Ionian  n„  For  a  relativistic  particle  we  have 

ff„  *  »nc*v  -  Us'ft.lp.  (i| 

where  fi.  ^  >f.  li  ^  £,A,  EtkJ  and  v,  «  the  componcnl  of  the 
rcfr.ictive  index.  ■=*  li  tu.  along  D„.  Tor  eiecirostaiic  waves 
wc  Uiid  that  /I.  »  0.  and  then  that  ihe  rcro-ordcr  irajcciorics 
arc  open  and  the  particle  gams  energy  in  the  Jirccnon  perpen¬ 
dicular  to  (he  background  magnetic  Held,  i  e  .  is  cunsiaiit 

2  hin  IHilSIAIK  WaVI  (irNIRAilllN 

Wc  consider  the  propagation  ol  L'M  waves  in  a  nonumfiuni, 
lonosphcnc  plasma  Wc  .issuinc  lh.ii  the  density  gradient  is 
.done  the  H  fvciticaO  Jiicciion.  that  lornis  an  angle  (f  wiih 
respect  to  4.  and  that  k  is  in  the  plane  spanned  by  4  'tnd  ll„ 
(sec  I  iguie  It  1lic  launching  angle  with  respect  to  the  vertical 
thrcction  is  denoted  b>  •(/  fUc  angle  hedveen  k  .md  B,,  »s 
called  X  and  depends  on  the  altitude.  The  relraclive  index 
h.is  .1  componcnl  Q  along  lire  vertical  direction  and  a  coinpo- 
iieiH  .S  ill  the  Imrironlal  ;i  direction  W'c  have  the  rcladttri  sm 
(/  /r  2  -  dl  ^  (2  V  Because  of  the  honronially  plane  strati- 
lied  uuutsphcnc  model  considered  here,  the  hunronlal  coniivt)- 
neni  i*l  the  rclravtivc  index  .S*  is  a  constant  imicpcndeni  ol  the 
pl.isiu.i  density  ami  then  in  given  hy  .V  =  sm  0  Ihc  veriK.il 
compoMciit  ^2  <fefH.iids  on  .illilmie  tie.  on  (he  loc.il  plasm. i 
«lensits|  and  can  he  obtained  by  solving  lor  the  Hooker  qu.utic 
ihs|>crion  rcl.ilum  f /hiddeu.  I9f»l]  SVe  in.iv  choose  the  .ineic 
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«if  incidence  such  that 


Pihta  (197?),  and  MS  coiMributton  n  much  larger  than  thai 
IHopofliunal  lu  K  if  A  ^  0  file  ca:»c  A  -  0  ha^  not  received 
any  ailenlion  >et  Nevertheless,  we  iind  that  il  is  of  mieresi. 
AHicc  the  relracifve  indices  are  larger  rhari  when  A  ^  0  b>  a 
factor  of  U.i  f)*'*  For  a  given  value  of  0.  A  is  equal  to  zero  at 
a  certain  frequency  which  is  greater  than  O  and  smaller  than 
2Q  In  fact,  vve  find  that  lor  <  45  .  A  becomes  zero  for 
very  close  to  20  In  Figure  2.  we  show  the  refractive  indices  as 
functions  of  the  angle  0  for  two  values  of  the  incident  fre¬ 
quency  10  which  are  smaller  than  hut  close  to  20;  we  take 
r,  4  =  0  25  X  10  *  The  largest  (7  arc  found  near  0  -  d  , 
where  d  is  such  that  A(d  .  oil  =  0  We  have  that  for  oi  =  181 
U.  d  =  4.?  5'  and  Q  =  ±  563.  and  ihai  for  m  =  f  92  O.  0  - 
»2  7  and  Q  =  +460 

the  I  andau  damping  rale  I  due  to  the  Doppler  shifted 
licqiiency  at  the  second  haiinoiiic  is  (see  the  appendui 

I  =  -il/16)  lir/2|''*U',/iK7tsin‘  d/cos  dKir/V'l 


sin  =  V'  ^|I  h  Kl  ‘  *  SHI  d  (4) 

where  Y  »  OAu  If  the  ordinary  (O)  inode  is  launched  near  the 
ground  at  the  critical  angle  given  in  (4}.  it  will  penetrate  the 
radio  .vindow  and  will  be  transniiited  near  the  coupling  level 
where  <o  «  lu^  into  iltc  extraordinary  mode  (also  called  the  Z 
inoilcl.  Ilie  ifunsniissioii  coellicicnt  from  O  to  Z  modes  has 
Isceii  obtained  by  Mfolhus  [1984],  and  it  is  unity  (total  trails- 
missionl  if  5  «  sin  given  by  (4|  The  Z  mode  propagates  in 
the  iniiomugeneuus  plasma  of  the  ionosphere  until  it  falls  into 
the  region  of  high-frequency  plasma  resonances  otul 

FM.  1984]  Near  the  plasma  resonance:  (1)  Q  becomes  very 
large  ((7-*  <£1,  in  fact,  since  Q  S  we  Itnd  that  a  -*  d.  (2l  the 
wave  becomes  electrostatic,  ie.  6,/£}  »  -'tan  d  and  =  il. 
and  (31  the  vertical  group  velocity  component  becomes  very 
sinall.  The  plasma  density  in  the  resonance  region  is  given  by 
solving  for  .Y  «  X,  where,  because  x  -» d.  we  have 

Y,  -  (I  -  K^KI  ~  F^cos^dr'  (51 

.iiul  V  to^'lio'  Near  lesonance.  the  vertical  coniptment  of 
(he  rcTracitve  index  Q  must  be  calculated  by  constdcring  a 
liMile  tcriipcfalure  plasma.  In  fact,  by  adding  the  lowest  oidci 
(licniial  corrections  t<i  the  ciKiricicnis  o(  fourth  ami  thud 
degree  of  the  Booker  qiiarlic.  wc  find  that  Q  is  given  by  solv- 
mi!  for  the  real  rmit  «>(  the  dispcrMon  relation 


exp  (  -(lu  -  2nl^  2(k.r,|*)  l7l 

where  o  =*  (I  -  F*)/l.Y,  ‘  '  -  F'  cos'  d)  We  sec  that  if  A  ^  0. 

I  io  IS  of  order  but  if  A  =0,  then  I  ;«•>  <1(1 1 

The  components  of  ihc  group  veliKiiy  .along  the  vertical.  i 
and  hofi/onial.  diicctions  are  readily  obtained  from  (6). 
we  show 

•  =  ^(l  ,  (  I^<3A(7  f  ■iK\o  lH( 

‘  *  il'  I  ‘  I- ^  '‘^1 

II  .\  ^  O.  we  hnd  that  ^7(^1  *1,  and  then  that  the  wave 

propagates  in  the  direction  perpendicular  to  the  density  gradi¬ 
ent.  hut  if  A  «  0.  then  =  0  However,  by  adding  to  l6i  a 
third  thermal  correction  of  the  form  (i+Al^v  Q.  where  v  is  a 
functtoti  of  d  and  F.  we  show  that  is  proportional  to 
tr,  il^v.  when  A  =  0  Thus  and  become  of  the  same 
order  of  magnitude  and  much  smaller  than  for  the  case 
A  ^  0.  t  he  iimpliiuite  of  the  time-averaged  electric  Meld  can  be 
obtained  solving  for 

r  =  (ol6n)(r,,.l‘(3AC)  +  4mAJF.)‘  (U»| 

lleii*  r  IS  the  veilical  coin|vonent  ol  the  energy  llux  density 
1  he  highest  cnctgy  concciiiialM>ii  iKCuts  when  the  group  ve¬ 
locity  IS  the  smallest 


((■,/ti^AC?*  t  ’k^'i  -  2V  =  0 

where 


1  CI»S^  0  (-  - 

II 


J  sill*  d 

-  i^I  -4)  1 


161 


Ml  -  3)  •  +  F*l 

I - — —  c«»s*  d  MU'  d 

ll  -  F^l* 


V  SMI  ft  COS  d  d  - 


151  ' 
(I 


171^  61*1 

i-’r 


'  ll -Tvi^r” 


4>-|| 

4>'»  I 


-V  sin  d  cos  d 


1  -r 


.Hid  (he  clcclioii  ihcim.il  s|v.cd.  is  mkIi  iti.ii  i,  i  1  \ 

hurl  skctcll  o«  the  dcitvalloM  ol  Md  is  (»icsc»rcil  in  llic  appcii 
dis  Mu'  (criii  pio|voilion,i|  («•  .\  u.ts  iakiil.ilcd  by  <M*/om  .pk/ 


3  1:1  M  l  HON  Ai  1 1  I  I  RA  lios 

Assuming  that  F  is  small,  the  energy  that  a  single  electron 


may  gum  mieracling  wdh 

a  gcnrr.tl  l:M  plane  w.ive 

20() 

-  . 

.. 

1  " 

r  o  tz  J 

f-Ob*) 

Y-O  52 

-2fX) 

1  .  / 

‘  -i'." 
d 


lit'  '  K«.(i.ismv  mi«Ikc>  HI  die  I’l.iMii  I  ic  "M.nav  ^cyl••ll^  u  Hih«. 

ll••M^  III  <lic  .l«g(c  M  dlt-  .MflhlfHl  nML'HtOl  Hl/.l  IM'J  Hu' 

'  <  t  Ilk  .ll  ii«i  m.i  s,ihii-s  Ilf  )  -  it  >  ' 
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Tig.  3  Net  eiieriy  gum  us  function  of  the  ungle  0  between  ilic 
.iinhieiii  mugnetic  lield  .iml  ihe  '.etlic.il  We  cun<ti<ier  i»o  v.ilne’t  •>( 
Y  >  O  «>  and  Ihe  inieraction  of  Ciild  elcLirons  wnh  (u)  the  n  2.  and 
Ihl  Ihe  ti  I  cyciolron  resonances 


form  given  before  <i|.  has  been  obtained  as  a  funciion  of  tune 
in  the  article  by  ri//tif('in  iitul  Burke  [1987]  it  was  found  that 
the  normalised  particle  energy  is  obtained  solving  lor 

w  >  i/ii*  t-  i;a/i  (Ml 


where  ('  ^  v  -  I.  and  time  is  normalized  to  number  ol  wave- 
|K'fiod\.  r  «  rro  Here  consider  ihe  electron  inieraction  with 
a  Mtigic  (isolatedi  c)cloiron  resonance  of  order  n  Kor  a  parti¬ 
cle  initially  (r«0)  at  rest  inieriicting  with  the  ES  waves 
if;,  r,  -lan  0.  and  £|  *  Ul  that  are  generated  near  reso¬ 
nance.  the  MamiMontan  potentials  may  be  written  as 

inn « +  2ry  - 1*  cos*  i)K,m 

-  I*  2  sin' d(fC,.,((f|  +  a:,  ,f</M  (12) 


wiihr, -*  1  —  »iK.  E*  Kl,m<  <0.  and 

J«i 


h\  Milving  for  the  /eios  ol  the  liamiilimian  poicnli.tls  Wc 
coiiMder  two  values  ol  to  and  .i  power  lUix  I*  -  (  mW  in'  I  he 
ampliiudes  of  the  liS  heids  are  obiaineii  from  ( |0|  Wc  see  tltai 
the  n  =  2  resonance  can  only  trap  cold  ofecirons  for  angles 
gre;ncr  than  20  if . »  =  I  92  (1  (y  =  0  521.  and  34  if  -  I  SI 
U  ( )'  -  tl  55)  the  broken  lines  near  the  d  =  0  .  which  makes 
\  0.  indicate  that  =  ji  j  -  2i)J,k.i',  <  2  and  ihai 
f  «>i  --  Otli  Thus  (he  energy  of  (he  f:S  fields  is  s(rongfy  ab¬ 
sorbed  by  the  bulk  distribution  of  plasma  electrons.  The  kinet¬ 
ic  energies  reached  by  (he  elcc((ons  arc  very  large  due  to  (lie 
eiihaoi;gd  eleclftc  tields  and  large  values  ol  >f  near  d  d  lor 
huger  values  of  C  (solid  lines),  wc  find  (h.'i(  I  «/  is  very  tmall 
be.  I  -Of  2  X  10  '*).  and  hence  (li:i(  only  a  lew  elci  irons  in 
the  tail  of  the  diNtiibiilion  function  may  iiiiciacl  with  the 
waves  These  electrons  are  accclcraied  in  the  dircclnui  pcr(>cn- 
ihcular  (o  (he  constant  magnetic  field  up  to  energies  of  (he 
order  «if  hundreds  of  electron  volis  Note  that  in  the  Haith's 
dipole  magnetic  Held  ihe  mirroring  force  acting  on  the  elec¬ 
trons  will  also  accelerate  them  along  geomagnetic  held  lines 
Hie  interaction  of  cold  electrons  with  (he  -  I  revonanLC 
lakes  place  for  all  values  of  d  The  net  energy  gain  bn  eV)  is 
■eprcNCnted  in  Tigure  )h,  and  is  (pule  small  if  d  /  d  I  hi::  is 
Ivcausc  (he  resonance  condition  (2)  is  far  from  being  satisfied 
lor  ti>  ^  21).  /I  —  1.  and  initially  cold  electrons 

rite  time  it  takes  to  reach  thc.se  enctgies  can  he  calculated 
with  the  help  of  (II)  and  (12)  We  start  with  the  n  =  I  cyclo¬ 
tron  resonance  and  cold  electrons  until  the  potential  becomes 
positive,  then,  if  there  is  ovetlapping  with  the  n  2  resonance, 
the  particles  .ire  accelerated  to  high  energies  For  example,  for 
"I  ■=  I  92  n  and  d  =  23  '.  it  takes  168  wave  periods  (WP)  to 
gain  2  kcV.  where  half  of  this  time  is  spent  reaching  the  first 
loo  cV  If  d  w  43'  the  electrons  gam  800  eV  over  86  WP  (sec 
I  igurc  4u)  As  a  second  example,  we  consider  <>i  »  I  81  O:  if 
d  «  37  .  It  takes  35  WP  lo  gain  350  cV.  but  if  d  46  .  ihcn  it 
«mly  takes  25  WP  to  reach  the  same  energy  (sec  Figuic  4h) 
Although  the  first  and  second  cycloiron  resonances  may  over¬ 
lap  over  a  broad  range  in  energies,  we  lind  that  we  can  neglect 
the  contribution  of  the  rt  «  2  resonance  in  Ihe  ovei  lapping 
region  In  fact,  if  to  I  81  0  and  d  «  37  it  takes  43  WP  to 
reach  the  first  28  cV  with  the  n  «  2  resonance,  but  it  only 
takes  7  WP  with  the  n  =  I  On  average  wc  find  that,  in  (iaus- 
Sian  units.  Ihe  amplitude  of  the  electric  iiclds  are  about  0  005 
tinics  the  ambient  magnetic  held. 

5  CONCI  UI)IN(^  KtMAHkS 


Here  7,|k,p)  arc  llcssel  functions  and  p  is  the  I. armor  radius 
evaluated  It  U‘ .  wc  have  p  ^  4,(1  {2U  +  *  (he  allow- 

.ihle  energies  arc  rcsirieicd  by  the  condition  !',((')  <0.  Note 
ih.ii  the  first  icrr?)  in  (12)  is  alw.iys  positive  and  dominates 
over  .ill  the  others  at  large  values  of  fj.  Thus  can  be 

regarded  ;is  a  polentiai  well  within  which  the  particle's  energy 
oscillates  m  time  The  kinetic  energy  slowly  increases  over 
many  cyclotron  and  wave  periods,  and  (he  net  energy  gamed 
bv  the  particle  has  always  a  finite  value  If  l,(t')  <  0  wlicn 
('  <0.  the  potential  can  trap  zero  kinetic  energy  particles; 
these  particles  m:iy  increase  ihcir  energy  up  to  a  value  U 
such  that  I'jC/.d  0  If  >  0  when  (J  •  0.  then  the  po¬ 
tential  cannot  trap  zero  kinetic  energy  particles 

4  NtfXlIKKM  ('vKUlAltONS 
III  I  ic'itfc  111.  WC  icpicscni  Ihe  net  energy  gamed  )*)  the 
v'lccUons  bn  keV)  due  to  the  inieraction  with  the  n  ■  2  vycio 
ii«Mi  ics4»n.incc.  av  function  of  I  hesc  energies  are  v.ikulatctl 


In  this  article,  we  have  investigated  the  possibihiy  ot  accel¬ 
erating  ionospheric  electrons  in  intense  clccltoinagnciic  (FM) 
li'dils  We  have  presented  a  very  efTicicnl  accclcralnm  and 
heating  mechanism  which  consists  m  the  generation  of  >hoii- 
wavclcngth.  Iiigh-ampliiiidc  clcclrostulic  (F.Sl  Melds  by  the  in¬ 
cident  EM  waves  that  penetrate  the  radio  window  By  includ¬ 
ing  thermal  efFects.  wc  have  derived  the  dispersion  relation  h^r 
fhc.se  FS  Held.s;  analytical  expressions  arc  given  for  their  group 
velocities  ami  damping  rales  Because  of  the  very  small  group 
veltKiiy  components  in  both  (he  vertical  and  hon/ontal  direv 
lions,  the  electromagnetic  energy  is  highly  coiKcniraicd  in  a 
region  of  plasma  resonance  The  elVcciivcness  of  this  mecha¬ 
nism  depends  on  the  value  of  the  incident  frcrtucncy  and  mi 
ific  ancle  ff  that  the  background  m.ignclic  licid  lorms  with  ilie 
vt-rlK.d  diicvlion  (  alculations  on  single  p.iMKie  .Kscicr.iiu'n 
4ii>w  ih.ii  the  elections  can  cam  I  m  2  keV  loi  uiiMlei.iie  it 
mW  in  I  (vower  levels  il,  Ku  iin.ill  values  ol  d  ,  >  is  v.h'»>cfi 
stichtiv  l»el«»w  the  sec4»inf  eviohainionic 
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Hy  cunsiiicring  lhai  cos  o(  -  (5  sin  0  *■  Q  cos  (O/i;  with  (7  » 
5.  and  by  keeping  the  higher-order  powers  in  Q.  we  may  write 
V  -  'y  f  where 


T 

,  jr.Yl 

lAg’  +  z^OJY  +  — 

(A5) 

Here  =  I  —  X/X,.  where  .V,  is  given  in  (5)  and  A.  k,  and  I 
are  given  after  (6).  By  taking  r.,  very  small  and  setting  i/ ^  ^  0. 
we  obtain  the  dispersion  relation  (6)  We  also  have 


|cos  0\Y*  *  [  J 


IA6) 


I  ig  4  Fncrgy  gam  as  function  of  lime  r  nnrmaliied  lo  number  of 
xvave  periods  Here  (I  is  the  angle  bei'veen  ihe  ambient  magnetic  held 
■iiid  Ihe  vertical  and  »  O-tu.  The  energy  is  given  in  (a)  KeV.  and  (M 
eV 


AprENDIX 

For  efcvtrostattc  waves  (he  dielectric  response  function  is 
y  »  I  >  +  f’li  cos^  a  +  2«,,  cos  a  sin  a\  (Al) 


where  are  components  of  the  dielectric  tensor  <the  row  is 
indicated  by  the  subscript  i  and  Ihe  column  by  >1  which  can  be 
found  elsewhere  {Ichtmaru,  19731.  Next,  we  expand  e„  in 
powers  of  the  small  quantities  and  ((of 

—  riOpk.r,]  where  n  »  U.  1.2  and  »  k  sin  0.  k^  ^  k  cos 
0  are  the  perpendicular  and  parallel  components  to  of  the 
wave  vector  By  keeping  only  rtrsi-order  terms  in  (Vj/ci*.  we 
Itnd 


I 


II  -  r^}  \  t  /  \ii  K*Ki  -  4y'i 


,  |l  f  iY^)  I  Mn*  X 
¥  cos*  2 


(1  -  2  r*ii  -  2V) 


»;) 


IA2) 


Jv,  y  !  sin'  j  , 

-  .Y  -  -  )  .Y  - f  3  cos’  j 

i  sin*  1(1  -  2n  \ 

- - - - —  H-  (A  3) 

Kcosi  y  '/ 

(r,\’  /  2  cos  1  sin  1  i  sin’  x  \ 

M  ,y| - I  - - It;)  IA3I 

.  /  \  II  -  y‘)‘  4  3"  cos  1  7 


vliete 


J 


nil  -  2Vl 
2  lAJr,  »*. 


exp 


The  components  of  the  group  velocity  in  |8)  and  (9) 

arc  obtained  by  detining  Jt  ^  ^nd  then 


I^Jf  ydk) 
(5.Jr,/da)| 


(A7) 


where  recall  that  ik./to  »  Q  and  ck^/m  «  5.  The  Landau 
damping  rate  al  the  second  cyclotron  harmonic  is  also  ob¬ 
tained  by  considering  that  .Jf',  =  and  then  that  V  = 

-  XJidJf  gjdnt!  Mere  djf  ^  dt^^iCof  =*  IXltifo,  where  a 
IS  defined  after  (7) 
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Electron  Dispersion  Events  in  the  Morningside  Auroral  Zone 
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EncrgyAime  ilifp«nian  events  have  been  observed  in  the  nrecipiiatini:  electron  dnia  in  the  enerpy 
range  from  bJO  eV  to  M  keV  recorded  by  the  J  sensor  on  the  linv-aliiiude.  poLtr-arhilinp  IIILAf 
satellite.  The  dispersions  are  such  that  the  higher. energy  electrons  are  observed  earlier  in  lime  than  the 
lower-energy  electrons.  The  lime  interval  for  a  single  dispersion  event  is  from  I  to  2  s.  Within  an 
auroral  pass  in  which  such  energyAime  dispersion  events  are  observed,  there  are  typically  several  such 
events,  and  they  can  be  spaced  within  the  pass  in  either  a  perifulic  nr  apcriiHlie  manner.  The  events 
are  typically  observed  within  and  tnwaiil  the  eitiialorward  edge  of  the  region  of  dilTuse  auroral  eleclron 
precipitation.  During  a  given  pass  the  events  can  be  observed  over  a  wide  range  of  /.  shells.  Ihc 
occurrence  of  these  events  maximizes  in  the  interval  0600-1200  hours  MLT.  The  energy/tirnc 
dispersion  is  generally  consistent  with  the  electrons  originating  from  a  common  source.  The  events  arc 
seen  at  L  shells  from  3,7  to  greater  than  IS.  The  source  distance  for  the  electrons  is  inferred  to  he 
generally  beyond  the  equator  for  events  at  /.  shells  less  than  approximately  k  and  before  the  equator 
for  events  at  higher  L  shells.  Oecaiise  of  the  low  energies  at  which  the  dispersions  are  observed,  it  is 
unlikely  that  their  occurrence  can  be  explained  hy  resonant  interaction  with  VLF  waves.  Rased  on 
circumstantial  evidence  from  other  reported  observations  common  In  the  morning  sector,  an 
alternative  theoretical  caplanalion  is  presented.  According  to  this  miulel  the  dispersion  events  result 
from  impulsive  interactions  of  the  electrons  with  intense,  asymmetric  packets  of  VLF  waves  via  the 
nonlinear,  ponderomrMive  force. 


I.  Introouction 

The  eharaclertstles  of  VLF  chorus  emissions  and  the  role 
such  emissions  play  in  eleclron  pilch  angle  scallering  anii 
precipitation  have  long  been  a  signifleani  area  of  research. 
These  emissions  have  been  observed  at  both  low  altitudes 
over  Ihe  auroral  zone  and  high  altitudes  in  the  inner  mag¬ 
netosphere  [Duitkel  and  HelUsvetl,  1969;  Kusitll  et  at.,  1969; 
Tsurutani  and  Smith,  t9H‘,  Burton  and  Halter,  1974;  Thorne 
el  at.,  1974,  1977;  Tsurutani  and  Smith,  1977).  Chorus 
consists  of  many  band-limilcd,  randomly  occurring,  rising  or 
falling  tones  each  l.'tsling  a  few  tenths  of  a  second.  The 
frequency  band  fur  chorus  lies  above  and/or  below  half  Ihc 
equatorial  eleclron  gyrofrequency.  When  both  bands  arc 
present,  there  is  usually  a  gap  with  no  measurable  waves 
near  half  Ihe  eleclron  cyclotron  frequency.  The  origin  of  Ibis 
gap  is  slill  poorly  understood  [Anderson  and  Moeda,  1977). 

Chorus  emissions  are  coniined  primarily  to  ihe  morning- 
side  of  Ihe  magnetosphere  over  an  L  shell  range  from  just 
outside  Ihe  plasmapause  to  just  inside  Ihe  magneiopat^se. 
Within  this  region  Ihe  occurrence  frequency  has  two  max¬ 
ima.  one  slightly  pusimidnighi  and  Ihe  other  between  0600 
and  1200  MLT.  The  emissions  <Kcur  primarily  at  latitudes 
close  to  Ihe  magnetic  equator.  However,  a  second  region  of 
emissions  at  higher  latitudes  is  observed  in  Ihe  0600-1200 
MLT  sector  for  L  ‘hells  rvear  the  matrKtopaijv;.  Chonis  is 
generated  on  field  lines  either  directly  populated  with  hot 

electrons  injected  into  Ihe  inner  magnetosphere  during  sub- 
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storms  or  populated  by  hot  electrons  that  have  been  trnns- 
porled  to  later  local  times  after  substorm  injection. 

A  class  of  particle  preeipitntion  events  culled  ‘'rni- 
Cfobtirsts**  are  nssociaied  with  chorus  emissions  (VrnAnrr* 
sun  ft  n/.,  Otivrn  ft  nt.,  I9bl!;  OUyen  nnH  (inrnftt, 

1968).  They  consist  of  spikes  of  encritclic  eleclrtm  piccipt- 
mfrert  lasting  a  few  tenths  of  a  second  and  occiirnni*  over  a 
small  spatial  extent.  As  with  chonis  emissions,  the  mi* 
crobursts*  occurrence  frecttiency  maxtmi^.es  for  f.  shells 
between  4  and  8.5  and  MLTs  between  0600  and  1200.  I  he 
,’implitudes  of  VLF  waves  measured  in  associaiiun  with 
microbursts  covered  Ihe  entire  0.001-  lo0.03-nT  range  of  Ihe 
INJUN  3  loop  antenna  [OUvrn  amt  Ciirnrff, 

The  most  dclnifcd  work  relating  chorus  emissions  to 
microbursts  has  been  done  using  duia  from  the  magnetically 
conjugate  stations  »l  Roberval.  Canada,  and  Sipic  Station. 
Antarctica  IRmcnherf;  et  at.,  1971:  Foster  and  flo.ienhrrff, 
1976;  Ifettm-rU  and  Mrndr,  1980;  Rosenhrrg  et  at..  I9HIJ. 
These  studies  have  csiablishcd  a  clear  relationship  between 
discrete  chorus  elements  and  Ihe  precipitation  of  high- 
energy  electrons  inferred  from  cither  balloon-borne  .X  ray 
detectors  or  ground-based  optical  systems,  f  he  measure' 
ments  indicate  a  source  region  for  the  particles  within  20*  of 
the  magnetic  equator.  In  addition.  Rosenberg  and  Oudeney 
1 1986)  have  shown  that  the  average  level  of  high-energy 
eleclron  precipitation  at  L  *  4.1  during  active  times,  de¬ 
duced  from  riometer  mettsuremcnis.  displays  the  same  l•H::d 
time  distribution  as  VLF  emissions.  In  situ  measurements 
near  geosynchronous  allilude  have  established  good  corre¬ 
lations  between  high-energy  electron  flux  enhancements 
associated  with  substorm  injections  and  Ihe  occurrence  of 
chorus  emissions  \lsenherg  et  at.,  I982|. 
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Chorus  emissions  urc  ttioiiglit  lo  result  (lom  resonant 
inlcrnclions  between  energetic  electrons  aiul  eleciioinag- 
neiic  waves  Ihul  are  Doppler  shifted  to  some  huriiiunic  of  the 
electron  gyrofrequency  IKtmttl  and  Prtu  hvk,  t96^;  Kenm  l 
and  Enfielmann,  1966;  Kennel  et  td.,  I97U|.  Coherent  emis¬ 
sion  may  be  produced  by  resonant,  cyclotron  emissiuns  from 
phase-bunched  electrons  [nvlUwvll,  1967;  Htlti\itll  und 
CrysfiiK  I97}|.  These  theoretical  explanations  picdici  that 
the  wave-particle  interactions  take  place  near  the  magnetic 
equator  for  energies  above  a  mintmurii  resonant  energy  given 
by 

t'mi.  -  +  1)1 

where  B  is  the  equatorial  held  strength,  n  the  plasma  density, 
and  A  the  anisotropy  exponent  whose  typical  value  lies 
between  0.1  and  0,3  [Davidson,  l9H6<i|. 

As  pointed  out  by  Davidson  (l9H6fik  these  theoretical 
models  successfully  account  for  the  precipitation  of  rela¬ 
tively  high  energy  electrons  {E  >  30  keV)  but  not  lor 
precipitation  in  the  low  keV  range.  Tor  the  cases  of  mi¬ 
crobursts  seen  at  i.  •  4.1  [Foster  and  Ro\enhern,  1976; 
Uelliwelt  and  Mende,  1980;  Rosenherf(  tt  a!.,  I9KI|,  plasma 
densities  in  the  source  region  of  the  interaction  are  leporied 
in  the  range  from  10  to  30  cm'^  For  a  density  of  10  the 
mitiinium  resonance  energy  varies  from  5<)0  to  M2  keV  for 
anisotropy  exponents  from  0.1  to  0.3,  For  densities  of  30 
cm~^  (he  resonance  energy  varies  from  110  lo  16.4  keV. 
Using  data  from  the  SCATIIA  sutelliie.  Iwahrrff  et  $d. 

( 19H2I  estimated  resonant  energies  in  the  range  tiom  15  to  40 
keV  for  radial  distances  between  3.3  and  6,3  R/..  At  geosyn¬ 
chronous  altitude,  precipitation  of  electrons  of  I  keV  energy 
in  the  0600  to  1300  MLT  sector  would  require  densities  in 
excess  of  10  cm  while  the  measured  density  is  in  the  range 
from  0.1  to  8  cm*^  with  typical  values  of  a  few  per  cubic 
centimeter  {ftigei  and  Wu,  I984t. 

In  this  paper  we  report  on  observations  of  electron  pre¬ 
cipitation  bursts  observed  in  the  morningside  auroral  zone 
with  the  J  sensor,  an  electron  detector  on  the  IIII.AT 
sateUiie.  Although  these  bursts  exhibit  a  distribution  in  MLT 
and  L  shell  similar  to  microbursts  and  VLF  cIhkus,  they  are 
typically  observed  for  energies  from  the  30  keV  upfter 
energy  limit  of  the  lULA  T  detector  down  to  a  lew  keV  and 
as  low  as  600  eV  on  occasion,  *lhe  low  cncigics  of  the 
electrons  are  shown  to  be  diOicuU  to  reconcile  with  piecip- 
itation  via  resonant  interactions  with  VLF  waves.  Ilie  laci 
that  they  occur  preferentially  in  the  region  of  enhanced  VLF 
chorus  suggests,  however,  that  such  waves  may  play  a  role 
In  their  precipitation.  We  Hrsi  document  ihe  characteristics 
of  these  precipitation  events  and  then  presciti  the  oiiilincs  of 
a  theoretical  model  that  could  accouiii  their  ohscived 
propeities. 

2.  iNSTItUMEHTATfON 

Data  used  in  this  study  are  from  the  j  sensor  that  was 
llown  as  part  of  the  experiment  complement  on  the  lilLAT 
satellite  [Hardy  et  at.,  I9M4|.  The  J  sensor  consists  of  an 
array  of  six  cylindrical  curved-plate,  electrostatic  anuly/crs 
arranged  into  three  pairs.  In  each  pair  there  is  a  high-cncigy 
head  measuring  electrons  from  630  eV  to  30  keV  and  a 
low-energy  head  measuring  from  30  eV  to  63f)  eV.  In  both 
Ihe  high-  and  low-energy  heads  the  energy  range  is  covcicd 
in  eight  channels  spaced  at  equal  logatithmic  intervals  in 


enctgy.  The  channels  aie  stepped  sHniih.it)eoMs|>  in  litc  u 
heads  such  that  a  coinplelc  l6-poiiit  spccliuin  is  k-iuiiicj  /. 
each  voltage  sweep.  I  he  peak  gconiciiic  laclois  l«»  ihctn.' 
and  luw-energy  heads  are  8  50  x  Ml  *  and  3  ,5  '10  \r 
sr,  fespectively,  with  a  A/:’//-.'  ol  .»ppn>\iinaiel>  liv;  I;,.- 
three  paiis  are  oriented  on  the  spaceciali  wtih  look  Juc. 
lions  lowaid  Ihe  li'cal  /eniih.  Itr  litun  ilu-  /ennii.  .uid  um.. 
the  local  nadir. 

fhe  J  sensor  has  thiee  operating  iiukIcs.  In  moiic  t  1 1.. 
16'poinl  spectrum  is  reinincd  hy  each  paii  ol  Nctisofs  l./- 
linics  per  second-  In  inode  3  a  ioll  !(•  pinni  speiiiuin 
returned  liom  just  the  /enilh-looknig  pan.  13  (mho  p.; 
second.  In  inode  1  an  cight-pennl  spectiinn  is  leliiiiieJ  iK  t 
the  /etiilh-lookriig  deiecior  and  in  ihe  energy  <aiiee  liain 
cV  to  63U  cV.  31  limes  |h;i  secmul  In  this  sindy.  unh 
mode  3  and  )  d.ita  were  iiseil. 

Ull.A'T  was  launcired  in  lunc  nun  .in  S\U  V.m.  i;n., 
lar  oibil  at  an  inclinaiioii  of  83  .t"*  fhe  satcliiic  ts  ifiiee  jk- 
giavily-gradient  slahili/ed  siicli  iliat  the  look  iliicLiioii^ 
the  J  sensors  ate  reasonahfy  fixed  relative  ti*  (lie  local  nm: 
'The  satellite  precesscs  appiuximaleiy  .V‘  |h:i  da>  in  loc.ii  im.; 
such  that  all  focal  times  aie  samples  every  lour  niumftv 

Uccatise  IMLA  f  has  no  on-hoaid  tape  iccoidcr,  U.iIj  .jc 
acquired  only  when  Ihe  saielfile  is  within  range  of  niic  of  (f- 
ground  stations.  For  this  study  the  gioiind  stations  t 
located  at  Sondre  Stroml)Ofd.  Giceidand'.  Iiomso.  Nur*.> 
Fort  Churchill.  Canada;  and  Seaille.  Waslmigion  Appioo 
mately  six  MILA  I  oveipasses  pei  dav  aic  iccoidcd  ji 
station  Ihe  lepoiled  events  oeeiiMcd  piiin  iMl>  wrilmi  .!>: 
toward  the  equator  ward  edge  ot  tlilliisc  atMoial  |  ;c(.ipHjiiv>; 
in  the  I)60U-I2U0  ML'!'  sector.  Ilecatisc  ol  I  unnsn  s  locjii.'i 
in  lutiuide,  Ihe  Jala  recoidcd  at  this  site  in«>si  ionsi>ur>::> 
covered  the  region  of  inlctcsl.  lime  xcisiis  cncigy 
sion  events  weic  seen,  howevet.  m  data  icuicved  at  JI  .c 
Ihe  recoiding  stations. 

3.  OirStHVAtlONS 

Ihe  observation  section  is  ilividcd  into  t\\o  paiis  In  c.: 
lirst  pari,  J  sensor  data  for  seveiid  MII.AI  pisses 
presented  to  ilhislraie  Ihe  detailed  chaiacleiisiics  ot 
dispersion  events.  In  the  secoinl  |»atl  we  smmuan/e  lu 
observed  distiihiilions  ol  events  acemding  to  /  shell,  ne.. 
neiic  local  lime,  and  somce  distance. 

J.L  DetaiU’d  livt-m  Ani$ly%i.\ 

In  this  subsection  we  examine  typical  e.xainples  ot  (.v 
energy/liinc  dispersion  events  recut deil  during  ihiec  MIL  x  I 
passes.  'These  e.xarntdes  are  iisei)  ( IMo  ilhisiiate  the  ranee  .s 
event  characieiisiics.  |3)  to  examine  cscni  loc.itioiis  leLii-: 
lo  Mlcnlifiahfe  auroral  precipiiairon  regions,  and  i.l)  lu  iJ;: 
lily  the  roles  these  dispersions  pl.iy  in  the  da>snle  piv..;s 
faliun  of  dilluse  amotaf  elections. 

'The  first  pass  occurred  between  U-t.t5  and  DMU  Ul 
iufian  day  186.  1984,  over  Ifie  Tiumso  recmdnrg  siji».4. 
During  ihis  period  the  sutelliie  moved  el)llalol^^ard.  .ippr.  i 
imaiefy  along  the  fWKf  Ml-T  merrdran  (rmir  7H  5’  »o  o  -  • 
corrected  geomagnetic  lalitiiile  tCGl  .t.  MeasmeineiUs  i:, -i 
the  mode  3  operaliun  of  the  )  sensor  arc  sfuron  m  I'Lit  I  a 
color  spevirogram  formal.  (I’lale  1  is  shown  licre  in 
and  white.  Tire  color  version  can  f»e  Itnrud  in  lire  >pr..- 
color  section  in  this  issue  )  In  the  speciiogi.mi  c.n.h  p__. 
displays  data  from  frlHl  stseclra  c«*vvrmg  a  'tl  >  J 
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Plate  I.  1  he  difTerentnl  niimhrr  flux  for  electrunn  mrasmril  Sy  the  J  scn^4>r  for  thr  Tinnuo  pass  PCCiifTtnR  on 
Julian  ilay  IRf*.  1‘tK  l.  u'fr  ihc  interval  0-13^-4114(1  1 1 1  Mk*  3  -.cnMir  4>p»'i:itiiip  in  m»nlc  ’  I'acit  panel  ctMtiain^  SO 
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Fig.  1.  The  counts  per  accumulation  interval  plotteiJ  versus  lime  for  the  five  higliest-energy  ehunocis  o|  ihc  J  senvor 
for  ilie  time  Interval  043Btl2><M38:l8  UT. 


Over  the  pass,  significant  variations  in  the  electron  spectra 
occurred.  At  the  beginning  of  the  intervul,  measurable  Duxes 
of  electrons  were  conDned  to  energies  generally  below  I  kc  V 
and  were  temporarily  and/or  spatially  highly  variable  in 
intensity.  Such  precipitation  is  characteristic  of  the  cusp  or 
clelt  regions.  At  lower  latitudes  the  spectra  initially  hard¬ 
ened,  and  the  variability  and  intensity  of  Duxes  below  I  keV 
decreased.  SigniAcant  Duxes  of  electrons  at  energies  above  I 
keV  were  observed  stoning  at  approximately  0435:42  UT 
with  a  more  continuous  hardening  of  the  spectrum  beginning 
at  0436:20  UT.  The  spectral  hardness  reached  a  maximum  at 
0436:40  UT,  after  which  the  Dux  at  energies  helow  a  few  keV 
began  to  decrease.  We  interpret  the  spectral  hardening  and 
subsequent  decrease  in  low-energy  variability  and  intensity 
as  the  signature  of  the  satellite  passage  from  the  cusp/cleti 
into  the  dayside  diffuse  auroral  region. 

In  the  interval  after  0436:40  UT,  patches  of  high-energy 
electron  were  delected.  The  occurrence  and  iniensiiy  of 
these  patches  appear  unrelated  to  the  overall  decrease  in 
intensity  of  the  lower-energy  electrons.  This  is  particularly 
evident  starting  at  0437:20  UT  when  at  low  energies  a  weak, 
monofonicolly  decreasing  spectrum,  produced  primarily  by 
phoioelectrons,  is  observed  idong  with  a  band  of  precipita¬ 
tion  at  energies  above  10  keV. 

It  is  within  these  regions  of  patchy,  high  energy  precipi¬ 
tation  lliai  energy/lime  dispersion  events  are  observed.  Hy 
energy/time  dispersion  events,  we  mean  enhancements  in 


the  higher-energy  electrons  that  are  lolloweti  at  later 
by  similar  cnhancet’icnis  at  lower  energies,  in  iltr  cakt: 
spectrogram  these  appear  as  diagonal  stripes.  Tor  this 
dispersion  events  occurred  sporadically  from  approsim.»iei« 
0437:30  to  0439:10  UT  and  were  particularly  evivleni  he 
tween  0438:20  and  0438:30  U  1. 

A  detailed  example  of  the  dispersion  events  is  shown  c 
Figure  I.  where  the  co  irns  per  acciirniilaiion  iiuervj  .jc 
pfulted  fur  rhe  five  highest -energy  channels  lor  6  s  sianm^' «: 
0438: 12  UT.  In  this  interval,  three  enhancements  occurrrJ  a. 
each  channel  and  are  marked  uy  sequences  ol  arrows  VW 
define  the  onset  of  the  enhancement  in  each  channel  i.v 
point  where  the  count  rate  escceiletl  I  per  accumuLn  c 
interval.  The  data  illustrate  lour  points.  I'irsi.  enh.incrincr.  t 
occur  in  all  live  channels,  with  the  nine  sepaiaiiotu  ol  i.v 
enhancements  between  consecutive  channeU  incrt.om^ 
decreasing  energy.  Second,  the  time  sep:ii:iiinii  between 
enhancements  in  consecutive  channels  and  the  tutji  tuii: 
separation  horn  the  highest-  to  the  lowest  energy  chanrw.i 
are  appruxiinatefy  (he  same  fur  the  three  events.  Third,  tv 
onset  of  enhancements  occurs  with  an  appruMin.iic  p<o*- 
dicify  of  1.5  s.  Lastly,  vvilhiii  each  of  the  ihiec  evcnis  thric 
arc  shorter  time  scale  sirucliires  that  arc  repe.tied  in  niin)  .c 
all  uf  the  energy  channels.  Tor  example,  ‘luring  the  fU'.: 
event  there  arc  two  peaks  with  .i  time  sepat.iimn  of  .iprr.*» 
imatcly  |  s  in  every  channel  except  I'te  one  ci  ntered  jI  I?  ? 
keV.  .Stinihiily,  in  the  \eci>iul  event.  Mure  pe.iks  arc  iifvj'r. 
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in  four  of  Jhc  Hvc  plotted  ch.inncU.  I  he  icminu.d  widths  .ind 
rcpc.il  frc<jiicnctcs  of  these  events  arc  siunlar  to  those 
reponed  fur  microburst  events  [Olivifn  ft  at  .  //l•//o»ff/ 

.!«(/  \ti  fuU’.  t9Kn| 

There  arc  two  hspoihcscs  that  could  explain  such  dtvpcr- 
iions.  The  lirst  hypothesis  is  that  electrons  of  all  cneipics 
were  impuKivcIy  scattered  simultaneously  into  the  aiinu- 
sphcric  loss  cone  at  some  ptiint  along  the  field  lines  of 
detection  and  that  the  dispersion  resulted  from  the  ddicrent 
transit  times  of  the  electrons  along  the  field  tine  from  the 
source  region  to  (he  point  of  observation.  In  this  ease  the 
time  delays  m  detecting  electrons  of  difTereni  energies  can  be 
used  to  estimate  the  location  at  which  the  '  iinpulses” 
originated  The  second  hypothesis  is  that  electrons  at  higher 
energies  are  scattered  into  the  loss  cone  near  the  erpiator 
before  electrons  at  lower  energies  such  that  the  dispersion 
resiiili  from  a  combination  of  the  difTcrenee  m  imir  of 
injection  and  the  difference  of  transit  times  along  the  held 
line  for  electrons  at  different  energies  In  the  discussion 
section  we  show  that  the  second  hypothesis  appears  to  he 
inconsistent  with  wave  and/or  cold  plasma  mcasiifcments  in 
the  magnetosphere.  Here  we  only  consider  the  first  hypoth¬ 
esis. 

These  observed  dispersion  events  arc  consisiciii  with  the 
first  hypoihcsis  discussed  above.  Tor  this  case  the  dilTcfcnce 
in  arrival  time.  Ar.  for  electrons  coming  from  a  common 
source  with  parallel  velocities  I'j  and  i  j.  is  related  lo  the 
distance  to  the  source.  J,  by  the  equation 

d  ^  A/(l/o,  -  l/i-,)  ■' 

In  ripurc  2  we  show  an  example  of  the  observed  lime 
delays.  Mere  At  is  plotted  as  a  function  of  (he  electron 
velocity  for  the  third  energyAime  dispersion  event  of  rigorc 
I  for  this  example.  Ar  was  calculated  as  the  lime  dilTcrcncc 
from  (he  onset  of  Ihc  enhancement  In  the  20  I  kc  V  channel, 
and  the  electron  velocities  were  calculated  for  the  central 
energy  in  each  channel  The  solid  line  is  the  best  fit  source 
distance  d  to  the  observed  values  of  Ar.  We  find  that  a  source 
distance  of  92.000  km  fits  the  data  extremely  well  A  simitar 
quality  of  fit  is  found  for  a  majority  of  (he  other  observed 
dispersion  events 


rnoMSo 


Fig.  2.  The  measured  Ar  from  the  onset  of  enPancnl  ftiiTrs  in 
the  20  I  krV  channel  versus  ihe  eleciron  vct«n»iv  lor 

events  for  ihe  il.'V  p-»'-s  r'n1^scs  .md  tiiiles  ewe  ihc  iMr;iMiiri| 
v.tIiks  of  .Jr  .ind  0»e  lohd  hrre  gives  Oje  hest  fit  to  *  o»«rlr  soorcr 
distance.  J 
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Fig  3  The  infened  differential  number  llux  source  spcciniin  for 
the  two  dispersion  events  starling  at  U4tH:23  U  I  on  day  Ihh 


The  energy/iime  dispersion  event  of  Figure  1  occuiTcd  at 
b'J.75*  CfjL  and  an  /.  shell  of  R.4  Using  either  the  simple 
dipole  or  Ihc  Mcad-rnifftcid  models  gives  a  distance  ainttg 
the  magnetic  lichl  line  from  IIILAl’  lo  ifte  cqtialt>r  o| 
appro-simaicly  70. (KX)  km  The  fitted  source  tlisiuncr  ol 
92.0tM)  km  implies  a  source  region  ahoul  22.tMHI  km  south  id 
the  magnetic  equator  ITiis  is  a  general  charactctisiic  of  the 
phenomenon. 

For  impulsive  scattering  of  Ihe  electrons  the  widths  of 
pulses  observed  at  HILAF  depend  both  on  the  e.xtcrit  of  the 
sr  uicring  region  along  magnetic  field  lines  and  on  the 
duration  of  (he  scattering  interactions.  The  width  of  a  pidsc 
will  vary  with  the  interaction  region  length  IF  as  HVn,  wlicrc 
f  is  the  parallel  velocity  of  Ihc  electron.  Assiiniing  that  the 
interaction  region  is  the  same  for  electrons  at  all  energies  ami 
(h.i(  (he  source  region  is  lOjXX?  km  in  c.sfcrrf.  f/ren  thr  puho 
widths  should  increase  from  appioximatcly  *  b'  !  b>r 
electron  energies  from  20. 1  to  I  kcV.  Width  vaiialions  of  Ihis 
niapnilude  would  be  easily  discernabic  for  Ihc  J  sensor 
operating  in  mode  2.  fhe  widths  of  pulses  resutling  only 
from  Ihc  ilurationsof  Ihc  interactions  would  have  no  velocity 
dependence. 

For  Ihc  dispersion  events  shown  in  Figure  I  there  is  no 
width  increase  with  decreasing  energy.  If  anything,  Ihc 
width  decreases  with  decreasing  energy  as  is  the  general 
clniiactcristic  of  the  events.  This  suggests  that  the  pulse 
shape  is  defined  prononly  by  Ihc  diirnlion  of  the  scattering 
process  .and  that  tlic  interaction  region  is  at  most  a  few 
thousand  kilometers  in  extent. 

•Since  the  observed  dispersions  appear  lo  he  consistent 
with  :i  common  source  for  the  particles,  the  h>w-ahitudc  llux 
measurements  can  he  used  to  rcconslnict  the  source  spec¬ 
trum.  Such  reconstructed  spectra  arc  plotted  in  Flguic  .T  for 
the  dispersion  events  starting  at  0‘I.TR:2.^  U7'.  At  high  ener¬ 
gies  Ihc  flux  was  calculated  by  averaging  over  the  time  the 
flux  svas  enhanced  in  each  channel.  At  energies  lower  th.m 
where  dispersion  was  observed,  (he  flux  was  averaged  over 
the  enlire  lime  interval. 

r<»r  both  spectra  in  Figure  T.  at  cneigies  hclo'v  the 
disprrsiim.  (he  flux  decreased,  roughly  monotonicallv.  vsith 
increasing  energy  lor  the  lowest  enrigy  ch.innel  ol  the 
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Fif.  4.  A  plot  as  m  Figure  I  for  Ihe  zenith-looking  detector  for  the  lime  interval  0342.’22-/»-l?:55  UT  for  the  Tfomw 

on  Juliun  day  362.  198). 


dispersive  pid  of  the  spectra,  the  flux  increased  by  a  factor 
of  4-5  anJ  then  decreased  monotonically  for  increasing 
energy.  Integrating  over  the  portion  of  the  spectrum  above 
2.73  keV  and  assuming  the  Ilux  to  be  isotropic  for  pitch 
angles  from  (T  to  90*  gives  a  total  precipitating  energy  flux  of 
0.20-0.27  crg/(cm’ s).  If  Ihe  measured  portion  of  the  spec¬ 
trum  is  fit  to  a  power  law  and  extrapolated  to  higher 
energies,  the  energy  Ilux  values  increase  by  about  a  factor  of 
2.  Energy  fluxes  on  the  level  of  U.5  crg/(cm'  s)  should  be 
suflicieni  to  produce  visible  optical  emissions.  Fluctuations 
in  optical  emissions  aiiribuied  to  particle  precipitation  have 
been  observed  in  conjunction  with  VLF  chorus  (//WhVW/ 
and  Mr  tide,  1980|. 

In  the  spectrogram  the  slopes  of  the  dispersion  tracks 
increase  with  decreasing  latitude,  indicating  a  decrease  in 
the  source  distance.  This  is  illustrated  in  Figure  2.  where  the 
values  of  Ar  are  plotted  for  a  dispersion  event  approximately 
1.7*  equalorward  of  Ihe  one  previously  discussed.  One  sees 
that  for  this  case  a  source  distance  of  approxttnaiely  60.UU0 
km  is  inferred. 

The  second  HILAT  pass  occurred  from  0340  to  0345  U T 
on  Julian  day  362,  1983.  The  J  sensor  data  recorded  at  the 
Tromso  station  are  shown  in  color  spectrogram  format  in 
riaie  2.  (Plate  2  is  shown  here  in  black  and  white.  I  he  color 


version  cun  be  found  in  the  special  color  section  to  uo. 
issue.)  In  this  interval.  IllLA  f  inovetl  liom  75  h  lo  tv  i 
COL  aiid  Iruni  0712  to  0755  ML  I  I  lie  J  scnxM 
operating  in  mode  3. 

The  measurcmcnls  repeal  Ihe  same  basic  nu>rplkifc.x» 
seen  in  the  lirsi  example.  At  the  beginning  ol  the  p.*o  lu 
Ilux  was  observed  piimariiy  at  energies  below  I  keV  am 
decreasing  latitude,  the  variability  and  intensity  uf  ihc  L'« 
energy  flutes  decreased,  and  the  spectrum  iniiiJb  l.^;* 
cneJ.  Coincident  with  the  hardening  of  the  spectrin, 
patches  of  high-energy  electrons  wcie  delected  i&  J*: 
previous  case,  the  appearance  and  inlciisiiy  ot  the  ti+i 
energy  patches  were  unrelated  to  variations  wiili  bniuU:  j 
the  spectrum  at  lower  energies.  Alter  tit  12  )0  U I  ihc  >pc-; . 
below  I  keV  solleti  while  patches  continue  to  be  uh^<r^c.:  * 
higher  energies.  A  scries  of  clear  dispeisinn  e\eiu> 
during  Ihe  30-s  period  starting  at  U34.t;5.3  Uf. 

fhe  counts  per  accumululiun  interval  lor  the  mn  hip.;» 
energy  channels  for  the  period  of  clear  dispersion  e\tn!t  ici 
plotted  in  Figure  4.  Measurable  elecirun  llutes  Actr 
served  up  to  Ihc  12.  l-kcV  channel.  Clearly  in  even 
hum  1.6  keV  to  12. 1  keV,  there  arc  a  series  of  peaks  d-J  — i 
be  matched  up  to  lime  ollse!  peaks  in  one  or  more  d  :'■< 
adjacent  channels.  The  data  lor  this  period  illustrate  u-t  j 
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riate  2,  The  din’ercntinl  number  flux  <>f  elfv*ron%  :»<  menMifetl  by  Jhe  IIILAT  J  \cn^nr  for  il>e  Trnrn^o  n-*''  on  Julian 
day  362.  from  OJJ(f  Of  (o  OMTOI  1,17'.  77i<"  J  <*'n<f»r  ♦'p^rafinc  m  nindc  V  t-.;*ch  ^ei  of  ilirce  p:\t<cK  tli«:pl:t\A  llic 
number  flux  as  measure*!  in  the  renifh.  ■*0''.  ao'l  r:'-f»r  «lrtrc«cus.  71»f  bolti^iu  of  each  set  nnnonicd  nilh  ihc  univrrsal 
lime  and  ihc  pconinpnclic  lahliiilc.  longHtirl'*.  .tn  l  •.-<  .il  *imc  I'l  'he  sn'cUo**  Ihr  •.ri\ion  of  [|u«;  lipmr  can  I'c  fnnml 

in  Ihe  separnfe  color  scclion  in  ihis  isMir 
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Fig.  3.  The  inTerred  source  spectra  for  diipef'iion  events  ob* 
served  in  the  Tromso  pass  on  Julian  Jay  363.  1983.  The  solid  line 
fives  the  spectrum  constructed  from  data  in  the  interval  0342; 
32-0242:32  UT.  The  two  spectra  marked  I  and  2  are  constructed 
from  dispersion  events  I  and  2  in  Figure  6. 


addilionaJ  aspects  of  the  phenomenon.  First,  ihe  count  rates 
at  the  peaks  in  any  channel  vary  significanily.  For  example, 
in  the  7.d‘keV  channel  the  counts  per  accumubiion  interval 
at  peaks  associated  with  dispersion  events  vaiy  by  a  lactor 
of  6.  Second,  the  energy  range  over  which  the  dispersiun 
occurs  also  varies.  Dispersion  events  cun  be  observed  over 
the  entire  range  from  1.6  keV  to  12.2  keV  or  in  as  few  as  two 
adjacent  channels.  Third,  the  intervals  between  consecutive 
peaks  in  a  given  channel  vary.  For  example,  in  the  7.4-keV 
channel,  near  the  beginning  of  the  interval,  consecutive 
peaks  are  separated  by  0.5-0.73  s,  while  later  they  increase 
to  1.25  s  or  greater.  Fourth,  though  the  iniervals  between 
consecutive  peaks  vary,  there  is  a  signilicani  interval  over 
which  peaks  recur  periodically.  In  both  (he  4.5-keV  and 
7.4-keV  channels  starting  at  approximately  0.344:02  UT. 
there  is  a  series  of  12  peaks  spaced  peiiodically  at  I.2.3.S 
intervals.  In  (he  same  interval,  additional  peaks  ate  occa¬ 
sionally  observed  between  (he  periudiculty  spaced  peaks. 
Lasdy,  in  most  channels,  the  count  rules  dn<p  to  zero 
between  peaks,  implying  that  scattering  has  either  stopiH'd 
completely  or  decreased  to  low  values  below  the  instru¬ 
ment's  nux  sensitivity.  This  drop  to  a  zero  count  level 
occurred  in  both  the  zenith  and  40”  detectors. 

A  source  spectrum  from  (his  inierval  is  plotted  in  Figure  5. 
The  source  spectrum  was  calculaieJ  as  an  average  over  the 
dispersion  events  in  (he  period  froiii  0344;00jo  0.344:17  U  T 
for  which  ihe  peak  counts  per  accunuilation  iiiicival  in  (he 
l2.2  kcV  channel  exceeded  5.  Averages  were  used  becatise 
of  low  count  (utes  in  some  of  ihe  channels.  As  in  (he  day  IHh 
examples,  the  spectrum  monoionically  decreases  with  in¬ 
creasing  energy  for  ilie  energies  below  ihe  dispersion.  In  the 
dispersive  energy  range  ihc  spectrum  peaks  at  4.5  keV. 
Integrating  over  (his  por(ion  of  the  spectrum  gives  a  luial 
energy  Ilux  of  0.2K  erg/(cm^  s)  assuming  isotropy  over  the 
duwncorning  hemisphere. 

In  Figure  6  (he  counts  per  accumulurion  imerval  arc 
plotted  lor  (he  six  highesi-encrgy  channels  lor  the  period 
from  0342:20  to  0342:.57  of  this  .same  pass.  In  ihis  inierval  the 
specirogram  shows  patches  of  high  energy  Itnscs  wnh  no 


clear  tndicalion  of  Jispersion  eveiiis.  l  ignie  r>  dtnsiriiu-s. 
however,  llial  iheie  weic  a  nuniher  of  dispcisimi  cvl-iiIn 
wiihin  this  inierval,  typically  extciuiing  over  ihc  loui  tngh- 
csl-eriergy  channels.  Several  of  ihesc  dispersion  events  aic 
marked  with  arrows  at  the  peak  counts  per  accumulation 
interval  for  each  event  in  each  channel.  Ihe  pimcipal 
dillercnce  of  this  interval  from  the  otheis  in  the  gicaicr 
disorder  in  the  occurrence  of  the  dispersion  events.  In  tins 
inierval  there  aie  no  consistent  pcriuJiciiics  in  die  ocenr- 
rence  of  the  pe;!ks.  wiile  variations  in  the  pc:ik  cnnnis.  and 
occasional  peaks  in  individual  chaiuieis  wiih  no  nnilching 
peaks  in  adjacent  channels. 

Two  source  spectra  Irom  this  interval  are  plotted  m  Tiginc 
5.  Unlike  Ihe  previous  examples,  lor  ihesc  speerra  iJic  level 
in  (he  dispersive  portion  is  lower  than  that  m  Hie  puition 
where  no  dispersions  were  observed.  Iniegfal  energy  linxes 
of  0.47  and  0.35  crg/(cni*  s)  were  calculalcd  in  the  dispcisivc 
pans  of  Ihe  spectra. 

The  third  pass  occurred  from  0544:30  to  0549  h)  U  I  on 
day  365,  1983,  with  the  J  sensor  opciaiing  in  moitc  V  1-ot  the 
pass,  the  satellite  was  traveling  approximately  along  the  08.3U 
MLT  meridian  from  78.7*  to  61.9“  COL.  The  coloi  ^pectro 
gram  of  the  J  sensor  daia  (IMale  3)  shows  the  same  geneiat 
spectral  variations  with  latitude  as  the  two  pievuuis  exam¬ 
ples.  (Pfale  .3  is  shown  here  in  black  ami  white  Ihe  coho 
version  can  be  found  in  the  special  color  secium  m  iln> 
issue.!  At  0.549:00  U  I  ,  dispetshm  cvciuv  eMcmhng  m  energy 
liotii  the  20.1-kcV  lo  the  h.lO  eV  vh.nmcls  were  uhsctvid 

f-'or  this  pass,  vve  conccniralc  on  the  J  scnvoi  measure¬ 
ments  from  0548:00  to  0548:50  U  T  )  he  color  specirogram  m 
this  interval  shows  a  patch  ol  enhanced  high-energy  elec- 
irons  with  dispersion  events  toward  tlie  end  ui  the  interval 

In  Figure  7  the  counts  per  accnmnlation  interval  lor  tire 
four  energy  chaitnels  from  2.7  to  12.2  keV  are  plotted  as  a 
function  of  lime  for  a  35  s  period  staiimg  at  0548  IK)  U  I  I  he 
ligure  illustrates  that  although  dispeixion  events  occurred 
toward  the  equatoiwaid  cilge  of  this  patch,  no  cleat  :i-'SOi.r- 
aiion  of  peaks  in  conirgiious  channels  can  he  est.ihlishetl  m 
Ihe  poleward  portion.  Ihc  count  rates  dtd  vary  sigmlicimlty 
in  time.  This  can  he  seen  in  the  4..5  keV  channel  where  the 
I’otsson error  bars  have  been  ploiterl  lor  several  points  in  the 
interval.  These  illusrrale  that  siaiisiically  signilicani  varia 
lions  occur  on  lime  scales  down  lo  the  tl.25  s  sampliitg 
irequency  of  the  J  sensor  in  addition,  the  Ihix  .ippe:os  to 
have  exhibited  an  occasional  periodicity,  l-or  example,  in 
the  4.5  kcV  channel  at  the  beginning  ol  the  inierval.  there 
:iie  four  consecutive  peaks  with  a  I  5  s  spacing.  Such 
periudiciiics  were  generally  limited  at  any  one  time  (o  :i 
single  channel. 

Ihe  examples  presented  here  suggest  that  the  piecipo.i 
lion  ol  keV,  amoral  electrons  drnmg  these  passes  w.ts 
produced  by  a  common  process.  What  varteil  hciucctr  ilii- 
examples  is  the  clairty  ol  the  t»hseiv;ihihiy  ul  ihc  dtscrcic 
events  within  ihc  pieeipilalion  Ihe  examples  show  a  spec 
tium  ol  obseivabrhty  that  smoothly  ilegiadcs  from  c.incs 
where  Ihc  dispeisioii  events  are  sei>arale  and  pmvrdic 
those  where  the  events  become  .rf>erit>dic  .nnJ  r>l  inorc 
vaiiahtc  iritcnsity,  lo  linally,  cases  wltcrc  the  Ihi'cs  remain 
highly  vaiiable  anil  ir«»  clear  dtspcisron  events  van  he  iden 
lificd.  Such  vaiiahiliiy,  \vc  hypothesize,  itnild  lesnli  honi 
either  the  intervals  between  dispersion  events  liteoinur 
short  cmnparcil  to  the  sampling  petrod  ol  the  J  scnsoi  or  the 
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Fi|.  6.  A  plot  in  the  lame  format  Figure  I  for  the  time  interval  0342;2(M)343:00  UT  for  the  Tromxo  pnss  on  Julinn 

day  362.  1983. 


simultaneous  presence  of  several  trains  of  dispersion  events 
with  different  periodicities  and  energy  ranges. 

In  both  the  second  and  third  examples  the  color  spcctro* 
grams  show  approximately  equal  fluxes  for  etecirems  dc' 
tected  in  the  dispersion  events  in  the  zenith  anj|  4(r  detec¬ 
tors.  To  check  this  degree  of  isotropy,  the  zenith  and  40"* 
detectors  were  first  cross  norm,ilized  using  data  fiom  the 
middle  of  the  midnight  diffuse  aurora  where  electron  distri¬ 
butions  are  gener.ally  isotropic  for  pitch  angles  hetween  O" 
and  90*.  The  average  ratio  of  the  normalized  fiiixcs  in  the 
zenith  to  40*  detectors  was  then  calculated  in  each  energy 
channel  for  the  peaks  in  the  dispersion  events  for  passes  on 
three  days.  A  pass  on  day  176  was  includcfl  since  it  con- 
lairfcd  .1  large  number  of  dispersions  over  a  wide  range  in 
energy.  Tor  the  three  events  the  zenith  detector  sampled 
pitch  angles  between  5*  and  10*.  and  the  40*  detector  pitch 
angles  between  38"  and  43*.  The  results  for  the  three  days  arc 
listed  in  Table  1.  In  general,  the  values  are  within  10%  of 
umiy,  implying  that  downenming  fiuxes  arc  reasonably  iso¬ 
tropic  over  this  angular  range. 

3-2.  Syifi’ftifitir.t  of  l.ncotumx,  Souri  e  DisMnt  ci. 
anti  Cfomafjnrtif  Actii'ify 

We  next  consider  the  distributions  of  dispersion  events  in 
magnetic  local  limes,  the  distribution  of  source  distances 


along  field  lines  as  a  function  of  /.  shell,  and  the  distribution 
of  events  in  geomagnetic  activity.  To  determine  the  local 
time  dependence,  we  divided  ML!  inlo  24  one-hour  bins.  All 
Tromso  p,asses  for  ihr  period  from  December  I9H3  to  March 
1984  were  analyzed.  Tromso  was  chosen  since  it  consis¬ 
tently  provided  the  best  dala  coverage  of  the  entire  diflnsc 
nuroml  region  al  all  local  limes.  Bcc.iiise  of  HILAT's  orbital 
precession  all  MLl's  are  sampled  in  four  months.  A  total  of 
74.1  separate  passes  were  examined. 

Color  spectrograms  of  the  J  sensor  dala  were  cxamincil  to 
determine  if,  at  .my  lime  during  a  given  pass,  linic/cncrgy 
dispersion  events  were  observed  Kach  pass  was  assigned  to 
a  magnetic  local  tune  bin  based  upon  the  hour  in  MLT  in 
which  the  majority  of  the  data  in  the  diffuse  aurora  were 
obtained.  Due  to  the  high  inclination  of  the  orbit,  for  most 
passes,  all  d.ita  in  the  dilfuse  aurora  occurred  within  a  single 
Ml.T  bin.  Typically,  between  20  and  40  passes  were  exam¬ 
ined  in  each  local  lime  bin.  and  the  percentage  of  passes  in 
which  drspcrsmn  events  ocrminf  was  calculated,  the  per¬ 
centages  .ire  lower  bounds  since  we  did  not  count  as 
dispersion  events  p.asscs  where  only  patchy  precipitation  at 
high  energies  was  observed.  As  shown  above,  such  patches 
may  contain  dispersion  events  not  discernible  in  a  color 
spectrogram. 
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Fig  7,  A  pl(M  tn  ihc  ^amc  formal  as  Fipiirc  (  ft>r  ilie  lime  inierval  (l<48  1'  for  the  I  fi>m<o  on  7ijlj;»n  iJny 

^6^.  1983. 


The  rc3ull3  of  Ihi^  annlysi^  arc  ploUcd  as  a  hisiopram  in 
Figure  The  occurrence  Is  sironply  skcwc<t  to  the  morn* 
ingside  of  the  auroral  oval;  of  the  passes  csluNling 
dispersions  occurred  heiwcen  0000  and  1200  MLI  .  and  66% 
occurred  between  0600  and  1200  MLT.  There  is  a  clear  peak 
in  the  OROO-MOO  MLT  bins  at  a  level  of  approximately 
The  occurrence  percentage  decreased  after  1300  MLT  with 
no  eases  seen  from  1.^00  to  2300  MLT.  In  the  midniphl  sector 
the  occurrence  rate  is  between  10  and  20%  Ihc  strong 
peaking  of  event  occurrence  in  the  0600-1200  ML  I  sector  is 
Ihe  same  as  for  VLF  emissions  observed  .it  both  low  ami 
high  alttludes  and  for  microhursis  |f3fivr«  vi  at..  I96R; 
Thnrnf  cl  at.,  1977;  1  suriitani  tinJ  Sotifh.  1977).  Ihc  disiti- 
bution  is  also  Ihe  same  as  that  for  suhstorm  associated, 
high-energy,  miernhursi  precipitation  at  suhauroral  latitudes 
|/?o.fr/j6rr;g  rtnJ  Duiit  nfy,  I986|.  This  point  is  considered  in 
greater  detail  in  Ihe  discussion  section. 

Second,  we  examined  Ihe  relationship  hetsscen  the  in- 


TABLE  I.  Average  Ratios  of  Counts  in  the  Zemih  :md  4ir 
Detectors  at  Peaks  of  Dispersion  Cvenis 


R.stio  of  Zenith  to  40*  Deiecior 

Channels  Pitch  Angle 


12 

13 

M 

15 

16 

Zcmih 

Day  176 

0  w 

r» 

1  IH 

1  ID 

1  US 

Ml  4 

43  <1 

Day  362 

II  VM 

1  21 

1  <m 

3  1 

2 

Day  365 

1  tD 

1  ID 

1  15 

1  14 

7  II 

VI  u 

ferred  source  distances  and  Ihe  L  shell  on  which  the  disper¬ 
sion  events  were  observed.  For  this  analysis,  events  were 
chosen  primarily  from  mode  2  operations  of  the  /  sensor 
when  dispersion  limes  could  he  dcicimtned  most  acctti  airly. 
We  also  required  that  dispersion  extend  over  at  least  thice 
energy  channels.  In  the  few  cases  whcic  ilaia  with  the 
instrument  in  mode  3  were  used,  the  dispersion  was  required 
to  extend  over  at  least  four  channels.  For  events  i>ccun»ng 
within  a  few  seconds  of  one  another  the  avnape  source 
distance  was  calculated  and  assigned  to  the  avriapc  L  shell 
over  which  the  events  occiiircd.  VVe  conshlered  events  lo  be 
separate  if  llieie  was  a  distance  of  more  'ban  P  in  laliiude 
between  them.  I.  shells  were  assigned  using  a  tli|>olc  map- 
nelic  field  model.  Comparisons  between  the  dipole  and 
Mcad-Fairheld  models  showed  negligible  dilTcrciiccs  for  L  < 

m. 

The  inferred  source  distances  of  35  events  arc  plorted 
versus  /.  shell  in  Figure  9,  Ihcsc  events  occurred  on  19 
difTercnl  d.ays  and  for  21  rhlTcrrril  passes.  Triangles  and 
crosses  denote  events  when  the  J  sensor  was  in  modes  2  and 
3.  respectively.  Solid  lines  show  the  distance  alt>nc  the 
magnetic  field  line  to  the  equatorial  plane  and  to  a  point  KF. 
20".  .and  30*  beyond  Ihe  equatorial  plane.  Clcaily.  the  in¬ 
ferred  source  distances  Increase  with  increasing  L  shell  in 
the  3-5  to  10  r.anpc.  For  latitudes  corresponding  to  L  ■'  10 
■'-ere  IS  greater  uncertainly  in  Ihe  assigncrl  /.  value  because 
I'f  iinccriainlics  in  the  mappinp  from  h>w  to  high  altitudes. 

I  tic  -vents  arc  appruximaiely  evenly  tlislribuird  over  ilu*  /. 
shell  range  from  I  to  9  Ahtutupli  the  mlciicd  source 
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Fig.  8.  The  percent  occurrtnce  at  a  funclion  o(  injgnttic  li>caJ 
lime  of  obscrvuiion  anywhere  within  a  past  of  enciKy/ttiiie  disp^r- 
lion  events. 


distances  of  some  events  are  closer  than  (he  eqitaioiial 
plane,  in  the  mqjority  of  cases  (hey  are  significanily  greater 
than  the  equatorial  distance.  On  average,  (he  sources  arc 
located  I0*'*20*  from  (he  equator. 

We  also  did  a  preliminary  analysis  of  (he  level  of  geomag¬ 
netic  activity  during  the  periods  of  dispersion  event  obser¬ 
vation.  For  the  35  events  included  in  Figure  9.  only  two  were 
found  to  have  occurred  for  Kp  less  than  2,  and  (he  average 
value  of  Kp  over  all  35  even(s  was  approxtma(ely  3.  this 
indicates  a  preference  for  the  occurrence  of  the  events 
toward  somewhat  elevated  levels  of  geomagnetic  activity. 


4.  Discussion 

In  (he  previous  section  we  presented  observations  of 
electron  dispersion  events  in  the  morning  sector  uf  'he 
auroral  zone  occurring  over  the  energy  range  Irum  20  keV  !o 
a  few  keV  or  (ess.  As  noted,  these  events  have  occurrence 
distributions  in  MLT  and  L  shell  that  closely  minor  those  ol 
microbursts  and  VLF  emissions  (0/o  e«  n  af  .  I'JhH;  O/nm 
and  Gurnfit,  1968;  rt  at  .  rt  nl  ,  l‘»77, 

Tiirrii/u/ii  «/id  Smith,  I977|  It  is  possible  ih;ii  ihe  tbspei  smhi 
events  are  unconnected  with  V'I.r/inicioboisi  phenonieitiU 
ogy.  However,  their  siinilaiiiics  .ngne  loi  :in  explor.iium  <>l 
possible  theories  lu  e.splain  such  :i  lel.ilnmsbii'  Wtibin  ihis 
paper  litis  involves  some  specitl.ihon  :ibt)ni  ilie  n.iiine  i*l 
interactions  heivveen  VI. F  sv.ives  .uul  elecirons  vsiih  etu-i 
gics  beyond  the  range  ut  flic  Mil. A  I  sens>»<s  (.'.ne  has  Ihcm 
taken  to  make  <|uanlil.itive  esiintau-s  lhal  can.  in  pi itieii'le .  m 
Ihe  liitutc  he  verilied  by  instniuicnlalion  llown  on  pl.inncd 
satellites. 

this  section  is  divided  inio  two  niain  snbsi’Clions.  In  ihe 
first  subsection  we  review  the  ({oast  liiieai  theory  of  pifch 
angle  scattering  and  show  that  wiibm  Ihe  liiniis  ol  exr>eii 
niettinl  knowledge  it  cannot  e.spl.on  ilic  ilispeision  events  ve 
have  tepctried.  In  the  second  sobseciion  we  iiM'*V  ’he 
nonlinear  Ihcoiy  of  pilcli  angle  scalteting  ongmalty  ilc.'  l 
0(>ed  hy  Patidum  (I9H6//.  7>|  to  expl.iin  liigh  energy  nn 
crubiirsts  In  uiir  model  the  pfccifMi.iiton  striieiuo's  di'iccieil 
by  HILAT  repiesent  debus  fioin  asyinmemc  wave  piiKes 
propagating  though  a  napped,  w.iiin  plasm. i 

4.1.  Quasi  l.inror  Pitch  A/ig/r  St  tiitvnni! 

Pitch  angle  scattering  of  m.agnetospheric  electrons  hv 
electromagnetic  and  eleciruslaiic  waves  m  the  Vt.F  lie- 
quency  range  has  been  analyzed  hy  many  investigaiius 
(Ketme/  and  Priuhck,  1966;  Krtvict  and  /•.'/igehmiMn.  |hhr>-. 
Ktnntf  tt  at.,  1970;  Lytms,  1*>74|.  In  ihesc  lhcoieiie.il 
mc^dels  Ihe  scaiiering  is  piodiiccd  hy  waves  th.ii  aie  Doppler 
shifted  to  some  hatmonic  ol  the  cleciton  gyiolietiuenev . 


Fig.  9.  The  inferred  source  distances  fur  cneigy/iimc  ilisperMon  events  versiis  1.  sl»rll  S«>lid  lines  tor  i)»e  ihNi.mt  r  to 
llie  eqii.alor  and  poMils  iU  .  2IP'',  .mhI  1U*  oil  the  ei)o.iior  in  Ihe  opptiMie 
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w  k  *  V  f  Ml  =  0  (11 

where  lu  nnd  0  arc  the  wave  and  electron  p)rofici|iicncies. 
re^pcciivcly;  k  (he  wave  vector,  v  in  ihc  elettron  n 
velocity,  and  A/  in  an  inicper. 

Usinp  the  cold  plasma  dispersion  relationship  f«>r  vvhisilor 
waves.  AVrm<7  iinJ  Vct^chrk  |I9(>6|  showed  that  there  is  a 
range  in  energy  where  electrons  resonate  with  waves  at  the 
A/  a  -  I  gyroharmonic.  The  rninimtim  resonance  energy  A',  is 
given  hy 

f,  =  £,(n/ui(i  -  «i/ni'  (2) 

where  «  B'/finn  is  the  magnetic  energy  per  partkle:  B  is 
the  magnetic  Held  strength,  and  n  the  cold  plasma  density. 
For  whistler  waves  to  grow  in  amplitmle  (he  pitch  angle 
anisotropy  in  the  electron  distiihitlion  runciioii  near  the  loss 
cone  must  be  greater  than  l/Kl/di  -  I). 

One  can  show  that  for  such  an  interaction  to  pilch  angle 
scatter  electrons  in  the  energy  range  of  our  observations 
requires  cold  plasma  densities  well  in  excess  of  iht>se  me.i' 
sured  in  the  dayside,  equatorial  magnetosphere.  On  the 
daysidc.  for  much  ol  the  L  shell  range  over  which  the  rrscnis 
are  ohserved.  the  magnetic  Held  is  approximately  dipolar. 
For  a  dipole  held  the  equatorial  field  strength  decreases  from 
24fi  to  60  nT  as  (he  radial  distance  from  (he  center  of  the 
Earth  increases  from  5  to  8  (I  =  6.170  kml.  the 
principal  range  over  which  we  ohserved  the  dispersion 
events.  This  corresponds  to  a  magnetic  energy  density  from 
155  to  10  keV/emV  For  tC,  to  have  a  value  of  I  kcV. 
consistent  u-ith  our  observations,  would  require  cold  plasma 
densities  from  155  to  10  cm ' '  over  this  F  shell  range.  //rgW 
und  IVi#  I  I9K4|,  however,  have  reported  (hat  at  peostalionary 
orbit  (F  6.6)  the  cold  plasma  density  generally  increases 
from  I  cm  near  the  dawn  meridian  to  8  cm  '  near  local 
noon,  well  below  the  required  rlcnsities. 

F)<um  (I974|  has  proposed  a  model  for  the  scatleiing  ami 
loss  of  plasma  sheet  electrons  in  (he  energy  range  1-20  keV 
by  elcctrrrstatic  waves.  Ihis  model  applies  to  tpiasi-sicarly 
state  electron  precipitation  and  requires  millivolt  per  meter 
electric  held  amplitudes,  (here  are  contradictory  tcpoiis  as 
to  whether  the  average  wave  intensities  repoitcd  aic  sidl'i- 
ciently  large  to  support  the  proposed  process  (A'cmu/cr  <d., 
1970;  Si  arf  et  t$t.,  1973;  f'rrt/ru  ks  and  Srttrf,  1971;  lU  fnuutt 
Ct  at.,  I9H3;  Boedvr  and  Knnnx,  I9H91.  In  addition,  there  is 
nothing  in  Ihc  model  that  explains  either  the  impulsive 
nature  of  the  observed  events,  their  off  equatorial  origin,  or 
their  morningsidc  occurrence. 

An  alternative  explanation  in  the  apparent  olT  e<|itaioiial 
source  for  the  III!  AT  dispersion  events  is  that  the  waim 
eiccirons  arc  resonantly  scattered  by  rising  chorus  tones 
propagating  near  (he  equator.  Rising  tones  occur  because  the 
phase  velocities  of  whistler  waves  are  inversely  rrlaied  i€> 
their  frequencies.  The  process  would  therefore  tend  to  pilch 
angle  scatter  20-keV  electrons  before  I  keV  electrons.  The 
resulting  dispersion  combined  with  Ihe  dispersion  produced 
by  Ihe  dilTcrencc  in  transit  lime  could  then  mimic  in  the 
ionosphere  an  olT  equatorial  source. 

To  evaluate  this  explanation,  let  iis  consider  the  inicrac* 
(ion  of  warm  (1-20  keV)  electrons  with  VLF  rising  (ones 
near  geostationary  orbit  where  the  range  of  cold  plasma 
densities  has  been  measured  Tor  a  cold  plasma  dcnsiiv  of  ^ 
cm  ■  V  i>pical  of  the  posida« n  sector  amlwnh/?  -  inSnl. 


the  macnetic  encigy  per  election  is  6  keV  lo  pitch  anrU- 
scatter  elections  with  encigics  between  21)  .md  I  kcV.  the 
rising  lone  would  have  to  c.xtcnd  fr(?m  0  |SJ|^  lo  0  5811,. 
Ihis  covers  the  r>bservcd  gap  .it  half  Ihe  cyclotron  Ire- 
qiiencv.  If  we  assume  that  the  rising  lone  has  ficcpirncics 
above  0.521),  and  scatters  electrons  with  energies  less  iti.in 
20  keV.  we  estimate  the  rcqiiiretl  cold  plasma  density  to  t*e 
0  1  cm  'V  This  is  much  less  than  (he  observed,  nm; nmrsMle, 
cold  plasma  density  range  Conversely,  if  we  assume  that  the 
rising  lone  has  frequencies  less  than  O.-IHU,  ami  scatters 
elccirr^ns  with  energies  greater  than  I  keV,  the  cold  pl.isma 
density  must  be  about  9  cm  'V  While  this  is  coinp.arabic  lo 
densities  found  at  geostationary  orbit  near  noim,  it  cannot 
explain  the  many  examples  of  near  dawn  dispersion  events 
where  the  mcasuf enicnls  of  Hiat  t  iinif  U'm  (I9H-I|  indicate 
much  lower  densities 

On  (he  basis  of  our  observations  and  analysis  of  quasi- 
linear  pitch  angle  scaltcfing  theory  we  conclude  that  any 
model  cxplai.ung  the  tiispersion  events  nitisi  invoke  pto- 
cesses  that  (1)  arc  specific  to  the  morning  srcior  ami  rnaxi- 
mi7c  between  0()IH)  and  l2tK1  MLT.  (2)  scatter  electrons  at 
locations  away  from  Ihc  equator,  gcneraily  in  the  opposite 
hemisphere  (o  which  the  dispcrsiini  evenis  arc  observed.  ( 1) 
impulsively  fill  the  loss  cone  wnh  isotropic  (luxes  of  elec 
Irons  with  energies  between  0.6  and  20  kcV.  and  (  H  operate 
over  a  svidc  range  of  F  shells. 

4.2.  Noidinrar  nu  ll  Ang/e'  5<  iK/crrug 

.Since  neither  the  electromagnetic  nor  (hr  ch*c(ros(alic 
qiiasi  hnear  model  can  account  lor  the  IIILA I  t)bscivaiions. 
we  have  attempted  a  dilfcrent  approach  that  relies  on  previ¬ 
ous  work  of  tyaiiihon  ||9HfMi.  b)  Davidson  has  poinict)  out 
that  free  energy  responsible  for  wave  grow  th  need  ni>t  icsiilc 
in  the  precipitating  electrons.  For  Ihc  eases  ol  hot  ('‘20  keV) 
electron  precipitation  bmsu  in  t)>c  morning  magneiosplicrc. 
considered  by  Davidson,  particle  anisotropies  arc  Ihc  (tee 
energy  sources  of  wave  growth.  Thus  Davidson  was  able  to 
derive  self-consistent  lelationships  between  the  wave  fieltls 
and  the  liol  electron  distribution  functums. 

Here  we  consider  scattering  of  the  I-  lo  20  keV  elections 
by  an  interaction  with  VI.F  waves  where  these  electrons  tfo 
not  act  ax  the  free  energy  source  lotlrivc  Ihe  VI. |‘  waves  lly 
Ihc  nature  of  this  kind  of  interaction,  wilhont  spccdic  knowb 
edge  of  the  hot  electron  distribution,  (he  initial  value  prob¬ 
lem  cannot  be  solved  scir-consistcnily. 

I'iguie  lOisa  llowchail  of  the  suggcsicil  prrKcss.  A  source 
of  Irapivd.  hot  electrons  is  required  in  Ihc  midnight  sector. 
Whcihci  these  electrons  miginale  liom  siihsiorm  injections 
Of  other  processes  is  unirnporiant.  We  only  teqiiirc  Ih.il  a 
pilch  angle  anrsoiropy  in  their  distribution  (unction  caiiies 
Iree  energy  that  can  be  rcicascil  when  the  appiopiiale 
crmdiltons  .are  met.  1  he  observations  of  tliai'l  and  ITrr  ( I9S4) 
for  (*(:OS  2  indicate  that  ns  these  electrons  drill  eastward 
info  Ihe  morning  sector,  they  encounter  arininthal  gradients 
in  the  cold  plasma  density.  Ihis  reduced  F, .  the  inannciic 
energy  per  p.arliclc.  allowing  an  increased  portion  of  the 
trapped,  hot  electron  distribulion  to  resonate  with  whistler 
moric  w.ivcs, 

Wilh  bolb  cnrrpy  reson.ance  and  particle  anisotinpv  con 
dilions  rnel,  Vl.T  wa'cs  can  grow  in  the  rqnatnrial  region 
That  Ihis  occuis  is  supported  by  the  local  (inic  .xml  F  shell 
rlcpemlcncics  of  V| . emissions  .intl  nncrohui  si  oca  ui i enccs 
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Fig.  10.  Flowchan  represenling  processes  Suiting  lo  impulsive 
scallering  of  auroiul  energy  etecirons  into  the  loss  cone. 


ol  Have  Mains  priMlticctl  diiiint;  a  cvcic  nl  ^v:|\e  );in\v|li  .mt' 
(liieiicliint*  aic  icprcsenieil  In  itic  hKinc 

Uie  ilislance  horn  (lie  cqnatoi  al  svhich  siivh  n.ives  ni-t\ 
be  observed  depends  on  whciher  oi  mn  they  .ne  diicleil 
ObscfvaMons  ol  dueled  wave  M.tins  tan.  it)  piuKipIe,  ^’e 
made  all  ihc  way  down  to  the  lontisphcre  I’oi  ilie  iindiicud 
case,  waves  only  piopapatc  lo  tlu*  laealionN  %vhofc  dnii 

tteqiieiicics  match  Ihc  lower  h>l’tnl  .  line 

uiidiicicd  Waves  fcllcci  back  Utw.inl  the  ciiii.iini  [Kmutui. 

timi  I  htn  lif .  I07m|  I  lie  lot.  .tlitHi  ■  a  t 'h  icilcclixii 

point  IS  set  by  the  coiulilion  that 

u  -  /  ii„  ■  1.^1  ]i  "  Y  '".'"'.lb  ' '  1^* 

where  u»  is  the  licqiicncy  o(  ihc  vsavc:  II,,  f,  llu-  idcction 
l^yinlrcqiicncy  at  the  ct|ii.iioi,  /  is  a  h.icimn  >1  tin-  ouKi  ol 
Ml,  ami  in,  arc  the  l.•^•lllon  .iml  ion  masses, 
icspcclivcly.  ainl  lllA)  is  the  vIilIioii  ^;MolicijiicnL>  .ii 
^conia^nclic  laltiuiic  In  the  liipoh’  .ippioviin.ilion  tins 
tcihices  lo 

\/iiiJm.l  t  (1  I  t  sin  Al'^aos'"  \  111 

Tor  the  rantie  in  /•*  fjiven  above,  ihe  laliMnle  ol  iclleciion 
vaiics  lf4)in  2.^"  to  42*.  H  e  showed  in  rieuie  ‘I  that  lot  I.  ■  H 
the  warm  election  hnisis  typically  ort|;tnalcd  at  rnapneitc 
latitudes  between  10*  and  20^.  Ihns  both  ihiclcd  .mt)  tin- 
ducted  wave  trains  coming  liimi  the  ei|iiatoi  piopa}::itc 
ihtoiiKh  the  legion  whcic  the  impulsisc  scatlciing  ocems 
VVe  nest  consiiler  Ilic  interaction  ol  Ihc  waini  elcitions 
with  wave  trains  ol  the  general  asvntmctnc  shape  shown  m 
I'igure  11.  Ihe  watin  electitms  moving  along  the  magnetic 
licid  lines  lowan)  am)  away  honi  the  etpialot  can  inlet. ict 
With  the  gradients  in  ihc  wave  train  'hroogh  the  pomieiomo- 
live  loice  iC  /ien.  I0K4|,  which  is  jnsi  the  ladiaiion  piessme 
j^radienl.  Die  force  escileil  on  an  imlividiial  election  via  tiie 
nonlinear,  pondciitmoiive  force  is 

-  ~[v‘/4nito  1^1 


where  F.  is  the  :im|)liinite  ol  the  w.ive  clecinc  Itehl.  I  he 
backside  gradient  tif  a  wave  tram  ptofiagaimg  away  Mom  the 


ciled  above  {tsrnhert!  rt  ai,  I9H2;  RoxrnhrrK  nnJ  /)n</«  nev. 
I986|.  According  lo  Ihc  model  developed  by  Davidson,  m 
the  early  stages  of  wave  growth  the  pilch  angle  dilliisioii  laie 
is  weak.  Ihe  waves  grow  in  amplitude  until  siiofig  pitch 
angle  scallering  is  achieved,  i  e..  until  in  the  equaiOM;il 
region  of  wave  particle  resonance,  electrons  pitch  angle 
scatter  over  half  the  width  of  the  atinusphcric  loss  cone  on 
lime  scales  less  than  the  transit  time  across  the  inieiaciion 
region.  Once  the  electron  flux  in  the  loss  cone  is  isotropic, 
(he  particle  anisotropy  in  the  equatorial  region  riccdc<l  lo 
support  wave  growth  is  no  longer  present,  and  the  waves  arc 
quickly  quenched.  Ihe  wave  growth  should  proceed  moic 
slowly  than  the  qiienchiiig  such  ibar  .'in  asyniruclric  wave 
packet  is  produced  with  a  much  sharper  gradient  on  the 
trailing  edge  of  the  packet  than  on  its  leading  edge. 

A  schematic  rcpresenialion  of  (his  process  is  shown  in 
Figure  II.  Close  to  the  equatorial  fesonjf\fc  region.  VLF 
waves  propagate  both  toward  and  away  (rom  the  equator. 
Under  symmetric  conditions  between  the  northern  and 
southern  hemispheres,  waves  that  have  passed  thiough  the 
region  of  resonant  interaction  propagate  away  from  the 
equator  with  larger  amplitudes.  Ihe  usymmetiic  amplitudes 
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fig  II  A  schematic  icpicvcntaiion  "1  '(ir  pfnciaiu'n  .icnl  pir  p.i 
galKin  III  VI  I  uavf  p.Klii.  m  'In  ,|>iu  i«- 
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e«|ti:>lor  cxcits  a  I’lchl  aliKncil  ftucc  lowatd  ihc  .  As  a 

rcxutt.  an  electron  moving  toward  (away  lioni)  die  iqiialor 
receive  an  imptilxc  toward  smaller  (larpcr)  pitclr  aiiides. 

We  can  CMimatc  Ihc  wave  amplittidc  requited  to  impul¬ 
sively  scatter  warm  electrons  from  just  outside  to  just  insiilc 
(he  loss  cone.  In  the  inlet  action  (lie  Held  aiiuneil  toinpoiicnt 
of  the  rfcclion’s  m<»fiicntufn  must  increase  hv 

/dl  cos  n)  ~  po'fl  (/>! 

where  n  is  the  half  width  of  the  loss  cone.  I  his  impulse  is 

^P»  ~  j  Jt*\.  dt  “  (7) 

We  approximalc  ^(Al*  hy  where  />  is  the  scale 

length  over  which  die  wave  amplitude  decicases  hoin  its 
maximum  value  to  a  low  background  level.  Ihc  inter¬ 
action  lime  divided  by  die  scale  length  is  -  #/!  ,..  ohc/c 
Vg  is  die  group  speed  of  the  wave  train.  Combining  die 
expressions  for  in  equations  (6)  and  (71,  we  get 

r .  =  n(w/<-)(2ml',  pi''*  (K) 

In  MK.*>  units,  cleelion  momcnluin  is  related  to  kinetic 
energy  K  in  convenient  units  as  p  =  1.7  x  It)  K"-{kc\'). 
We  see  that  the  electric  field  amplitude  required  for  scatter¬ 
ing  by  the  pondcromotivc  force  depends  only  weakly  (foiiilh 
root)  on  the  electron  energy  and  thus  is  a  viahle  camlid.itc  for 
impulsive  scattering  over  the  full  I-  to  20  keV  range  Noic. 
(no,  that  the  ma’iinuim  rc(|uircd  electric  held  is  diiecdy 
proporiional  lo  «».  die  half  width  of  die  loss  cone  at  the 
magnetic  latitude  A  of  the  impulse.  For  a  dipole,  o  increases 
away  from  the  erjuator  rniigfity  as  l/cos  \\  Ihtrs  the  pimdri 
ornotive  force  should  be  most  clfcclivc  for  pushing  trapped 
warm  electrons  into  the  loss  cone  immediately  after  a  wave 
train  emerges  from  (he  equatorial  region  of  resonant  inter- 
action  with  the  hot  electrons. 

We  can  esiimate  the  electric  field  amplitude  required  for 
pondcromotive  scattering  at  A  ®-l5*  along  the  /.  *  6  field 
line.  At  this  position  Ihc  half  width  of  the  loss  cone  is  J.A^ 
We  assume  a  cohl  plasma  density  of  ^  cm  '  amt  a  VI. F 
frequency  of  0. 1(1^  For  a  dipole  field  this  corresponds  to 
ICf  **  to  and  E,  =  75  kcV.  The  group  speed  of  the  wave  train 
is  approximately  10^  km/s.  Substitution  ol  these  values  into 
equation  (fi|  gives  7:^,,  *  It)  mV/m.  Cleelrosialie  waves  of 
this  magnitude  have  been  observed  near  the  cqiiatoii.il  plane 
\fretin(ks  tfttJ  Stnrf.  I975|.  For  Che  cited  p.iiaiiictcrs  the 
coaesponding  magnetic  field  amplitude  h»r  a  whisdci  wave 
is  0.07  nf.  This  is  consistent  with  Ihc  amplitinfcs  of  VI.I- 
wavts  measured  by  Oliwn  ,inj  f7nrnctr  dining  mi- 

crobiiisi  activity. 

Other  possible  clfecls  of  inicnsc  wave  (rairw  pfufiagating 
away  from  Ihc  equatorial  plane  can  be  cpnsidcied.  I  he  wave 
train  may  be  either  ducted  or  tinduclcd  along  the  magneiic 
field  fiiix  tube.  In  ihc  former  case  it  would  propagate  dinvn  to 
the  ionosphere.  Ibis  appears  to  be  iruc  for  the  caM‘s 
reported  by  /?oirn/»rrg  rt  ill.  ( l‘)fi  1 1.  In  the  undiiclcd  case  the 
w-avc  train  is  fully  or  partially  reflected  back  towaid  the 
equator  at  the  point  where  the  drive  freiuicncy  ctpials  ilic 
lower  hybrid  frequency  (A.i/Miirn.  I9fifil.  If  Itic  disiribulion 
function  of  the  hoi  eiccirons  has  again  become  anisotropic 
when  (he  rcfiecfed  wave  returns  to  Ihc  equator,  u  can  piow 
through  the  slandaid  pilch  angle  scattering  process.  Such 


iKifiinf  DM  lono^fHf  nf 


^oiiiMinN  lonospurnf 

Fig.  12.  Rcprcsenialion  nf  opiM’sUrly  itirccird  VI. f  wave  liam 
propagrUing  hiMwccn  lower  liyhiiil  relleclioii  points 


rencctcd  waves  could  then  interact  with  Ihc  warm  elections 
via  Ihc  pondcromoiive  force,  several  times,  to  piinlncr  (he 
muftipfc  dispersum  events  observed. 

Figure  12  schcninlically  repicseiils  the  liisioiv  of  two 
oppositely  traveling  w.ave  trains.  At  initial  lime  f„  the  wase 
trains  have  small  ainpliluiles  as  they  approach  the  iM|nalor 
During  (heir  passage  thiough  the  equaloiiat  layer  (t|)  they 
grow  and  acquiic  asymmcliic  shapes  ami  pmiMgaii!  away 
liom  the  cquatoi  (t^)  lowaid  (he  tow  hybriil  point,  wheie 
they  arc  telleiied  (/>)  lowanl  the  equator  to  again 
amplified  U^).  If  the  wave  retains  its  shape  and  inicnsiiv  oti 
icflcciiofi  at  the  lower  hybrid  point,  one  can  explain  the  few 
cxamp/cs  of  injections  on  ihc  near  fnorth)  siilc  of  the 
equnloriat  plane.  In  this  case  ihe  backsiile.  pondcromotive 
lorcc  of  the  wave  train  moving  toward  the  equator  provides 
a  direct  impulse  toward  Ihc  ionosphere. 

In  conclusion,  we  have  presented  examples  of  cnergy/iimc 
dispersion  events  occurring  over  the  energy  range  ftom  20 
keV  down  to  a  few  keV  or  less.  Ihc  events  occur  either 
periodically  or  apcriodically  with  the  fluxes  isotropic  lor 
pitch  angles  between  approximately  0"  ami  dir  Mu*  disper¬ 
sion  events  arc  observed  piimari/y  in  Ihc  nioiningside  au¬ 
rora)  7one  over  /.  shells  from  approximately  5.7  to  1^.  Ihc 
events  are  consistent  with  a  snincc  distance  alung  the  field 
line  ltr-20'*  beyond  the  mapnclic  cqifarofial  plane.  We  aigiic 
ih.il  Ihc  occiiirt’me  of  sncli  events  cannot  he  aecomited  for 
by  a  fcsoiiani  iniciactinn  with  VLF  waves.  Hased  on  cn- 
cunistantial  evidence  Irom  similar  niorniiig  sector  VT.I  .ind 
niicrobnisi  phenomenology,  we  pri'posc  that  Ihe  warm  elec¬ 
trons  arc  impulsively  scattered  I'y  pondcromotive  forces 
cxcrieil  by  asymmetric  VlT'  wave  packets 


/1i  i/emrnrt  1  hr  .inihois  wpaK  lo  espicss  thrii  ih.uiVs  In 

Mich.trl  llcmcmann  and  (irrpory  t»inet  of  AMil.  foi 
dornssHin^  tm  Vt.|'  wavr  propagafion  in  irihtimogenriUK 
Ihis  work  wa^  snpportfil  m  pail  t’V  tJ.J?  Aii  loitr  coniiatl 
)•  I^rAJX-KS.KtXlx)  wUh  Nrnihr.iAlrrn  t hiivrrsiiy, 

Ihc  Fduoi  Itianks  I)  1..  Malllirws  anti  anndter  rrfeiri;  ft»r  ilicii 
assistance  in  cvafnalinc  this  I'aprr 
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This  paper  studies  the  theory  o(  ^yrorcsonanl  imeracitons  of  enetfcuc  iMppetl  elecirons  and 
protons  in  the  Earth's  radiation  zones  with  ducted  eleciromugnetic  cyclotron  waves.  Suhsiorm 
injected  electrons  in  the  middatitude  regions  interact  with  coherent  VLF  signals,  such  as  whistler 
mode  waves.  Energetic  protons  may  interact  with  narrow-band  hydromagnetic  lAlfv^n)  waves.  A  set 
of  equations  n  derived  based  on  the  Fokkcr-Hanck  theory  of  pitch  angle  dilTusion.  They  describe  the 
evnltiiion  in  time  of  the  number  of  particles  in  the  flux  tube  and  the  energy  density  of  waves,  for  Ihe 
interaction  of  Alfvtfn  waves  with  protons  and  of  whistler  waves  with  electrons.  The  coupling 
ctKfficients  are  obtained  based  on  a  quast-lincar  analysis  after  averaging  over  the  particle  bounce 
motion.  It  IS  found  (hat  the  equilibrium  solutions  for  partrefe  flusex  .and  w.rve  anrplitude.s  ore  stable 
under  small  UkuI  perturbations.  The  rcAection  of  the  waves  in  Ihe  ionosphere  is  dlsciisseil.  1’o 
clhciently  dump  Ihe  energetic  particles  from  the  radiation  bells,  the  rcnection  coefficient  must  be  very 
close  to  unity  so  waves  amplitudes  can  grow  to  high  values.  Then,  the  precipitating  particle  lluxes  may 
act  as  a  positive  feedback  to  nuse  ihe  height  integrated  conductivity  of  the  ionosphere  which  m  turn, 
enhances  the  reflection  of  the  waves  In  addition,  by  healing  the  foot  of  Ihe  Ibis  lube  with  high 
intensity.  RE  energy  the  mirroring  properties  of  the  ionosphere  are  also  enhanced.  The  Mability 
analysis  around  the  equilibnum  solutions  for  precipitating  particle  nuxes  and  wave  intensity  sIniw  th.il 
an  actively  cscited  ionosphere  can  cause  the  development  of  ciplosivc  mstabdiiies. 


I.  Introduction 

A  theory  of  nonlinear  interaclions  of  radiation  belt  parti* 
ck5  with  cyclotron  waves  is  developed  here.  We  consider 
cases  where  the  wave  frequencies  arc  smaff  fractions  of  the 
equatorial  cyclotron  frequency  and  where  the  wave  vectors 
arc  aligned  with  the  geomagnetic  field.  Because  of  the  latter 
we  only  consider  resonant  excitations  due  to  the  first  har- 
msmic  of  the  cyclotron  frequency.  For  high-tcmpcraturc 
plasmas,  the  pilch  angle  distributions  of  the  particles  arc 
anisntrnpic,  which  provides  the  free  energy  for  the  cyclotron 
instability.  As  a  dtstribiilion  function  relaxes  toward  cqiiilib* 
num.  it  interacts  with  several  types  of  electromagnetic 
waves.  A  number  of  observations  of  electron  precipitation  in 
middle  iatiiudes  (C  £  6).  have  been  attributed  to  highly 
colicrcni  magnetospheric  VI. F  waves  fPtnsi/c  and  Oirpm- 
frr,  I'WI.  Doatililc  and  Oirpenfcr.  iyK3|.  This  ineUidcs 
naturally  iK’eiirring  whistlers,  triggered  Vf.F  emissions,  eho- 
ms.  signals  that  arc  injected  into  the  magnetosphere  by  VI. F 
ground  transmitters  and  large-scale  power  grids  signal  from 
satcUite  borne  VLF  transmitters.  Stibstorms  injected  pro* 
Ions  in  rhe  mid-lafflude  regions,  Interact  with  hydromagnetic 
til.F  pulsations  of  the  Pc  type,  which  are  ducted  along  a 
given  magnetic  flux  lube.  The  amplitudes  of  the  waves  grow 
directly  propoflionnl  (o  the  number  of  resonant  particles  and 
to  the  degree  of  the  pilch  angle  anisotropy  until  they  reach 
the  equilibnum  state.  The  generated  waves, 7n  turn,  act  upon 
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the  pariicics  and  change  their  velocity  distribution.  Some  of 
these  panicles  arc  scattered  into  the  loss  cone  producing  the 
wcll'lcnown  particle  precipitation  fluxes  investigated  by 
net  and  Pci.u  hek  (I9fi6|  and  observed  in  Ihe  magnetosphere. 
The  electrons  fluxes  and  associated  wave  activity  in  the 
radiafion  belts  have  been  extensively  .studied  over  the  years 
ifitiphes  and  Southwood.  1976;  Rettcrer  et  o/..  I9K5;  Tktd^ 
cevic  et  at..  1984;  tnan,  1987;  Srhttlz  and  Oavid.sttn,  I9KH| 
and  provides  a  possible  explanation  for  the  presence  of  the 
electron  slot  around  L  =  3. 4  shells  (Lvon.t  and  Vumw,  1973; 
Lyons  and  WdUams,  I9H3|-  In  addilion.  pilch  angle  scalier* 
ing  of  nng  current  inns  by  inn  cyclotrnn  waves,  with  a 
frequency  in  the  range  between  0. 1  and  0.7  times  the  proton 
gyrofrcqucncy.  ;uc  believed  to  play  a  significant  role  in  the 
plasma  pause  region  \Kozyra  et  at..  1984;  kmhof  et  td..  1986; 
(iendrirt.  I96H|. 

The  amplification  of  the  electron  (prolonl  cyclotron  waves 
mainly  occurs  near  the  equatorial  region  where  the  resonant 
wave  p;uticlc  interactions  are  more  clJicieni.  As  waves 
travel  ;dong  the  flux  tube  and  enter  the  ionosphere  they  are 
partially  reflected  buck  into  the  flux  lube  and  parlially 
transmuted  toward  the  ground.  An  imporianl  concept  devel¬ 
oped  by  Bespalov  and  TrokhtcnKcrts  |l9Hn|  and  Trokht- 
ennerts  (1983)  considers  the  magnetosphere  as  a  gigantic 
maser  where  whistler  and  Alfvtfn  waves  arc  crapped  between 
the  ionospheric  mirror  and  grow  in  amplitude  as  they  cross 
back  and  forth  across  the  equatorial  region.  The  maser  will 
result  if  the  palh'inlegraicd  growth  rate  of  the  intcnstly  ot  the 
wave  packet  c.xcccds  Ihe  absolute  value  of  lire  logarithm  ol 
lire  internal  reflection  coclficrenl  at  the  magnetosphcic- 
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iiMiosphviC  iiilctiacc.  Ilicy  Jciivc  a  sc(  ol  cquatioii>.  bascil 
on  qii.iM  linear  theory  which  gives  the  evolution  in  lime  ul 
the  iiappeil  pailicles  in  the  Ilux  lube,  and  the  energy  density 
1)1  waves.  1|  is  assumed  that  ijuusi'linear  diHusion  oecuis 
over  time  scales  which  arc  longer  than  the  puriicle  bounce 
tune  between  coiijuguie  hemispheres  and  the  lime  waves 
lake  to  travel  Iroin  one  ionospheric  mirror  to  its  conjugate. 
I  hc  lay  eipiations  were  also  introduced  in  a  phenomenolog¬ 
ical  maniief  hy  St  hitiz  ( l^•)7'l)'.  the  lime-dependent  pitch  angle 
anisotropies  were  also  modeled  as  to  include  the  strong  pitch 
angle  dulusion  case.  However,  the  coupling  cocilieients  lor 
the  lay  e(|u:iiions  are  not  given  in  Schul/.'  phenomenological 
desciipiion 

Our  paper  is  a  detailed  review  of  the  theory  developed  by 
ilespalov.  I'lakhiengerts  and  their  collaborators  {Hvxpuiov 
t  i  ul.,  198.1;  O*iptntov'(irckho\-  ef  al  ,  1981;  TruUttenfifrt.i. 
|9K  t|  on  the  electron  cyclotron  wave  instability.  In  addition, 
we  extend  this  theory  to  the  interaction  of  Ailven  waves  with 
ions.  The  main  contribution  is  to  calculate  the  coupling 
coclhciciits  for  the  ray  equations  describing  the  temporal 
cvolniion  of  the  cyclotron  msiability.  riiesc  aie  obtained 
wiiliin  the  framework  of  quasi-linear  interaction  of  waves 
and  particles.  Tor  simplicity,  we  assume  that  the  waves  are 
ducted  in  (he  magnetosphere  between  the  ionosphere  and 
the  cqnaloiial  plane.  We  also  giv-  a  detailed  account  of  the 
ipialitalive  values  of  (he  ionospheric  retlection  coellicicnts 
U»r  both  whistler  and  Alfven  waves.  The  role  that  an  actively 
excited  ionosphere  may  play  modifying  ihe  wave  retlection 
cocllicicnis  and  hence  the  maser  elHciciicy  within  the  radia- 
lion  belts  is  also  discussed. 

rite  papci  is  orgaiii^ccd  as  follows.  .Sections  2  and  )  contain 
(he  basis  ol  jcsonani  iiucraciions  between  waves  and  parti¬ 
cles  ami  .1  description  of  the  evolution  in  time  of  the  particle 
disinbiuion  functions  based  on  local,  quasi-linear  theory 
1969;  Uchulz  ond  LanZiroui,  19741.  We  assume 
(hat  the  dielectric  properties  of  wave  propagation  are  given 
by  a  cold  background  of  either  electrons  (for  whisilersl.  or 
pioions  (for  .Mfven  wuvesl.  *'  he  hot  populuiUm  of  plasma 
p.iiiiclcs  (e  g  .  larger  than  40  keV  for  the  electrons  and  100 
keV  lor  (he  ions),  is  represented  by  the  particle  source  Mii. 
.imi  they  interact  with  the  electromagnetic  waves  near  the 
eiiuatoiial  regions.  The  equatorial  sources  of  particles  in  a 
gisen  llii.x  tube  arc  due  to  gradient -curvature  drifting  on  the 
same  magiieltc  shell  and  inward  radial  diHusion  (hat  Con¬ 
serves  the  lii  St  two  adiabatic  invariants,  riu*  latter  is  greatly 
enhanced  during  magnetic  suhslorms.  Uecattsc  of  resonant 
thllusion.  (he  number  of  trapped  thermal  particles  in  (he  lUix 
uihe  changes  in  time,  and  their  distribution  functions  arc 
siudicd  III  section  1.  We  consider  cases  In  which  (he  pitch 
.ingle  disiribuiioii  function  does  not  change  in  time,  and  also 
\shcn  it  clianges  over  time  scales  longer  than  (he  l>o(iiicc  tune 
and  the  group  Kmc  delay  of  the  wave,  fhe  pitch  angle 
disiribiiiion  lunciions  are  eigenfunctions  of  (he  dill'usion 
operator,  and  they  are  given  in  Appendi.x  U  In  section  4  vve 
piescni  the  growth  rates  for  the  whistler  and  Allvcn  iiisia- 
hiliiics.  due  to  the  resonant  excitation  hy  the  thermal  paid- 
\.les.  We  .tssiiiiic  that  the  main  spatial  inhomogenciiy  that 
waves  encounter  as  (hey  move  near  the  equator  is  due  lu  ihc 
spall. il  vaiiation  of  Ihe  gcornagiieiic  field.  After  intcgiatnig 
along  (he  llu.x  rube  (i.e..  along  the  magnetic  held  variainins). 
we  obtain  (he  spatial  ainpliheaiion  factor  as  a  function  >1  the 
number  of  lesonanl  particles  m  the  magnetic  trap.  We  arrive 
.it  .1  set  of  coupled  dillcrenlial  equations  describing  the 


evolution  in  time  of  (he  niimbei  o<  p.n  deles  in  (he  Ilux  (ube, 
and  (he  eneigy  density  of  waves,  liiesc  equations  are  v.ihd 
over  (line  scales  longer  than  the  bounce  time  ol  the  p.iilicles 
and  Ihe  group  lime  dch  *'  ol  the  waves  and  do  not  comprise 
the  possibihiy  of  particles  drifting  away  from  the  waves 
ducts.  Ihe  ray  equations  are  discussed  in  section  5.  I  lie 
equilibnum  solutions  for  whistlers  and  Alfven  waves  are 
given  heie.  The  nonlinear  stability  equation  is  also  given  in 
section  3.  Section  6.  and  Appendix  C  contain  a  description 
on  how  a  time-dependent,  pitch  angle  anisotropy  alfecis  the 
ray  equations  and  their  equilibrium  solutions.  In  section  7  we 
study  the  rcllection  of  the  waves  at  tb>‘  foot  of  the  Ilux  tube 
for  both  witisllers  {Hflliwell,  196Sj,  and  Allvcn  waves.  We 
discuss  the  dependences  of  Ihe  rcllection  coellicicnts  on  (he 
wavelength,  size  of  the  iono'  pherc,  and  Ihe  length  of  (he 
density  mhoinogcncity.  In  sjctton  7  we  also  consider  the 
eifects  (hat  an  actively  excited  ionosphere  may  have  in  the 
stability  of  the  equilibrium  solutions,  'fhe  ionospheric  rellec- 
(ion  coeilicient  may  be  changed  in  (wo  diil'erent  ways  First, 
by  Using  high-power  microwave  iransmilters.  the  dielectric 
pfopcities  of  the  ionosphere  may  be  changed  by  creating  a 
high  population  of  thermal  electrons.  I'his  modifies  (he 
rcllection  coetHcients.  and  hence  the  condition  for  stability 
of  the  cyclotron  wave  modes.  We  also  consider  the  ellect  on 
(he  height-integrated  conductivity  due  to  the  tilling  of  ihe 
loss  cone  and  consequently,  a  large  particle  precipitation  due 
to  (he  maser  instability.  The  conductivity  is  (hen  modulated 
at  VLI- or  FLF  frequencies  which  modulates  the  relleciioii 
of  waves  that  cause  pitch  angle  ddlusion  in  fhe  etiuatorial 
plane  and  (ho  giowth  of  the  waves  themselves  I  his  pitiblem 
has  been  studied  picviously  by  Duvulstm  om!  i'Uut  |l‘786| 
Mere  we  give  u  derivation  of  the  siabilny  equaium  Matting 
fioni  qtiasi-lincar  theory  and  incorpoiatmg  the  nonlinear 
feedback  of  Ihe  particle  precipitation.  I  his  causes  a  third 
miHic  to  appear  which  was  not  piesent  m  ihe  stability 
analysis  ofa  natural  unperturbed  ionosphere.  The  conJiiiuiis 
under  which  Ihis  mode  becomes  unsta'  c  are  given.  Section 
9  contains  a  summary  and  conclusions. 

2.  RtsoNANT  Wave-Part  ici  i;  iNtnovcnoN 

A  panicle  of  mass  m.  charge  </  and  velocity  v.  moving 
along  the  dipoie  held  lines  of  the  Farth's  geomagnetic  held, 
bounces  from  mirror  point  to  ns  opposite  hemisphere  con¬ 
jugate  m  a  time  given  by  \St  hulz  unil  ittitzcroiii,  1974| 

u:  Jz  2nn  f- 

-  - - (1  -  o,23V/"» 

-u:  ^ 

where  the  coordinate  :  represents  the  distance  along  the 
m.ignetic  held  line.  I,„  is  the  length  the  pailicle  travels  along 
the  field  line,  and  o  is  a  constant  which  we  shall  deline  later 
on.  Ihc  panicle's  velocity  along  the  magnetic  held  (:  direc¬ 
tion).  IS  i*.  «  .  where  il  ~  qlUmv  is  the 

cyclotiun  frequency,  and  p  =  sin’  9/ .  Here  Ot  is  the 
particle's  pilch  angle  at  :  =  0.  i.e.,  the  angle  between  the 
pafiicic  velocity  vector  and  the  geomagnetic  licid  ji  the 
equator  We  note  that  the  bounce  pciiud  is  quite  iiisensilive 
to  V.. nations  in  the  equatunal  pitch  .ingles.  I  bus  we  will 
approximate  r,,  hy  2rrn/i  in  Ihe  calculations  that  loDows 

For  the  sake  ol  analytical  simplicity,  we  assume  that  ne.«r 
the  cipiatonal  region  ■  .  may  approximate  the  F.oih's  mag¬ 
netic  held  by  the  parabolic  prohic 
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where  ihc  imlcx  1.  xiamls  for  ihc  vahics  M  ihc  central  cross 
section  i)f  the  lhi\  lube.  If  we  define  »/»  as  the  ^comagnenc 
laiiiiulo  m  radian  units,  and  by  expanding  (he  dipole  inag- 
nelic  lielil  in  powers  of  we  find  that  c  ■»  Ril.iit  and  n  = 
Mere  is  the  Tarth’s  radius  anti  t(f*  niea- 
Miies  the  dislanee  of  the  center  cross  section  of  the  magnetic 
trap  (lom  the  center  of  Ihc  f!arth  VVe  show  that  (2)  is  a  gootl 
appiosiinalion  lo  the  geomagnetic  Iteid  lines  for  laliimics 
smaller  than  e.  20’ 

DoeJed  whistlers  .ind  Alfvcn  waves  arc  such  that  their 
uavc  vector  k  is  aligned  along  the  geomagnetic  field  I'or 
these  waves  the  particle  motion  resonates  at  the  first  cyclo¬ 
tron  Itarmonie  if  there  is  a  sulficient  mimher  of  electrons  or 
protons  which  sniisly  the  resonant  condition 

w  -  kr.  •-  11  =  n  (1) 

vs  here  «.j  is  the  wave  frequency  I  hc  electromagnetic  wave  is 
assumed  lo  he  ctreuinriy  poiarued.  with  the  electric  and 
magnetic  fields  perpendicular  to  each  other  and  both  perpen¬ 
dicular  to  k.  t  he  refractive  index  is  represented  by  v  ami  il 
is  given  bv  ibe  dispersion  relation  for  cither  the  whistler  or 
the  Allven  waves  (sec  section  -t)  Equation  (})  defines  a 
mapping  between  values  of  the  cyclotron  frequency  (1  along 
the  geomagnetic  trap,  and  the  resonant  equatorial  pitch 
angles  /i-  b’f  uivcn  values  ni  k  and  u.  i  c  .  tf!  4^  wlUi*  =*  <  I  - 
pll'Il/)’’,  The  range  of  rcs<»nant  oqtiaional  pilch  angles. 

1  c  ,  those  that  s.itisfy  (3);  s  is  such  that  /t,  is 

given  by  the  pitch  angle  at  the  boundary  of  the  loss  cone  ami 
H  »,  IS  defined  in  terms  of  the  equatorial  cyclotron  frequency 
Ihc  nrsnii.int  gvfolrequcncfcs  arc  stich  that  fl^  fj  '  ll</. 
Ilcie  Uf  IS  the  equatorial  gyfolre(|ucncy.  and  lUf  is  the 
maximum  value  of  11  which  satisfies  ()l.  I  he  Irequencics  U, . 
and  Uif.  ate  lesonanl  with  the  vahics  of  the  cquatoiial  pitch 
angles  corrcsptuuling  10  p,,.  and  p, .  respectively  (see 
f  igure  II  I  hat  is.  the  smallest  value  of  11  resonates  with  the 
large*  t  piissddc  value  of  p,  and  vice  versa  In  fad,  for  u» 

11/  vve  have 

=  -  M,n«/(i,i''=  (4) 

«(,  =  Ini  -  mJ''^  (-') 

We  m.iv  also  write  that  n,|/ll,  =  I  •»  (9/2 where  • 

M  (s  Ihc  maximum  gcomagneltc  lalilude  for  which  resonant 
wave  particle  interaction  lakes  place.  We  find  that  *//..,  is 
related  lo  the  ctpialonal  range  of  resonant  pitch  angles  by  the 
equation 

•h,„=  I'-) 

We  also  find  lh.it  h»r  given  values  of  the  particle's  energy  and 
wave  vector,  is  obtained  from 

-  ~  (ir/11,  -  II'-  (71 

I  hen  bv  e()uaiMig  ((>1  and  (7|.  we  also  liiul  that  tit  tcims  of  the 
piitKie  velocity  ami  wave  vector,  (he  eqii.ito  .d  lange  of 
reson.ml  pitch  .iiigles  is 

■  ;i„  -  p, )  •  2tii/ll/  -  i)  (H) 


Vz 


Fig.  I  The  F.arth's  (tipolc  magnetic  field  .nij  die  paiaimtic 
profile  arc  qii.ililalively  ilcpielcd  licrc  1  he  gyriirrc(|iicneics  (1/  .  (!»# 
c(»rrcspo(u(  (o  die  cquatori.if  and  the  maximum  revon.irit  geom.jg- 
ncUc  lichls.  rcspetlively.  The  angle  is  Ihc  Mtaxinimn  gcomag 
ncuc  l.ititudc  (or  which  resonant  wavc-pariiclc  inicraciion  t.ikcs 
place  The  vcl»»ciucs  •■..  i*  j  .  represent  the  pcrpemhciilnr  .ind  parallel 
components  of  ihc  resomint  pariitTe’s  vclncuy  as  given  m  ihc 
eqnalorial  cross  section  indie.ilctl  by  ihc  index  {.)  The  eqtiaii>M:il 
pilch  angle  is  denoleO  by  h,  .  ,tnd  n  =  sin‘  Of  The  values  p ,  .  p  . 
•ifC  cv.iluaicd  (or  pitch  angles  .xi  the  cqiiaional  loss  cone  .xnd  lor  the 
m.ixmmn)  v.xliic  ol  Of  whith  satisfied  Ihc  reson.nil  condition, 
fcspetlivelv 

lly  rcalt/ing  that  Ihc  argument  of  the  square  root  in  (7)  has  lo 
be  larger  than  zero,  we  obtain  that  (he  wave  frequency  must 
be  such  (hat 

.o  r  I 

11,  !■  TJ 

3.  DisiRiHunoN  FitNCiinN  tu  Ki  sonani  Pakiu  i  i  s 

The  cold  paiticlc  population  gives  the  dielectric  properties 
of  wave  propagation  tn  the  m.ignelosphere;  ihetr  Maxwellian 
disinbiiifon  function  is  isotropic  in  pitch  angle  The  total 
distribution  function  for  the  energetic  particles  is  an  misO' 
tropic  Maxwellian  I'or  a  stable  plasma,  it  is  a  liindion  of 
and  r  and  independent  of  Ihc  disi  mcc  ;  along  the  (lux  lube 
for  '  Ibe  energetic  pailicle  dislnbiilion  function  is 

made  up  o|  iwt>  parts;  those  particles  wliich  aic  resonant 
with  the  waves  ami  those  which  are  not.  (n  this  paper  f 
represents  only  the  resonant  portion  of  ihe  distribution 
fimclion 

(’be  evdotfon  instafulity  can  rnodriy  ihe  ilisinbulioo  lunc 
turn  ol  Ihc  resonant  pai deles  tn  such  a  wav  lliat  it  mav 
fiecoMie  dependent  on  the  disianee  .'  along  die  lliix  liihe 
Houfvt*/,  (or  (he  cases  of  we.ik  and  modci.ite  dillusion  we 
.isMiine  ihal  f  tines  not  vicpcml  on  ,*  between  the  miiioi 
points  !  .*  I  '  f.„;2  Im  Ihe  weak  thlliision  case  ihc  aiusoimpy 
m  pilch  .nude  iv  imlependcnt  on  lime,  aiul  we  mav  wriie 
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y  a_ - j /V(/)2(^)  exp  (-v/i*.;)  (*J| 

where  /(/i)  is  the  lowest  order  eigenfunction  of  the  diOusiun 
operator  which  is  dehned  in  Appendix  B,  and  u  =  1/^^  is  the 
mirror  ratio.  The  number  of  resonant  particles  in  the  Ilux 
tube  (particles  per  square  centimeter)  for  given  values  of  ^ 
and  V  is  denoted  by  Nit).  Here  Nil)  depends  on  time  over 
limes  scales  such  that  /  »  and  t  :.i*  where  7^.  the 
panicle's  bounce  time,  is  detined  in  (I).  The  tune  that  the 
wave  spends  traveling  between  one  conjugate  hemisphere 
and  the  other  is  represented  by  r^. 

In  the  moderate  diltusion  case  the  panicle  anisotropy 
depends  on  time,  but  /  is  given  for  all  values  of  z  by  the 
equatorial  distribution  iunction.  Thus  we  have 

/-  i;V  .  I  S  I  expC-t-V!)  <l<» 

”  ■"•'o  \i  -  I  / 

whetc  /,(p)  are  the  eigenfunctions  of  the  diil'usion  operator. 
The  eigenvalues  are  represented  by  pf,  with  f  -  1.2.*'. 
.iiid  the  summation  extends  to  all  possible  eigenvalues.  The 
total  number  of  resonant  particles  in  the  flux  lube  due  to  the 
coninhuiion  of  all  possible  eigenvalues  is 

/V(/)  =  A/,(()  +  z  (II) 

<.(  f  I  Pt 

where  /V|  corresponds  to  (he  lowest  order  eigenvalue  which 
we  denote  by  p},  and  Nf  corresponds  to  a  higher  order 
eigenvalue  pf.  In  the  limn  pf  pf,  we  find  that  N  N^, 
which  is  the  value  of  N  in  the  weak  dilfusion  case.  The 
strong  dilVusiun  case  (i.e.,  when /depends  on  z)  will  not  be 
treated  in  (his  article. 

The  evolution  in  lime  of  the  plasma  particle  distribution 
(unction  in  the  presence  of  u  specified  distribution  of  w.aves 
IS  described  by  quasi-lincar  theory  {I.yons  and  Williams. 

m}\ 


where  is  the  perpendicular  (to  ID  component  of  the 
panicle's  velocity,  and  17  -  lUut.  the  rcfiacttve  index,  is 
such  (hat  t}  »  cVi'..  I  he  energy  density  of  waves  is  W^  - 
/If/lhTT',  where  is  the  wave  magnetic  field.  Since  ?|* 

I.  we  need  consider  only  pitch  angle  dilfusion  and  neglect 
■  hiliisioii  III  energy,  the  opcialur  t*)  is  now  given  by 


where  is  the  plasma  Irequcncy  evaluated  lor  the  cold 
background  of  plasma  particles  of  density  n.  We  assume  (hat 
n  'i>  Nil,  whcic  I  is  the  length  of  the  Ilux  lube.  We  now 
integrate  (14)  along  (he  Ilux  tube  by  applying  the  operator 
to  both  left-  and  right-hand  sides  of  (141. 
We  assume  that  the  only  spatial  inhumugcncities  are  due  to 
(he  magnetic  field  variations,  we  also  assume  that }  dues  not 
depend  on  z  and  is  given  by  (9)  or  (10).  By  using  the 
parabolic  profile  in  (2)  we  may  write 

tIJ  Airautpi^i  r » dk  rii*,  dll 
at  rgv'mm  ’  /  P  (IWl,  -  !)''= 

a  /n  M  «l/\ 

‘  —  I - 6(  — w  +  Xi».  -  0)  —  I  (15) 

\lit  (I  -  ‘ 


I'o  integrate  this  equation  along  the  Dux  tube  we  make  use  of 
the  delta  function:  for  more  details  sec  Appendix  A.  After 
some  tedious  algebra  we  arrive  at  the  equations  |y/uX/i/- 
fti/zt-ris,  1984) 


0/  Tg  tip  ^  Jfi  j 

dk 

p  tkdk. 


41TIIHO  (I  ! 

=  — — r 

V  mnf  J 


(16) 


(17) 


C-  1 

/  /2I 

g,,  =  2  __ 

o 

(2p,C-l,-(- 

- 

(18) 

Here  io  =  Ot/IUI  -  and  C  =  (I  +  (2I)t/ti.M)-|’'^ 

The  wave  veclur  i  should  be  evaluated  al  the  magnetic 
equator.  From  (5),  we  see  that  lUJki’n  2  2(1  - 
Thus  for  8i  s  45'.  we  may  assume  that  2fli/ti'^  »  / 
Fqualiun  (18)  now  becomes 


kviil, 


(19) 


l.ei  us  now  consider  a  narrow  spectrum  of  waves  centered 
artrund  a  certain  value  of  i.  and  lire  deliniliuns 


2nll; 

DIM 


and 


rrtr  i 


.'/,/r 


(20) 


(21) 


(1|  V  I  V.  i) 
11  i’’  i)m 

Upun  substituling  (13)  into  (12).  we  find 


,>/  r. 

'll 


,1 

Mil  -  mH/II/)''-  — 
dM 


/ii 

\ll,  n'  (I  -  MlhH,)''= 


(1) 


(13) 


(..'ombining  (lb)  to  (21 )  and  (I).  we  lind 


Of 

iff 


I  ^  f  d/  \ 
(  J(  \Hi/l),  -  ii"-  ,l() 


r  JH,  {) 


(22) 


wirerc  {  =  p'*'  =  sin  0^ .  and  d  is  a  paiticle  source  which  may 
depend  on  r  and 

In  the  weak  diRusiun  case  we  have  (hat  til.  0  ~  zV(r)Z(0> 
(14)  assume  th.il  Jit,  O  -  Ji/)/.i4)  Ihc  eigcnfuncimn 

/(f)  sattslics 
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where  p  is  the  lowest  order  eigenvalue  of  the  dilTiisiun 
opcraior.  .iiid  (he  range  of  resonant  pilch  angles  is  now  given 
t’y  '  f  -  (m-  also  have 


Here  y  is  given  hy  CH)  and  r  =  -  2  In  II.  where  tt  is  die 
reneclion  eoellieieiil  at  liolli  ends  of  die  (Ins  liilie  |i  e.,  die 
ionosphcnc  rellecliim  coefficienll.  I)y  assiiniirig  dial  IV, 
depends  weakly  on  i.  and  by  applying  ihe  opeialm 
HT,/!a/s(Jryii,)  to  both  left-  and  right-hand  sides  of  (51).  sve 
find 


(^(()  d(  = 


2v 

-  (r) 


(24) 


Jivi  r  r 

— -  =  -'V, --tv,  (32) 

</r  r,  r. 


(25) 


For  more  ticiails  on  the  function  see  Appendix  B.  By 
usinf*  (23)  we  m.iy  rewrite  (22)  as 


--  =  -/>-(2(p,  -  p,))''’YW,N  r  7(0  (26) 

<// 

We  imic  lh:»l  (2h)  can  he  applied  to  either  (ho  interaction  of 
whistlcis  with  electrons  or  Alfvon  waves  with  ions  provided 
that  the  iiyrorrcqiicncios  in  t20)  arc  evaluated  for  the  rcso* 
nant  particles,  i  c  .  electrons  lor  whistlers  and  ions  for 
Allven  waves. 


4.1.  W/mtier  W/nei 

The  dtsper<Jion  relation  is  tj  =  and  (he  normal¬ 

ized  utroup  velocity  is  r/r  =  2/rj,  where  the  plasma  .ind 
cyclotron  frequencies  arc  evaluated  for  cold  electrons.  Com- 
binin}i(28)  and  (29)  tot;cthcr  with  the  equations  in  Appemlix 
A.  we  find  l/?i'tpn/ov  et  of..  I983| 


(i'm)-  *V 

|2,i((;  -  I)  -  Cl), /tie’)'  ’  '1(1 


(11) 


4  WAVf;  (iariwtll  Rafts 


I  ho  lioc.ir  wave  growlh  rales  for  resonani  wave-parlitlc 
inleraction  is  given  hy  (f.yiini  mid  Willimii.t,  19H3I 


dr 


f'  /-w  (1\  I  . 

‘  J  -I 


(27) 


where  <■>  is  dehned  in  (13).  (ly  using  (he  conslancy  of  the 
pariicte's  magnedc  moment  we  may  write  127)  at 


T 

III 


n'/n,. 

(I  -  »in/n,)''i 


I  .»/ 

— ;  5(-0(  +  fl'.  -  (I)  —  (2(0 

T  ‘  ()fi. 


The  spatial  amplification  factor  is  given  by  integrating  along 
Ihe  held  line 


r* 


<29) 


litre  t\,  IS  the  wave  group  velocity,  and  /  is  the  total  icnctli 
ci(  ((if  (me.  (It'  .<ss(/m/nc*  /(»;#(  (he  only  spjiral  mhomo- 
genciiy  is  in  the  gcomagncitc  Held  and  by  using  (he  p.irabolic 
prolile  in  (2)  we  may  write 


rn«( 

'-I, 


y  ./n 


mi,  -  ^  ih 


(30) 


The  evolution  in  time  of  the  encigy  dcnsiry  of  waves  Wj  is 
given  hy 


(31) 


where  nt,  IS  the  electron  mass.  Under  the  limrl  2n^/A»7i 
I.  (33)  becomes 


4n-'Am.n  /"»  Tm-  'V 

- ; —  I  i/i'  I  lifL  - - ^  - — 

Jo  J„, 


do 


I.et  US  now  consider  Ihe  dcfinilinn  in  (21)  and  ihal  f  = 
N(i)ZI()  with  (  =  We  may  now  rewrite  (34)  as 


(• 

—  =  A.ig(ai)A/(() 

I'r 


.Ir  = 


yitw) 


/: 


d^ 


Hiin,.  -  I -  d( 


(35) 

(36) 


(37) 


where  ir  -  t/(i, ,  can  be  expressed  in  terms  of  the  1.  shell 
value  as  ir  =  /.'(■(  -  VI,)”'.  Hqiialiim  (37)  can  be  inlegratcd 
.xppruxiiiiatcty  by  assiiiiimg  Dial  f,.  is  very  close  lo  (,  (see 
Appendix  0  for  details)  We  find 


I  r 

-  =  i,(2fp.,-(r,)|''l  — iV(r)  (3)0 

rrri 


4.2.  Affvett  Wuver 

The  dispersion  relation  is  q  -=  and  the  group  velocity 
IS  =  I/t|.  where  the  plasm.a  frequency.  <,#^.  is  evaluated 
at  the  phisma  density  n  »>r  the  ambient  ions  te  g  .  cold 
pfotniis).  wlueh  support  the  Alfven  waves,  and  I)  in  ihcir 
gyioliequciicy  Ihe  spatial  ainplilicalioii  hitloi  I  heconies 
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(O'  -  D’ 


(v-mI' 


a  [2fL{G-  I)  -(2(l,./t.)-)''=  Om 
Ululcr  ihc  liinii  2ll,  lkiiit  »  I  we  obliiin 

2n'k^uu„  C *  fi‘-  "V  '>i 


(■  -  ■ 


In-k  uu.  f  *  fn. 

- r—  Jx 

""•'iV  Jtt  J^. 


J^L 


(kiHl,  -  1)'" 


(3*J) 


(40) 


Ky  WDiiMilcring  llic  ileliiiiliun  ol'F  given  in  (21)  anti  the  weak 
iliiruvM>n  cave  (vvliere  J  it  given  by  (9))  we  ubiaiii 


(■ 


—  *  A,^(ai)A/(l) 

(41) 

■»  1  ? 

If  1T(Hii„U} 

(42) 

mtif  il| 

iluhsiituting  for  ^u),  we  finally  obtain  for 
Alfven  waves 

the  growth  of 

r  y 

-  =  .1,12(m„-m,)1''-  — /V«) 

(43) 

r,  nil 


where  we  tleliiie  7,  =  7A, (i;/n(i)r'12(/i,^  -  iiy 

sulvingior  (48)  we  obtain  dial  I  ~  -  r  ‘  lift'  -  f’)''’,  wheie 

j, 

V  =  —  (49) 

2r 

n  =  J',‘-  (50) 

Because  v.  p  >  0,  we  see  (hat  the  cquilibriuni  soluiionv  m 
(46)  atiil  (47),  are  always  stable. 

As  an  application  we  consider  the  interaction  of  4U-keV 
electrons  with  a  whistler  wave  with  a  irei|ucncy  of  I  kll/  .mJ 
setth  a  refiuctive  index  of  3U.  I  hc  iiiieraciion  occurs  at  L  - 
4  $.  Thus  the  mirror  ratio  </is  equal  to  1.6  x  10*.  the  square 
of  the  equatorial  magnetic  held  is /j/'  -  1.16  x  10  ^  gaussian 
units,  the  length  of  (he  Ilux  lube.  I.  is  appioximaiely  of  the 
order  of  HI  times  (he  Earth's  radii,  and  r^.  of  the  order  of  a 
lew  seconds.  The  equatorial  gyroiiequency  is  0/  ~  lUkll:r. 
and  IS  about  12''.  The  range  ol  resoiuiiils  pilch  angles  as 
obtained  fiom  (8),  is  4U‘'.  We  have  estimated  that  f2(M,,  - 
0.9.  The  coupling  coellicieiu  for  the  wave  growth 
rale  (see  (35)  and  (36»  is  =-  IU“'“cm‘s"'.  Eor  a 

particle  source.  J  -  10^  to  lU**  pariielcs/(cni*  s).  and  by 
taking  R  -  0.8.  we  find  that  v  and  their  values  range 
between  10"^  to  10“^  s‘‘  t*. 

5-2.  Aljveit 


5.  Rav  Eouations 
5.1.  WhistUr  Wmrv 


rhe  evolution  in  time  of  the  energy  density  of  Allven 
waves  and  the  number  of  resonant  ions  in  the  llu.x  tube  are 
given  by  the  equations 


I  he  equations  describing  the  parametric  coupling  between 
(he  energy  density  of  waves  and  (he  number  of  particles 
in  (he  Ilux  tube  are 

—  =  .i.(2(,i„-)..)r'*  — MV,-- IVt  (44) 
Jl  nil  T, 

•IN 

—  =  -/|■Y12(M„  -  t  7«)  (45) 

til 

wheie  Y  and  S,  ate  given  by  (20)  and  (.^6).  andp  is  the  lowest 
til  del  eigenvalue  of  (he  dilliisiiin  o|H;iator  (sec  Appendix  H) 
Note  (hat  the  ginwth  of  (he  tnslabiliiy  is  pioiHirtiunal  to  the 
i.itige  of  resutiaiil  inleractitMi.  i  e  .  -  m,)**'.  wheie 

-  >4,  is  defined  as  a  liinction  ul  A.  v.  and  (l| ,  by  (8). 
Let  us  now  assume  (hat  the  system  is  in  equilibrium,  l  e.. 

=  0.  We  lind  that  ^  W„  and  N  ^  A^„. 

where 

JCi,hitin)T 

tV'  *  - ; -  (46) 

i/rY 

/V.,  = - - I2(»i,„  -  (47) 

t-or  sinall  deviation  from  eqiiilibniim  we  may  write  N  - 
*■  6N  exp  (^T)  and  W^  -  W„  f  fiW  exp  (i{r),  where  r  ~ 
dr^.  Upon  substituting  these  expressions  into  (44)  and  t4.<) 
and  keeping  only  Itrsl'ordcr  eorrcctions.  we  find 

,  jr 

f  *  +  (f  r)  -  -  0  (48) 


dWi  i;  .  ,  r 

=  a,  —  |2)m.,  -  a,)r'-/v'»'.  -  -  15" 

(it  tin  fg 

UN 

--= -p:Y(2(M„-)i.))''')V,N  +  7  (52) 

dt 

where  Y  and  A,  are  given  in  (20)  and  (42).  p'  is  the  lowest 
order  eigenvalue  of  (23),  and  p,  ate  defined  by  (8).  as  a 
function  of  A.  y,  and  U|.. 

The  equilibrium  soliitfon  to  the  system  ol  (51)  .ind  (52)  is 
Wi  -  W„  and  N  =  (V„.  where 


7A,(i6in)rj, 


\V„  =  — ^ - ; - - 

t5M 

rp  Y 

.V,.  = 

-  ''—;[2(,x„,-p, ))-''• 

1541 

TjpA,(i/nTr) 

Tor  small  deviations  from  eqiiilibiiiim  (l  e..  N  - 

N„  r  n.V 

cxp((T)  ;mJ  IV,  = 

W„  f  cxp(<T).  where  t 

^  r/T^.J,  we 

also  liiid  (  -  -y  t  i(p’  --  r')*'\  Here 


and/,  =  yA,(i'/irei)Tjj(2(p,„  “  p,)|''* 

We  consider  the  inicraciion  ol  200  keV  protons  wiili 
AMven  waves  at  L  =  4  .5  I  lie  wave  rieqiicney  is  l.iken  ei|U.il 
to  I  Hz  and  the  refractive  mdex  u  ~  I  bus  the  pl.isin.) 
Iteqiicney  is  10  II/.  the  cycloiion  tiequency  is  ^  45  II/.  the 
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maximiim  pcomngnciic  latitude  is  about  Itr,  the  range  of 
resonant  pitch  angles  is  3^",  and  ~  is  0.8.  The 

group  tune  delay  for  Alfven  waves  may  be  of  the  order  of 
minutes.  We  lind  lhal  the  growth  rale  is  proportional  to  the 
coiipliiu!  cocthclcnt  A,(i'/yrn|  0.5  ^  10  ’  cm*  s  *.  By 
asstimme  that  J  -  10 ’  to  10**  pariiclcs/lcm*  s)  and  that  /?  = 
0.8.  we  show  that  i*  =»  and  their  values  range  between 
in''*  to  10  ' .s  •  r;. 


5  ).  .Shihiiiiy  /■‘qiuitu>n 


I.et  us  now  (Iclinc 


=  <5«) 

where  »i  "  »*.  i  depending  on  whether  we  arc  studying  either 
(441.  (4S>  or  (51).  (52).  In  terms  of  normalized  quantities,  the 
ray  equations  hecomc 

JN 

—  =-NW^l■J„  (591 


where  the  siimmiiliim  is  oiemlcil  In  :ill  psissihic  ci(:cnv;iliics 
and  (he  cigcnliincliiins  /,(()  salisly  (21)  hy  scllint:  p  ^  ;>, 
The  eigenvalues  and  eigenfuneliuns  are  given  in  Appendix 
8 

The  cvoliilinn  in  lime  of  Ihe  fiinclions  N,(l)  and  Ihc  energy 
density  of  waves  tV,  are  given  by  Ihe  system  of  cipi.iiions 

iINt 

— -p;Y(2(,..,  -  P,)l''’WflV,  I-  J,(,)  ((,61 


|2(p.,  -  P.)1''=VV'4  S  N, 


where  o  =  e.  I  depending  on  whether  we  are  considering  Ihc 
growth  of  whistler  lc»)  or  Alfvdn  (i)  waves.  By  assuming  lhal 
Pf  Pi  for  .all  (  ^  I  .and  keeping  lowest  order  terms  in  the 
ratio  ipi/pf)^ .  we  may  approximately  cast  the  system  (hb) 
.and  (67)  mlo  the  set  of  two  coupled  equations  (see  Appendix 
C) 


- -  MVj  -  rW^  (60) 

tlT 

1  he  equilihriuni  solutions  can  miw  he  written  as  N„  «  r  and 

W.  •  7,,-V 

We  can  fudher  reduce  (59)  and  (60)  to  a  single  nonlinear 
equation  hy  dclining 

.  </«* 

—  vr  (61) 

dr 

Wj  ®  W„  exp  (<^)  (62) 

we  may  write  (/rni/itengertt.  I984| 
d'*h  i/ffr 

— ,  2i'  c.xp  ((^)  —  f  p*  (exp  (ifr)  -  I)  *  0  (63) 

dr'  dr 

We  note  lhal  as  t  — •  »,  /V  .and  tV  tend  to  the  equilibrium 
solutions  \V„  and  N„.  and  then  we  must  have  that  «/)  0. 

In  Ihc  linear  approximation  Ihc  deviation  from  equilibrium 
is  small.  I  e. .  we  may  assume  (hat  4)  I,  (63)  now  becomes 

— -T  2*'  —  p*«6  -  0  (M) 

dr'  dr 

The  solutions  to  Hus  equation  arc  exp  (<r)  where  (  -  -i*  t 
dp*  •  rind  which  for  p  »  v  yields  the  oscillations 

around  eqitilihrium  given  in  (17),  (50)  and  (55).  (56). 


—  =  p.)]''-w,N  ry, 

ut 


./IV'.  / 

i/r  \  lilt 


i2(p.,-p,ir'-’vv„v 


.  Jf 


^Pt  -  />i> 


Thexe  cqunlions  admit  Ihc  eipiilibrium  sulutiun 

J,  (A.i/okIt,  Jf/Ji 

VV„  =  - -  1  +  1  — T— ; - 

Pi  '•Y  rrr  I  </’(>;-  '* 


w,,  =  — — -(2(M„-M.)r''^ 

(a,i/(lir)T, 

•  1  +  L  —T~, -  171) 

r  ry  I  ^Pi'Pi  -  ') 

We  see  lhal  Ihc  anisotropy  of  Ihc  parliclc  source  as  defined 
in  (65)  IS  reflected  in  Ihe  cquilibniim  solutions  1  he  prcdtmi- 
inani  coniriHuiion  is  given  by  the  component  such  that 
Jflpi  Ha>  the  maximum  value  In  fact,  an  anisotropic  source 
enhances  Ihe  level  of  the  energy  density  of  waves  .ind 
depletes  a  larger  number  o|  particles  toward  equilibrium,  f-or 
snuill  deviations  from  this  solutions  we  have:  (  -  - 1  t.  ilp^ 
-  r')"*  Here  I'  =  W./2.  p  =  \rW,y‘^  and  W, 
pfr,Yl2(M„  -  (i,)r"tl',. 


6  t'fiNriiiiiuiioN  nr  llituir H-Ocokit  EiotNVAi.uts 

In  the  modcr.ite  diltusion  regime  Ihc  pitch  angle  distribu¬ 
tion  of  the  resonant  p-tdiclcs  depend  on  lime.  Ihc  number  of 
fcson.iiii  pal  tides  in  ilie  flux  lube.  NU),  is  given  in  ( 1 1).  and 
the  dr.ijihiiiMui  lunciton  m  110)  l  et  us  further  write  for  the 
paitiele  Muirse 


7  WAvr  RrrirrTiON  Cormt ii.nis 

As  a  wave  enters  Ihe  ionosphere  it  is  partially  reflected 
back  iiuo  Ihe  maghclic  liap  .and  paitially  pencil ates  the 
lomispheie  and  gels  to  the  eround  IConrhioe.  l’’^0|  We 
have  .dicady  c.dtcd  R  Ihc  icflcclion  coclhcient.  where 
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IS  tlic  .iiiiolitil  ul  ihc  wave  aiiipliCiide  sviucli  ^ct:^  lellccieU 
back,  and  is  ihc  svavc  aiiipliliuic  in  (he  llu\  lube.  Ihc 
Value  111  ihe  rcMceiion  eoelliciciu  JepeniJs  on  sevcial  taciois. 
such  a!»  ihc  rudo  hcivvccn  (he  wave  and  collismii  licquencics 
vvnh  the  eiivifonmental  paitieles  (neutral).  It  also  depends  on 
ihe  latio-i  ul  (he  si/e  ol  (he  ionosphere  J.  (he  wavcleugih 
.(  -  2n/k,  and  the  scale  ol  liie  density  gradieni  vvheic 

I  I  <//i 


Typically,  we  have  t  =»  50  kin  and  d  H  (e.g..  </  “  300 
knit.  We  represent  by  r)f .  r\^ .  and  q,,.  (he  rehaetive  indices 
in  the  f  and  layers,  and  in  the  lhi.\  lube,  respectively. 
Next,  we  discuss  qualitalively  (he  relteclion  oTwhislIers  and 
Alt  veil  waves.  We  show  (hat  whistlers  arc  niaiiily  icllecied 
lioin  the  f:  and  /)  layers  ol  (he  ionosphere,  while  Allven 
w.ives  aie  relketed  Iroin  the  /-'  layer. 

We  a.ssuine  peiTeci  ducting  lor  the  rcllcctioii  oT  liLI*  .md 
VI  .1'  waves.  Namely .  (lie  rellection  coelHciciits  arc  given  Tor 
the  nleal  siluution  vvheiu  the  rcllcctcd  wave  reenicis  the 
same  duct  Troin  whicli  it  otiginaied.  However,  we  note  (hat, 
due  to  Ilux  spieading.  this  may  not  be  in  general  (he  ease 
|/7ioni\<Jii  and  Dintden,  I977|.  As  a  matter  ot  Tact,  pan  oT 
tile  energy  cun  he  dnccted  outside  (he  duct  and  be  "losi'* 
into  the  inagnetospheic.  On  the  other  hand,  adjacem  duels 
may  be  a  source  ol  wave  energy  Tor  a  given  duct  allcr  the 
waves  aie  relketed  in  the  ionosphere  and  find  their  way  into 
ill. It  duct  Nondiicicd  whistler  waves  arc  relkcieJ  in  ihe 
magnetosphere  wiien  llicir  Tiequencies  Tall  below  ihe  loc.d 
lower  hjhiid  iTcqncncy  as  (hey  profiagalc  inlo  rcgnuis  oT 
iiicicasing  held  strength  away  Irom  the  equator  (tyom  and 
Ihtutiv,  1V70|.  These  waves  arc  not  studied  here,  and  they 
may  also  be  an  inipottani  source  oT  wave-pariiclc  iiiicrac 
lions  in  Ihe  magnetosphere.  In  addition.  Tor  simplicity  in  (he 
calculations,  we  assume  that  the  inchnation  ot  the  waves 
iluci  exit  whh  respect  (o  the  vertical  is  small.  A  mote 
tealisiic  model  oT  wave  relkclton  should  take  into  accuniu 
ill  these  cumple.Mties. 

7, 1 .  UrfU't  titm  of  WUistU’rs 

Mere  we  consider  the  relkciiun  oT  whistler  waves  wnh 
Tie(|uencics  oT  Ihe  order  ol  a  lew  kilohertz  in  fhc  F.  F.  and  li 
legions  oT  the  iunospheie.  In  the  flayer  ihc  clcciron  dciisiiy 
IS  heivveen  values  ol  lU^  to  10*'  particles  per  cubic  ceiilitne* 
ler.  .Hid  ilie  scale  length  uTihe  density  gradient  is  about  'X  - 
'>0  kill  The  wavelengths  oT  whistler  modes  arc  oTthc  order  oT 
a  lew  kiloiiieieis.  and  such  that  A  «  Tor  example,  loi 
-  -I  kHz.  .ind  a  densil)  oT  10^  paiticles  |H;r  culnc 
«.eMtimeier.  we  hnd  that  A  h  km.  Itecaiisc  tlic  w.i\e 

.iniphiiide  changes  slowly  as  it  penetrates  (he  /'  layer.  .i 
WKH  .in.dysis  is  a  valid  appioximaiiuii.  Thus  one  c\|k*cis 
whistler  waves  which  aic  ducted  in  the  Ilux  tube  to  pencliaie 
the  Miiiospheric  /  layer  wiihoui  signdican*  »^"*!.*cIm)ii.  VVliai- 
evci  little  retkclion  lakes  place  vvill  be  due  (oculusioiis  with 
(he  ncutiaf  particles  On  the  other  hand  in  the  /:'and  />  laycis 
Ihe  peak  election  density  ranges  bclweeiKvahics  oT  10'  to 
10  panicles  per  cnhic  ccntiiiieiei.  and  (he  scale  length  i> 
.ibiiuf  }'  -  It)  km.  Tor  a  wave  oT  Ireqncncy  equal  lu  -I  kM.:. 
we  lind  that  wavelengths  are  iH'iween  values  of  a  lew  !«i 
.iboui  iiO  kin  deiKiidiiig  on  plasma  density ,  .»nJ  that  A  :  / 

In  .ill  e.ises  wc  have  (A/2rrl  d.  wheie  d  is  the  si/e  ol  the 


iiiiitispheiic  l.iycis  liccaiisc  coIIimoio  wnh  nenit.il  t>.iiti..ks 
aie  mure  signilicant  lo  the  f:  and  /)  layeis.  wc  e\|>cc(  whisiki 
waves  to  be  relketed  (heic.  Wc  may  disliiigutsh  between 
these  cases  depending  on  whether  we  eoiiMdei  rcikciion 
lioiii  a  high  or  low  density  /:  .nui  i)  l.iy  ci  s.  T'tir  .i  high-JeiiMlv 
/:  layer  the  rellection  eoelhciei>*  is  utM.uned  hy  .issuniing  ili.a 
the  plasma  density  changes  aceotdmg  to  .in  cvponenii.il 
piolilc.  Fur  the  weak  density  c.ise.  wc  tic. it  the  i,  l.iyei  .is  .i 
setiuinlinilc  slab  with  a  sharp  hound. tiy  at  the  boiilci  wnh 
the  F  layer. 

Let  us  lirst  study  rellection  Ironi  a  high  density  colhsion.d 
/:  layer.  The  reliaciivc  index  heconies  complex  q)  ~  q/  *' 
!<.  We  deline  =  i\Iu  where  is  the  collision  IrequeiKy 
which  depends  on  Ihe  height  and  it  is  such  that  as  : 
t',  -*  0.  The  origin  o|  heights  c  =  0.  is  chosen  .it  the  botitnn 
ol  the /‘layer.  ThuMiisiJc  iJicf  layer -  0  Here  )'  ^  1).  w. 
and  .V  =  uifjui' .  where  the  plasma  density  depends  on 
the  density  prolile.  We  have  HUilim  ll,  lyhS) 

\ 

(’i/r-i-- - r,  171, 

I  -  if ,  r  r 

The  wave  equation  is 
d- 

- t  [1  -  h.TJ  i:.  -  0  174) 

d.v* 

where  1.  «  /:,  t  iF^,  f,  and  liy  aie  the  components  ol  the 
electric  held,  and  s  «  ’/A .  'Ihe  sign  pins  coiresponds  to  ihc 
nght-hami  potaii/alion  and  minus  lo  ihe  Iclldiand  poi.ni/.i- 
Oon.  Mere//  «  |l  -  n,  i  TT  '  also  </cpends  on  Ihe  w.oc 
polarization.  Given  some  proiiles  Tot  the  plasma  density  and 
collision  Trequency.  |7>l)  may  be  studied  hy  using  ihc  WKU 
approximation  j/Wi/cn.  I%l|  Heie  we  solve  |7-I)  ex.ictly 
when  the  electron  density  piolik  is'expoiicnltal.  Note  ih.it 
lorexaniple.  (he  exponcritia/  pio/ik  is  u/  rriTcrevT  to  describe 
auroral  arcs  in  the  nighi*timc  ionosphere.  Ihus  vve  may 
write:  X  -  X„  +  exp  t-dv),  wheic  .V„  is  an  averaged  value 
ol  .V  in  the  Ilux  tube,  and  6  «  .  T'or  v  -  \  -  X„  ;  iiisidc 

the  t‘  layer  r  £  0.  We  also  assume  (hat  the  collision 
tiequency  is  independent  ol  height  and  given  by  an  aveiagcd 
value.  Equation  (74)  can  be  reduced  to  ihe  liessel  eqiiaium 
l  or  >  0,  the  solution  to  (74)  which  leprcseiils  .m 

npgoing  wave  at  great  heights  is  the  liessel  UincliOh  ol  ihe 
third  kind, 

1..  -//!"(  i)  t7M 

where  .i  =  exp  (-6w2).  and  u  -  (-2(/amI 

X,  h)**' .  Wc  sC  ihc  usyinplolic  hriiMs  as  \  -•  0.  (i  c  ,  v  - 
-  '-).  vvbere  Tor  i  -  1)  we  have  iml>  .»ii  iipginng  wave  W  .• 
.dso  consider  that  the  pol.iri/alions  ot  the  vhiwnconung  .md 
upgoing  waves  .ire  lell  h.md  and  light  h.uid.  ies|K'ciivcK 
The  absolute  value  oT  the  icllection  coellicieni  lot  )  I  is 

»)..  — 

6 

i.qualion  t7h)  genei.di/es  (he  icMiit  ubl.nncd  by  Unddin 
(ivril),  )»y  inchuhng  liic  conphng  to  ihe  'hiv  (uhe  lor  i 
>J«iwiy  varying  nicthurii  wc  h.ivc  Ih.o  A  0  .md  tire  w.ivc  is 
loi.illy  iransmilteJ  .md  (caches  the  gionnd  Ntiie  ih.ii  ihc 
I.Mger  the  reiradive  index  q..  the  siii.dlcr  the  tcllcvhou 
cocthcicnl  Wc  now  consider  iwi)  V.. I  .c'.  lllili,  )  sci\ 
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sniiill  collision  Ircqiicncy,  wc  lind  that  R  =  exp  (-2»rTi„/5). 
ami  12)  if  f,  -!>  K,  then  R  *  exp  Thus  collisions 

favor  wave  reflection  back  into  ihe  flux  lube,  ns  do  large 
dcnsiiy  gradients  and  large  wavelengths. 

Noic  (hat  at  normal  nighttime  ionosphere,  there  is  little 
ioni/aiion  in  the  t  layer.  These  conditions  and  the  fact  that 
the  collision  frequency  in  the  F  layer  is  so  small,  allow 
whistler  waves  to  travel  all  (he  way  down  to  the  Earth 
through  a  coilisionicss  media.  We  now  treat  the  case  of  a 
weak  E  layer,  where  (he  plasma  density  can  be  as  low  as  10^ 
particles  per  cubic  centimeter.  By  taking  the  wave  frequency 
equal  to  4  kHr..  we  find  that  the  refractive  index  uil  very 
close  to  unity  (i  c..  T\f  -  1.3).  The  wavelength  A/2fris  then 
eqtia)  in  'J  km  which  is  much  smaller  than  the  altitude  of  (he 
ionospheric  F.  layer.  The  refractive  index  in  the  F  layer  is 
=»  I.'.  which  corresponds  to  an  ionosphcnc  dcnsiiy  of 
approximately  It)^  particles  per  cubic  centimeter.  Thus 
whistler  waves  which  arc  passing  through  the  F  layer  en¬ 
counter  .1  sharp  boundary  at  the  low  density  nighttime  £ 
layer,  and  get  reflected  there.  Under  these  conditions,  the 
reflection  coefficient  can  be  obtained  by  assuming  that  the  £ 
layer  is  a  scmi-inrimtc  slab  of  constant  density.  Here  the 
upper  boundary  of  (he  slab  is  the  F  layer.  We  find 


vr  *■  It 

For  the  example  given  above.  R  is  equal  to  fl.H.  In  this  paper 
we  do  not  discuss  the  effect  of  (he  whistlers  penetrating 
throueh  the  atmosphere  and  reflecting  from  the  ground.  For 
our  applications  (his  additional  reflection  pr^Kcss  provides  a 
secondary  source  of  wave  energy  in  (he  flux  tube,  which  will 
only  enhance  the  efliciency  of  (he  wave  resonator. 

7.2.  Rcftvt  iiitn  of  Ai/v^n  Wni-et 

First  let  IIS  look  at  Ihe  reflection  of  Alfvcn  waves  in  the  F 
layer.  Hecausc  (A/2  it)  is  of  Ihe  order  of  the  altitude  <t  of  the 
ionospheric  F  layer,  we  cannot  any  longer  assume  that  the 
dimensions  of  the  ionosphere  are  infinite.  The  F  layer  now 
has  two  Ixiitndarics.  One  is  at  c  »  0.  the  border  with  the  £ 
layer,  and  the  other  one  is  at  c  =  <f  somewhere  instde  the  flux 
lube  Inshle  the  £  layer  tc  ts  0).  we  assume  the  wave 
propagates  into  a  plasma  medium  with  a  refractive  index 
equal  lo  .  When  (he  E  layer  is  equivalent  to  free  space 
then  Iff  »  I.  The  F  layer  ionosphcnc  model  with  the  (wo 
IxHimlaries  acts  as  a  resonant  cavity  for  the  very  large 
wavelength  fields.  A  wave  incident  from  the  flux  tube  on  the 
upper  IxHimlary  I.*  ~  </)  is  partially  reflected  h.ick  into  the 
flux  tube,  aiul  parti. dly  (rnnsmiitcd  into  the  ionospheric  slab. 
The  transmitted  wave  is  partially  rcflccied  ai  (he  lower 
boundary  -  0  and  partially  Kansmittcd  below  .•  =  0  My 
matching  these  waves  at  c  -  0  ami  ;;  ~  </.  we  find  that  the 
iihsolntc  value  of  (lie  reflection  coefficient  is  (see  Appendix 
D) 

|r,  *  rdl  -  Ian*  il)|*  ^  4/5  Ian*  fl 

\R\-  - ^ - ; - ; - l7*<) 

\<l^  >  </jll  -  tan-  fl)|-  +  4,/;  tan*  d 

where  r,  s  irif  *  “  ffi  ).  rj  »  (rff  -  ft.Jinr  *  »(/ 

if|  -  (  T;  '  »)..)ln/  ‘  Hr ).  </;  =  Iq#  ♦  *  n, ).  .snd 

il  ^  ilrrfMhl  We  recall  thai  n/  and  ij,,  arc  the  retractive 
imliccs  in  Ihe  /  l.iycr  and  flux  mix*,  rcspeciively  Fqiiaiion 


(78)  reduces  to  ihc  result  derived  by  Riuftfcn  fl9M(  m  ihc 
limit  q„,  U/  -*  )•  In  addition,  if  we  let  the  rcfracdvc  index 
tff  have  an  infiniiesimaliy  small  imaginary  pan  and  if  d 
then  we  also  recover  Ihe  reflection  coclficicnt  for  a  senu- 
infinite  slab  as  treated  above.  Note  that  for  nomlispersive 
waves  (such  as  Alfvdn  waves),  the  refractive  indices  tlo  niU 
depend  on  wave  frequencies.  Thus  the  semi-infinite  slab 
model  yields  reflection  cocificicnts  independent  on  wave 
frequencies.  Nevertheless,  (he  reflection  coclficicnt  in  the 
finife  slab  mac/cl  of  (78)  is  frci^ucncy  dependent.  In  fuel,  it 
exhibits  resonant  behavior  for  certain  values  of  (he  wave 
frequency  In  paiticular  for  rjf  =«  and  both  much  larger 
than  m  .  w<;^finrl  ib.K  d;  =»  ■~r^  ^  2ri/  and  d,  -=-  r,  -  (I  The 
reflection  coefficient  now  becomes  l/(i  =  cos*  d.  which  is 
zero  lor  0  -  (Tr/2)(2n  +  1),  where  n  is  an  integer,  i  c  .  for 

2m  =  «  •-  1/2. 

Noxv  let  us  illustrate  the  frequency  dependency  of  the 
reflection  coefficient  in  (78)  with  some  examples  This  should 
be  contrasted  with  the  frequency  independent  nature  of  the 
senu-Mifinitc  slab  model.  In  the  F  layer,  Alfvcn  waves  arc 
mostly  supported  by  O*  ions.  The  ion  cyclotron  frequency 
isO,  s005kllz.  For  .sn  auroral  ionospheric  particle  density 
of  about  in'*  particles  per  cubic  centimeter,  we  find  that  the 
plasma  frequency  is  52.5  kHz.  The  coilisionicss  dispersion 
relation  for  Alfvcn  waves  yields  a  refractive  imlcx  »|^  - 

1027.5.  For  wave  frequencies  of  the  ordcrofO  5  llz.  we  have 
that  A  ~  (^)0  km.  Hence  we  conclude  that  wave  rcfleciion 
will  mostly  txcur  as  described  above,  and  that  the  reflection 
coeiricicnt  in  (he  F  layer  is  given  in  t78)  Let  us  now  consulcr 
the  flux  tuhe  as  part  of  Ihc  same  example.  We  .issuuie  that 
the  particles  supporting  the  Alfvt^n  waves  in  the  magneto¬ 
sphere  are  protons,  and  that  (he  wave-particle  interaction 
occurs  at  /.  *  4.5.  We  also  treat  c  s  0  as  free  space  li.c  .  we 
lake  Pi  =  1)  The  equatorial  cyclotron  frequency  is  equal  to 
5.45  Hz.  If  the  particle  density  in  the  flux  lube  is  of  one 
profon  per  cubtc  cenfimeier.  we  find  ihal  *  38.5  which 
leads  to  a  reflection  coefficient  equal  to  one  In  Figure  2ri. 
we  have  represented  i/?i*  as  function  of  d  for  a  plasma 
dcnsiiy  of  or>e  hundred  protons  per  cubic  centimeter,  the 
refractive  index  in  the  flux  tube  is  now  equal  to  385  We  can 
sec  the  resonant  behavior  of  Ihc  reflection  ciMjfftcicnt  as 
fiinciion  i>f  d.  Bcc.ause  0  =  (q^<//r)w  ~  (d/)00)(a.  we  find 
that  for  n  <  d  <  4Tr  radians.  Ihc  wave  frequency  vanes 
roughly  Ix’iwccn  0  and  2  Hz.  Maximum  reflection.  t7?t  *  I. 
occurs  for  »•»  *  0. 0  5.  1 .  1 .5.  and  2  Hz.  In  Figure  2h.  we  take 
(he  number  of  protons  in  the  flux  lube  to  be  equal  to  418) 
particles  per  c  c..  and  show  i£t*  is  a  function  of  d  Here  we 
have  that  q„  *  770.  .nnd  that  o»  varies  between  0  and  2  Hz. 
where  we  have  .isvumed  Ihal  tf  -  100  km.  From  tlicse 

examples  we  conclude  that  reflection  td  Alfvcn  vv.jvi-s  »n  the 
F  layer  is  very  sensitive  to  ihc  values  of  the  wave  frequency, 
and  of  the  refractive  index  in  the  flux  tube  ll  the  waves 
pcnctr.dc  Ihe  /  layer,  they  then  can  be  rcflcclc*l  m  the  highly 
collisional  £  and  D  layers.  The  reflection  CiX'lficicnt  in  these 
regions  depemis  on  the  height  integrated  Pedersen  conduc¬ 
tivity  (/bMffom.  I%4|.  and  can  he  found  elsewhere  |///#c/u  ». 
1982) 

8  Arrivri  Y  Exenro  liiNosnii  HI 

The  rcflcdion  of  waves  in  Ihe  ionosphere  is  a  very 
impoil.inl  t.icior  in  the  growing  of  the  whistler  and  Mfven 
insial'iluic'-  ,\ti  cllectivciy  operahm:  cyclotron  in.iscr  re 
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i'ilS.  2.  Hnunr^  of  tho  rcthcitoo  <:ocl}kicnt  m  ^  IoacImao  of  ^  (in 
lutlunkl  whKh  «<|ual  (o  O  ir/A  k/,  where  A  t%  (he  wuveicngih  iinU  J 
(he  IcHgih  ill'  ihe  lOTHi^pheric  layer.  In  ca^e  3<4.  we  lake  n,  the 
lUMiilwf  ill'  piiXiKi^  in  (he  (lux  tube,  lu  be  e(|ual  (o  lUU  paMickv  per 
iiiliic  ceniimeier.  In  cu«e  2h,  n  i>  equal  lo  400  priMon>  per  cubtc 
ceiuiiiieicr  I'he  den^ily  ol  O '  iohn  in  (he  iono>pherc  t%  taken  equal 
III  lO**  p;irik:le>  per  cubic  centinieier. 


qtiucs  large  wave  amplitudes  lo  pilch  angle  M:ui(er  irappcd 
encigciic  parlicle^  into  the  loss  cuiie.  This  is  a  difl'usiun 
pioccss  which  is  described  hy  a  I'okker-rianck  type  ol' 
c(|iiatioii.  By  changing  (he  rellcction  coctlicieni  ai  (he  tono' 
spitetic  (inning  points  ol  the  waves,  we  may  substantially 
riUHlily  (he  lields  amplitudes  and  hen  ;e.  the  etliciency  ol  the 
niasci  npcraiion  in  the  gcoin.ignclic  Ilux  tube.  In  section  7 
\vc  |iiescnicd  a  discussion  on  the  i|ualiiaiive  values  that  the 
iciicction  ciK’llicients  take  in  an  unpciiurbed  (natural)  iono- 
sphcic  depending  on  Ihe  range  ol  wave  I'rcquencics  and 
wavelengths.  We  learned  that  wave  lellection  is  increased  hy 
sharp  density  gradients  and  large  values  ol  (he  collision 
rrc(|uency.  Thus  we  may  want  to  modily  the  ionospheric 
piopciiics  with  some  c.xternal  means,  (u  improve  wave 
lelleciion.  One  way  ol'  doing  this  is  using  a  high-|H)wer  ladio 
wave  tiansimtter  cither  Itoiii  (he  giotind^or  liom  space 
vehicles  at  (he  selected  frequencies  whose  turning  points  fait 
.It  the  height  where  (he  propeities  of  (he  ionosphere  are  to  he 
iiUKtiheil.  Healing  of  Ihe  ionosphere  at  the  turning  points  of 
the  pump  lields  can  produce  energetic  electrons  which,  by 
aihhtional  luiii^alion.  create  a  laigc  population  td  ihcinial 


electrons  and  a  substantial  modihcatiun  of  (he  umospheric 
impedance.  Other  physical  phenoincn.t  can  lake  place  near 
the  turning  points  of  the  (ransmittcd  radio  waves  such  as 
paiametfic  instabilities,  and  generation  of  large  density 
cavities  by  (he  ponderomuiive  force  of  the  radiated  lietds 
I  hey  can  also  lead  to  eIccUoii  acceleration  and  thus  to 
(iHHlilication  of  the  dielectric  properties  of  the  ionosphere,  la 
addition,  by  heating  the  D  and  E  layers  with  a  frequency 
close  to  0^.  the  electron  population  can  be  increased  by 
dissociation  of  some  ol  the  negative  molecular  and  alumic 
ions  that  exist  in  (he  ionosphere  (/.hinf  v  tinj  Kockttris,  )V73). 
This  may  also  improved  (he  collision  rates,  with  relatively 
small  values  of  the  power  radiated  Irom  (he  ground. 

Here  wc  assume  that  Ihe  rellcction  coellicient  changes 
according  to  the  e.xpfcssion.  r  f  t  Ilic  onpenorbed 

rellcction  coellicient  is  r  =  -2  In  K  and  Air)  is  Ihe  miHiulu- 
iioii  due  to  the  presence  of  the  III*  waves,  where  r  r/r,  is 
the  normalised  lime.  We  may  now  write  that  the  number  ol 
particles  in  the  Ilux  tube  Nil),  and  the  energy  density  ul 
waves  Wiii)  arc  given  by 


N  - -  f  r  ^  r„,A(T)  (79) 

dt 


IVi  =  exp  (KUt 

where  \V„  ~  p*T^.^|2lMf«  “ 

et|(iihbritim  energy  dciisily  of  waves  winch  is  deltned  in  i  l(>) 
for  wlnsders.  and  |53)  lot  Alfven  waves.  Ihe  luiiciton 
salislies  the  ditlereiiiial  equaiioii 


dr* 


exp  iikj 


dd>m 

dt 


+  P*  (exp  (d*,J  -  Ij 


d\ 

—  +  2i'f  exp  =  0  (81) 

Ur 

where  t' ain)  p are  dehned  in  (49)  and  (50)  (for  whistlers),  and 
(S5)  and  (56)  (for  Alfven  waves).  Equation  (H I )  is  comparable 
lo  (63),  but  here  wc  have  added  the  cuiitributiun  ol  an 
actively  excited  ionosphere  through  Ihe  terms  prupoiiion.il 
to  e„,A.  Wc  may  furihcr  linearize  I8l)  by  assuming  that 
«  I.  We  lind 

di^^  ,  /  «M 

Jr'  dr  \dr 

(82) 

l.cl  us  study  |K2)  after  setting  its  iight  haiul  side  equal  lo 
/CIO.  By  lurthcr  defining  df,„  •  T.„  ctp  I  •  rr},  wc  linJ 

— r  »  QJyn...  -  0 

dr' 

where  *  p-  -  v  f  2i'C.^A(r). 

As  an  example  wc  now  assume  that  Alt)  =  -cos  i2u..,t) 
|fr««A6ri'nx‘i*«/>.  I9M3|.  Here  u.„  is  the  normah/cd  (lo  r^) 
driver  Irequcncy,  and  deline 

p-  -  I'- 

U-,  - ; — 

*lm  =  -T- 

II 
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is  :si 


The  WKIJ  solulion  fn  <8))  is 

v'.,  C'™'" 


•  exp  ^  i  \/2tU-nn,  J  “N/l-ki,  sin-  (rj  <h^j 

mt 

where  Ai  =  -  a„)and  t„  =  <i^t. 

Lcl  IIS  now  write  V^(f^  *  fr/2)  »  (Jm*'*  exp  (±  To 
find  unstable  modes  we  calculate  the  amplification.  A^.  over 
one  pcritnl  of  the  driver  frequency.  The  ease  c  =  0  ti.e..  the 
ionosphere  is  not  externally  perturbed)  corresponds  to  - 
±ifi-n/2,  and  the  function  jr/2)  is  purely  oscillatory.  If 
^  t).  we  find  that  the  equilibrium  will  be  unstable  only  if  ir^l 
2?  tp'  -  r')/2r  In  the  ease  where  p*  ^  i**.  we  find  that  in 
order  to  have  iinstabdity  we  need  to  require  that  tr  ,^l  ^  i^2. 

As  a  second  example  we  consider  the  coupling  of  the 
raihalton  Ih:IIs  waves  and  particles  to  the  ionosphere.  1his 
mcchanisiti  introduces  a  posutvc  feedback  cllect  which  will 
siriiclufc  Ihe  large  amplitude  nonlinear  response  of  (he  sys* 
(cm.  Ihe  precipitating  electrons  modify  the  ionospheric 
plasma  density  which,  in  turn,  modifies  (he  ionospheric 
reficciion  of  the  waves  causing  (he  precipitation.  In  the  D 
and  /:'  layers,  the  mixJificalion  of  the  plasma  density  by  (he 
precipitation  is  given  hy  \Mlvvitch  e/  of..  1989) 


*/«/  (I  /  JN\ 
d/  2  \  **^7 


IKS) 


where  is  (he  lonosp.  eric  plasma  density.  The  right-hand 
side  ol  t)l5)  repecsems  the  balance  between  Ihe  increasing 
density  due  to  (he  prccipitaiing  particle  fiiix  and  (he  decrease 
due  io  electron-ion  recombination  elTccts.  Here  Q  is  the 
loni/atton  elhciency.  and  «7,  (he  recombination  ctKflicicm. 
nccausc  the  term  proportional  to  the  recombination  coeffi¬ 
cient  IS  nonlinear  in  we  may  neglect  it  in  (he  linear 
calculations  (hat  follow. 

We  now  assume  that  A(r)  is  proportional  to  </«;/</(.  i  c..  we 
have 


A  * 


(K6) 


Where  we  have  redefined  r  as  r  >  r  J2.  By  combining 
(8M  ami  (82).  we  find 


f  - P  M  I'  r  -  I )  - ; - 2 1' - P  *  B 

2  </t  fir’  tir 

(87) 

Next  we  lake  •!».„  exp  (fr).  which  yields 


We  may  solve  (8H)  approximately  for  l/v 
We  obtain  the  following  three  roots; 


(88) 

t(Vi)^ 


41  * 


S’*  ' 


We  see  that  'vhen  t  -•  0.  the  mode  is  unstable. 

In  (he  niiitierica)  example  presented  in  section  5  I .  Ibr  ihe 
whistler  inslalulity.  we  loimd  lli.it  l/e  v.iiied  betwicii  ihe 
values  10^  to  Itt^  times  r  (wheie  r  J  In  It)  II  the 
rcDeclion  coetlicient.  It.  is  very  close  to  one.  then  r  is  very 
small (a.s  small  as  10  or  ID  "*).  Hence  vvhen  It  =  ).  we  have 
that  l/ris  a  small  number  so  the  condition  fur  (he  instability. 
C?'c-|l  ^  1^*'-  can  be  easily  satisfied.  Otherwise,  i.c..  for  It 

I.  it  is  very  diOicull  to  find  un.sinhlc  solutions  to  188).  since 
very  large  values  for  the  particle  source  J  arc  then  required. 

9.  Summary  and  Conci  iisions 

We  have  presented  a  self-consistent  theory  on  the  inter¬ 
action  tif  macnctosphcric  particles  with  ducted  electromag¬ 
netic  cyclotron  waves.  Our  theory  is  based  on  the  following 
assumptions: 

1.  Ihe  dielectric  piopcrlies  of  wave  propaeation  .ire 
given  by  a  cold  backgroiiml  of  plasma  particles,  which  can 
either  Ik:  electrons  (loi  the  whistlers)  or  ions,  e.e  .  piotons 
llor  the  .Aliven  instabilities).  Since  the  dcnsitv  ol  Ihe  cold 
plasma  population  is  taken  constant  along  (he  (lux  lube.  Ihe 
orily  spatial  inhomogcncilics  are  due  (u  geomagnetic  field 
variations. 

2.  Near  (he  equator  the  Earth's  magnetic  field  is  approx- 
rrtiared  by  a  paralxihc  profile.  This  profile  is  sho'vn  to  be  .i 
go«)d  approximation  to  Ihe  actual  diptilc  geomagnetic  lield 
Within  laliliidcs  sinalicr  than  approxnnatcly  *.  20'  till  Ihe 
equator.  Outside  e(|uatoital  regions  we  use  the  tlipole  m.ig 
nciic  field  to  dcsctilK'  pailicles’  Dibits  and  biuince  limes 

3.  1  he  maser  instabiliiy  is  pioduccd  hy  the  intcractnm  of 
a  hot  plasma  population  (e  g.,  particles  with  energies  huger 
(han40kcV  tor  the  electrons,  and  KKIkeV  for  the  lonsl.  with 
the  cyclotron  waves  near  equatorial  regions.  The  changes  in 
(he  thermal  distribution  ftmerions  due  to  pitch  angle  dirTusion 
arc  studied  here.  We  assume  lhai  dilTiision  (Kcurs  over  limes 
scales  that  arc  longer  than  parlicics*  btxincc  times  and  the 
group  time  delays  of  the  waves,  and  do  not  consider  the 
possibility  of  particles  drifting  away  from  the  waves  duels 

4.  Because  we  assume  that  Ihe  wave  vectors  arc  field- 
atigfKd.  resonant  inter.ictions  can  only  lake  place  at  the  first 
harmonic  of  the  cyclotron  frequency  We  do  not  consider  the 
contribution  of  larger  harmonics  to  the  diflusion  processes, 
which  becomes  significant  for  highly  cncrgclie  particles 
U.voni  ft  at..  1971)  and  for  non  field-aligned  (i.c  .  k  ^  ^0) 
waves  fATmur#!,  I9h6). 

The  mam  results  of  our  theory  can  be  summari/cd  as 
follows; 

1.  Ihe  resonant  part  of  the  energetic  particles  diNiidni- 
tmn  luiiclioiis  aic  described  within  the  Iramewoik  ol  qiia- 
silincar  theory  I  rom  (he  resonance  condition,  we  c^(ahh^h 
iel;iluui>  iH’lwern  (hr  lange  ol  equaloiial  pitvh  .ingles  .uul 
(he  esfeiit  ol  geouiagiK'ifc  laiuudes  loi  wJik  )»  (lUei.Kliiuis 
lake  pl.iec.  Alter  mtcgiatiug  along  Ihe  Ihix  tube,  vve  .itiivc  at 
cquatioits  dcsciilung  ihe  time  evoliilion  of  the  ntuulu  i  ol 
padKles  m  the  Hus  tube  as  functions  of  the  energy  density  ol 
waves 

2.  Ihe  Npatial  .implilication  factois  arc  tdMainetl  lor 
whistlers  ami  Alivcn  waves,  alter  integrating  the  lempoi.d 
growth  rales  over  time  scales  whicii  are  comparable  to  the 
group  hme  tlelays  of  the  waves  r^.  fhe  ray  eqnatums 
dcscnbmu  the  evtdiuion  in  time  of  (he  niimlKr  of  pardvlcs  rn 
the  Iluv  lube  .uul  the  cneigy  density  of  w.ives  are  siiiihcd 
rurar  C'lurlrtuiuor 
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3  The  cqualoriully  generated  waves  may  be  paiiiaHy 
lellecied  back  into  the  Ilux  lube  when  they  leach  the 
iomtsplicre.  Whistlers  cun  penetiaie  the  t'  layer  wiihuui 
Ml’iiilicanl  letlecliufi.  and  be  rejlccted  in  the  />  and  /-.'layeis 
III  coiitiasl,  Aliven  waves  are  rellected  in  the  h'  layer  which 
acts  as  a  lesonaiu  cavity  tor  these  long  wavelengths  waves. 

4.  We  have  also  presented  sunte  calculations  on  the  lole 
that  an  actively  excited  ionosphere  plays  in  the  conlinernent 
ol  the  cyclotron  waves  within  the  Ilux  lulte.  The  stability 
e(|uation  has  been  extended  us  to  include  time  dependent 
lelicction  coellicicnls.  which  may  be  created  by  etihcr 
riKHinlatioii  of  (he  ionosphere  wirh  high-power  microwave 
liaiisiiiilted  or  by  the  same  particle  pieeipitations  due  to  the 
maser  iiistahililies.  Unstable  inodes  arc  found  lor  laige 
exteiiuil  perturbations  of  the  ionospheric  conductivity. 

I  he  ihcoty  pieseiiied  here  piovides  a  basis  for  additional 
reseaich  on  (he  dynamics  of  nonlinear  interactions  of  waves 
and  panicles  in  the  magnetosphere.  Some  possible  piohleins 
winch  dcseive  fuiiher  attention  aie  us  follows: 

I.  Non  licUI-aligned  waves  with  wave  vectors  having 
conipoiicnis  pcrpendiculai  to  (he  geomagnetic  held  also 
interact  with  energetic  panicles.  Since  dillusion  can  now 
rake  place  at  higher  harmonics  of  the  gyrolreipicncy.  iheir 
conirihiiiion  to  (he  dilfusioii  processes  and  wave  growth 
rates  should  he  evaluated. 

1.  riie  strong  dillusion  problem  where  the  energy  den¬ 
sity  of  waves,  and  the  number  of  panicles  in  the  Ihix  tube, 
may  change  over  lime  scales  which  aie  comparable  to  ihc 
panicles'  hoonce  limes  and  group  iimc  delays  of  the  waves. 

I  Cliaiiges  in  (he  iomis(ilieric  heigiK  iiiicgralcd  coiidirc 
tivit)  due  to  external  perturbations  such  as  heating  with 
intense  radio  frciiuency  waves.  The  ell'ects  (hut  this  has  on 
(he  iniiroiirig  propcilies  of  (he  ionosphere  has  been  intro¬ 
duced.  ('uniter  research  in  this  area  is  essential  in  orUei  to 
cllcciivcly  plan  future  active  experiments. 


We  next  consider  that  the  ditleiential  opcrattir  ini  ilic 

right-hand  side  ol  (15)  can  bo  brougtit  out  the  inicgial  sign 
Ihen  by  combining  (A2)-<A.5)  logeiher  with  (l5).  wc  c.hi 
easily  recover  the  lesulis  m  tl6MlK) 

Appi  noix  ii:  Vncit  Awh  l  unc  iions 

lly  delining  />  -  and  y  -  />^.  wc  may  cast 

(2.3)  into  the  Dessel  equation  (/(o/n  rn.  tifs/uihn-  <  r  iil  . 
I9K3I 

V'  — r  ^  V  —  *  >•■/  -  0  (111) 

</>'■  i/v 

whose  general  suiulton  is 

Z  =  ^  C.YJpO  (112) 

lleic  C|  and  C%  arc  conslanis.  and  and  Y„  aie  UcsscI 
lunclions  of  order  zero  Uy  imposing  the  boundary  condi¬ 
tions  given  in  (25).  we  gel  the  following  ei|nalioii  which 
solves  lor  (he  eigenvalues  of  (he  dillerenlial  equalton  (23) 

d|(.v. T,(y.)d,(y.J  -0  (111) 

where  y,  -  />4,  •  y,«  ”  J^,  K|  are  the  Dessel 

functions  of  order  one.  We  also  have 

/-C(-r,(y,)J,,l>*)  +  ./|(v.)Uyl)  (IHi 

(iiveii  that  <.<  I,  wc  have  Ihat  >  |(.v, }  —  l/y,  and-/,! y,  I  - 
0.  I  bus  tD.3)  approximately  becomes 


and  hence  that  the  eigenvalues  are  given  in  terms  of  the 
zeros  ol  (he  lirst-order  Bessel  funeiiun.  1he  noimalizalioii 
condition  1 24)  yields 


Appcnixx  A:  iNn  oHAiioN  Aiong  riCLO  LiNt& 
We  consider 


/  ( i)^(/i(  ij)  Jx  -  \  H  fni 


wliete  IS  such  (hat  /ti  iff t  =  t).  and  the  suminalion  is 
extended  to  alt  possible  /cius  of  the  Itiiiction  /i(.i).  Applying 
tills  luiiniila  lo  (I5),  wc  lind  that  the  icsonancc  licqiiciicics 
.tic  |/h-|/foh/t'  *'(  ii/.,  I'iH.'l 

iift  =  —  i(f  -  I)  (A2) 


whcfc  a 

is  delincd  after  (IK). 

We  also  find 

Aim 

1 1  -  —  1 

=  —  tr;  -  1) 

\  ih/ 

-’ll, 

/II* 

(  1 

1  ^ -  -hK/ 

II  -  1  —  1 

\ll, 

/  *•'  [ 

V  /  J 

./  <7 

—  in  -  ki-.i  - - 

L  u. 


C  I  U|(y,)T„(y)  -  )',(  v))v  dv  * —  (115) 

Jr. 

We  see  (hat  the  lunction  )  has  the  dimensions  ol  velocity 
I',  divided  by  length  /.  so  that  (he  dimensions  ol  ihc  distii- 
hiition  flinclion  as  given  in  ('».  (lO)  coincs  out  to  be  u  *  ^ 

/  V 

In  Older  lo  evaluate  the  lunciiuii  ^(h/)  in  (.17),  wc  hist 
consider 


d/  f(  d  /  ii/\  ,  fi 

'  ^  J,.  .77  -"'I. 

By  combining  (M),  (37)  and  (llh).  wc  find 
v>(u.i  =  -  I)''-  t  iIk  J‘' 


.l/(  I)  i/  I 

(Dh) 

)c/>  111?) 


I  hen  hy  assuming  (hat  is  vei)  close  lo  we  may  lurttier 
wnic 


V»t‘at  -2p’(kdU(.“  I) 


Alter  Using  the  iiorniah/.ilion  condition  m  (21).  wc  get 


-86- 


VlllAlUNII  \l  .  WAVr-|*\H|M  I  I  iNHMMitON 


itnti  K(c).  .HC  in  the  plane  perpetuiiciil.ir  Ui  ami  ihey  arc 
^  ~  **  ‘  •**’■**  pcrpcmliciil.'ir  lo  tMth  oihc-r  We  t.ill  ll'.  ilic  mtiileni 

wave  from  Ihc  flux  lube,  and  ll".  K"  ihe  relleeled  wave. 
I  liiv  l.ivl  e<|uali(in  easily  leads  lu  llie  rcsiills  in  I.1X)  and  14))  where 


Apim;NI)Ix  C.  Timi.-Di:pi.ndi;nt  I’iicii-Anc.i e  11'(;)  =  exp  ( i  -  t,..;  |  (DD 

Anisotropies  V  '  / 

I.el  IIS  wrilc  lhal  all  C  I.  N,li)  =  Upon  ^ 

suhsiiitilmg  Ihis  expression  inio  (66)  we  find  (.;'(;)  = - u'  exp  (  i  —  ij  ,e  )  (D2) 

1..  V  <■  "'/ 

•IP,  J, 

— +  A<W,/3,  =  —  (Cl)  *  /  \ 

ll"(.')  =  e,H*exp  I  -i-  T|„-j  (1)1) 

Here  Af  =  V,  f  (7|//V,W, band  Y,  =  (/),-- p,')Y(:(p„  -  \  ‘  / 

^,  )|  ‘  V  We  may  also  write  the  following  integral  cqiialion  / 

/  r.  \  ,"r.-,  =  ^„"e,xp 

(I,(r|  -  exp  j  -  I  A'.IY,  ,/r|  '  ' 

\  Jo  J  Here  <•,  ami  i\  arc  unit  vectors,  ami  /?^  .  the  wave 

nmpJilmlcs.  are  tonslanl.  The  electric  and  magnetic  liclds  nf 
\  C'  ,  /  r*  .e  ...  ,  \  the  transmitted  wave  into  ihc  T'  layer  (:  s  0)  arc 

■  I 

Inlcpraliny  hy  parls  we  may  appruximale  iV(  by  **  U)-,,ll  exp  ^  t, .  J  IDM 

J,Ny  .  ,  . 

~  Y,/V, IV,  f  y,  **'■'’  b'l.)  ^  exp  j  i  -  T),  : )  (DM 

n )  \  >  ! 

ss'hcre  w'e  have  imposed  dial  ill  /  =  n,  we  have  <V,  -  /V,  =  ,  ..  ,  ,  ,,iii  ,  n,  , 

...  .'  ..  .  .  '  Inihe  /  layer.  (I -J  i/.  we  h.ive  Ihc  iippoimr.  II  "  I-.  and 

I),  .=  (I.  We  can  Inrlhcr  proeecd  by  eonsideime  (hill />,'  -i'  ,  ,,i'i  ,.i>i  .  ,  , 

.  ...  ..  .  .  .  downuoine.  II  '  .  )■,  .  Iraveline  waves,  svhere 

and  by  keeping  (he  luwesi  order  terms  m  die  ralio 


Appendix  C.  Timi.-Di  pendent  I’itcii-Ani.i  e 
Anisotropies 

I.el  (IS  write  Ih.il  .ill  C  /*  I.  A/,(/)  =  A/, (/)/),(/).  Upon 
subsiiiniing  Ihis  expression  inio  (66)  we  find 

•IP,  y. 

— +  A<IV,/3,  =  —  (Cl) 

til  N, 

Here  K,  =  V,  f  (J,IN,\Vr].  and  Y,  =  (/),’  -  p,')Y(:(p„  - 
p,  ll'  V  We  m.iy  also  wrilc  Ihc  following  integral  eipialion 

fl,(r|  -  exp  A’,  IV,  i/r'j 

Inlcpraliny  by  parts  we  may  appruximalc  iV,  by 

yr/Y, 

/V,  =  r -  (C)l 

Y,/V,IV,  py, 


(Pi/p,l'.  wc  find 


- - /<f)f-’(p..,  -  P.)1''=W,/V 

iff 


•  I)  y 


, , , ,  V,)V,/V  +  y,  ,,.,U 


y  Wr  <C4, 


K"’(:)  =  —  /)"’  exp 

n, 


<fw,  r 

--  A., 

i/r  irr, 


After  asMifiiiny  lhal 


,r;, Y,vv,/v I y,  r. 


Y,w,/V  ?-  y, 


—  )V,  (C.T) 


n"'(c)  =  exp  r,,;^  (1)7) 

K"’(:)  =  —  n'"  exp  ^  -i  -  n,  (l).S) 

»'■'(.:)  -■  i\  »'■’  exp  ^i  -  T),  (1)91 

C  ,  I  '•»  \ 

K'-'lc)  = - «'■’  exp  I  1  -  t),  .-  j  (1)101 

By  matching  the  electric  and  magnetic  riehls  ol  ihc  waves 
with  Mipcrscripts  (i)  and  12).  lo  those  of  the  transmitted 
wave  with  snpcrscripl  (D  at  the  boundary  ;  -  l).  wc  gel 


fl'”  4-  =  /i'  (1)11) 

and  hy  comhnuni:  this  last  etiualion  with  (('4)  amt  t('3)  wc 

easily  ariive  at  t<iS)  and  Wc  also  c«msider  lhal  (7(||  ami  I  | 

(71)  le.id  lo  IV,, V.,  =  (y,/p,-V)(:(,r„  -  p.  H"''’  H'ln  by  —  IP'''  -  «"')  =  —  «'  11)121 

lakiiiy  iV  -  A/ ,  and  VV,  =  )V.,  in  (C6I.  'vc  ohiain  lhal  il 

reduces  lo  (he  eondilion  I p,/p,)’  «  I.  lienee  we  hnd  lhal  O'"//)'-'  =  ( i|,  n,  Vli|,  ‘  m  I 

By  matching  Ihc  waves  (0  and  (ff).  lo  (he  waves  ( I )  ami  (2) 
Ai-im  Ni)ix  D;  loNOsriii  rh;  Si  am  Mom  i  •»*  hi>»miary  -  =  ,/  with  the  llus  luhc.  we  get 

Wc  umnIcI  the  lono.spherc  as  a  liomli^’neoiis  slab  with  two  /  \  /  i.*  \ 

hoti/oni  ll  boiimlarics.  One  hoiimbry  is  located  at  .*  -  0.  The  W'"  exp  I  r  —  n  / 1/  j  ^  B'-’  exp  I  /  —  17,,/  j 
si-Lond  I'onmlaiy  o  the  Bit*  lube,  ami  it  is  hicafed  ai  .•  -  d.  x  ‘  /  \  ‘  / 

A  wave  int.iil>.‘ni  liom  aNtvc  is  partially  rcHcetetl  ami  par¬ 
ti  dlv  n  in.iitiiled  Wc  assume  lhal  Ihc  wave  vector  IS  always  .)  /  "*  .)  ..mi, 

along  the  .*  direction  I  he  magnetic  ami  electric  lietds.  Ilf.  )  \  <  j  \  «  / 


n"'cxp(  i-r,,./j  E  exp  ^1  -  n,./ j 
=  ll"  esp  ^  -1  —  n..*/  ^  exp  I  r  -  .(,..1  j 
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<0141 


—  exp  ^-1  -  T,,  J  j  -  exp  j 

-  tf '  exp  -  Tj„</ j  j 

Alter  solving  fur  the  iiystem  of  (013)  and  (DM),  the  rellcc- 
iini)  CiHrllieicnl  which  is  dclincd  as  H  =  is  given  by 

(w  \  ''I  +  exp  (2iv)) 

2i  -  Tj„J  I  - ^ -  (015) 

('  J  (/|  t-  (/t  exp  (2id) 

where  ri.fi.dy.di  and  Dure  defined  after  (7K).  Uy  taking  (he 
ahsoliiiu  value  uf  R  in  (DI5)  we  arrive  at  (78). 


:\i  ktuiHlftinnitnis.  Two  ot  (is  (f£  V.  jnd  M.II.S  )  have  been 
siipiMMiotl  by  the  U.S.  Air  I'uice  uitJei  contracts  FI*M28-M5*K'(IU5) 
and  I  t%2X  )(V  K  (MI4. 

I  he  (;dii(»r  (hanks  R.  L.  Duwden  and  O.  Nunn  fur  (heir  assistance 
in  evaluating  (his  paper. 
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simuQt 

Pitch-angle  scattering  interactions  of  electranagnetic  waves  in  the  QJ'/VLF  bands  with  trapped 
electrons,  as  formulated  by  Kennel  and  Petschek  111,  describe  the  dynamics  of  the  freshly  filled 
radiation  belts  flux  tubes.  The  natural  existence  of  a  "slot"  region  with  electron  fluxes  below 
the  Kennel-Petschek  limit  requires  norv-local  wave  sources.  Me  describe  a  set  of  planned,  active 
experiments  in  which  VLF  radiation  will  be  injected  from  ground  and  space  based  trananicters  in 
conjunction  with  Uie  CRRES  satellite  in  the  radiation  belts.  These  experiments  will  measure  the 
intensity  of  waves  driving  pitch-angle  diffusion  and  the  electron  energies  in  gyrocesonance  with 
the  weves.  An  ability  to  reduce  the  flux  of  energetic  particles  trappod  in  the  radiation  belts  by 
artificial  means  could  improve  the  reliability  of  microelectronic  conponents  or»  earth-observing 
satellites  in  middle^ltitude  orbits. 


UST  OP  50QGL5 


Hagnetic  field 
Speed  of  Light 

Resonant  Energy  for  Electrons,  Ions 

Hagnetic  Dwrgy  pet  Particle 

Wave  Vector 

Hagnetic  Shell  Nuober 

Hass  of  Electrons,  tons 

Plaana  Density 

Harmonic  Nurber 

Peonittivity  of  Free  Space 

Penneability  of  free  Space 

Wave  frequency 

Lower  Hybrid  frequency 

Electron  Plasna  frequency 

Electron,  Ion  Cyclotron  frequency 


imvcDucrioN 

One  of  space  physic*s  major  success  stories  of  the  I960's  was  the  developne''t  of  the  theory  of 
pitch-angle  scattering  of  energetic  electrons  trapped  in  the  earth's  radiation  belts  by  as/'AS 
radiation  (1|«  Ibis  theoretical  model  postulates  that  energetic  electrons  moving  along  magnetic  field 
lines  near  the  equatorial  plane  of  the  magnetosphere  see  low-frequef>v;  waves  Doppler  shifted  to  titeir 
local  gyrofrequencies.  In  consequent,  gysoresonant  interactions  particles  diffuse  in  pitch  angle 
along  surfaces  of  constant  phase  velocity.  Particles  diffusing  toward  the  loss  cone  give  up  anall 
onounts  of  energy  to  wave  growth.  The  model  is  self  consistent  in  the  sense  that  waves  responsible  for 
pitch-angle  scattering  grow  fran  background  fluctuation  levels  dcw  to  the  free  energy  contained  in  the 
anisotropic  pitch-angle  distributions  of  trapped  particles.  If  the  anisotropy  of  the  trapped  distribu¬ 
tion  falls  below  a  ctitical  level  growth  ceases. 

During  magnetic  storms  the  radiation  belts  fill  up  with  t.apped,  energetic  particles  fran  about 
L  •  8  to  L  «  1.5.  In  the  weeks  following  storms  the  flux  of  trappy  electrons  in  the  slot  between  L  • 
2  to  L  ■  3.5  fall  to  the  thresholds  of  detector  sensitivity,  well  below  the  stable  trapping  limit  of 
Kennel  and  Petschek.  Trapped  protons  do  not  show  slot-like  distributions.  Lyons  and  cowotkers  (2) 
recognized  that  waves  responsible  for  the  pitch-angle  scattering  of  slot  electrons  need  not  grow  self 
consistently  fcos  backgroixid  fluctuation  levels.  Rather,  they  can  be  injected  frox  non-local  sources 
iiwt  '.till  pitTh-.»nf|ln  srattor  trapp*i  elecrrons  into  tho  .it7W)sph*»r ic  loss  mm'. 
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The  sources  of  CLF/VLF  waves  ace  multiple  and  their  relative  impoctance  for  magnctosp^iecic 
particle  distributions  is  the  subject  of  an  ongoing  research.  The  waves  envisaged  by  Kennel  arxi 
Pecschek  arise  naturally  out  of  background  tluctuations  by  selective  ^snplif icotion.  Acmospiier ic 
lightning  produces  broad-band  ELF/VLF  anissiona.  Pact  of  the  radiation  propagates  in  the  earth- 
ionosphere  waveguide  and  part  accesses  the  magnetosphere  in  field-aligned  ducts.  Studies  of  UghtnirK) 
induct  precipitation  abound  in  the  literature  {3  -  6|.  The  Stanford  group  has  pioneered  techniques 
for  monitoring  lightning  induced  dunptng  of  tlie  radiation  belts  using  the  SUMY  Albany  network. 

Another  major  source  of  VLF  is  man-made  radiation.  The  Stanford  group  has  made  nunerous  studies 
of  magnetosphetlc  effects  of  Of/VLF  transmissions  fton  the  Siple  station  in  Antarctica  to  magnetic 
conjugate  points  In  Canada  (7].  The  intensities  of  waves  anitted  from  Siple  have  been  measured 
directly  by  the  wave  detector  experiment  on  satellites  near  the  equatorial  plane  of  the  magnetos()licce 
(Q|.  A  series  of  successful  experiments  were  cocxiucted  in  the  early  I9fi0's  in  which  time-codud  VLF 
anissiona  fran  US  Navy  transmitters  were  compacal  with  electron  precipitation  events  simultaneously 
detected  by  Che  SCCP  satellite  (9).  Vanpola  110}  investigated  the  effects  of  a  powerful  VLF  traits- 
mitter  at  Gorky  on  radiation  belt  electrons  aixi  suggested  tliat  it  maintains  the  inner  reacl>es  of  Lin* 
slot. 


The  purpose  of  this  paper  is  to  describe  a  group  of  active  experiments  that  will  be  conducted  by 
Geophysics  Laboratory  scientists  after  the  launch  of  the  CRft£S  satellite  this  suimer.  In  these 
expecimentSf  low-frequency  waves  will  be  injected  into  the  magnetospiicre  by  several  different  methods. 
Instrimentation  on  CRRES  will  monitor:  (U  the  intensity  atti  interactions  of  the  injected  waves,  aixl 
(3)  the  dynamics  of  electrons  and  protons  near  the  loss  cone.  Tlie  object  of  these  experiments  is  to 
establish  the  feasibility  of  using  active  techniques  to  control  the  fluxes  of  energetic  particles  in 
the  slot.  A  hixnan  ability  to  accelerate  or  maintain  slot  depletion  would  allow  earth  observing 
satellites  to  fly  in  orbits  now  considered  too  hazardous  (11|.  Space  Based  Radar  would  profit  ftcin 
this  capability  [12] 

In  the  following  sections  we  first  review  criteria  for  pitch-angle  scattering  trapped  particles. 
After  sunmatizing  the  capabilities  of  CRRES  instcumentatiem  for  measuring  wave-particle  interactions, 
we  describe  three  meth^s  of  wave  injection  using  ground-based  VLF  and  |(F  transmitters,  aixl  VLF 
trananissions  from  the  Soviet  ACTIVE  satellite. 


mV^PARTlCLe  INTBUACTIQNS 

To  understand  slot  dynamics  it  is  necessary  to  consider  whistler  mode  propagation  in  the  radiation 
belts  and  its  interactions  with  energetic  particles.  The  waves  of  interest  are  in  the  EtF-VLF  (0.3- 
30  kHz)  bands.  Two  etnpirical  facts  are  used  in  our  simple  models:  (a)  The  earth's  magnetic  field  B 

is  approximately  dipolar,  and  at  the  magnetic  equator  is  given  by 

(1)  B(cff)  •  3.1  •  10*  •  L-l 

where  L  is  the  standard  magnetic  shell  number.  (b)  The  background  plaana  is  dominated  by  cold 
particles  whose  density  Is  approximated  (13| 

[2)  n«»-3)  .  3  *  103  •  12  / 

the  high-energy  particles  have  densities  that  are  <  I  Thus,  wave  propagation  is  well  described 

in  the  magnetized,  cold  plasma  limit.  The  whistler  wave  is  a  right  hand  mode  that  propagates  along  the 
magnetic  field  if  its  frec^ency  ui  is  less  than  the  electron  cyclotron  Ooe  greater  than  the  lower- 
hybrid  Ului  frequencies  at  all  points. 

As  Illustrated  in  Figure  I,  whistler  waves  in  the  radiation  belts  in  two  distinct  modes  called 
ducted  and  unducted  (14|.  IXicted  waves  propagate  along  magnetic  f ield-al ignex)  plaarui  irregularities  as 
in  waveguides.  Waves  injected  into  a  duct  can  propagate  fran  one  Ixsnlsphere  to  it  conjug.ite  and  back 
many  times  |15|.  Unducted  waves  observed  in  the  mognetosf^iere  never  make  it  to  the  ground.  Ray¬ 
tracing  studies  116)  show  that  as  the  waves  propagate  away  frem  the  equatorial  region  the  contributions 
of  ions  to  the  dielectric  coefficient  grow  in  importance.  As  unducced  waves  propagate  to  locations 
along  magnetic  field  lines  whece  their  frequencies  appcoa<^  u>  tH  fheir  wave  vectors  turn  and  reflect 
back  toward  the  equator.  The  process  is  analogous  to  total  internal  reflection  at  optical  frequencies. 
Not  being  confined  to  propagate  in  a  single  magnetic  shell  these  waves  suffuse  throughout  the  plas- 
masphere  as  a  broadband  hiss. 

For  waves  and  particles  to  interact  strorqly  they  must  satisfy  a  resonance  condition 


(3) 


ftl  -  k  V  +  N  fl«,i  =  0 


v^re  N  is  an  integer,  v  the  cemponent  of  particle  motion  along  the  magnetic  field,  u)  and  k  are  the 
wave  frequency  (in  radians  per  second)  and  the  wave  vector,  in  ttie  nonrelativlstlc  limit  the  cyclotron 
frexpiency  for  electrons  (e)  and  ions  (i)  is  Oce,i  ^  /"V:e,i|  ^  represents  the  elemental 
unit  of  charge,  B  the  magnetic  fi€ld**and  m  the  mass  of  an  electron  or  ion.  A  particle  must  see  the 
wave  Doppiec-shifted  in  to  sane  harmonic  of  its  gyrofrequency.  Figure  2  depicts  whistler  interactions 
with  electrons  and  protons.  Electron  interactions  occur  at  the  N  «  -  1,  -2,  ...  harmonics  aixi  require 
that  they  travel  in  (^jposite  directions  to  the  waves.  Protons  interactions  occur  for  positive  values 
of  N  with  the  protons  traveling  in  the  same  direction  and  overtaking  the  waves. 
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Fig.  1.  Ducted  and  unducted  whistler  waves  in  the  magnetosphere. 


The  dispersion  relation  for  whistler  waves  propagating  along  the  magnetic  field  near  the  equa^- 
torial  plane  is  approximately 


M) 


cik!  = 

<0^  (O  (Cict  •  «>) 


Uiece  Utjpe  •  In  eV  m.  Col^^  is  tiw  election  plaana  frequency  and  c.  is  the  permittivity  of  free 
Space,  rai^lning  equations  (3)  and  (4)  shows  that  the  energy  of  resonant  electrons  is 


(5) 


E.  =  EaN^I^^IlI 


.  ja.)  [1+ 
ft*  Nftcc 


For  protons  the  resonant  energy  is 


«) 


Ep  =  EaN^I^Ih 


[1  +  _iii_) 

Nftc 


wt^ere  Ex  •  bV  2  Po  ^  magnetic  energy  per  particle  and  pQ  is  the  permeability  of  free  space. 
In  planning  active  experiments  in  the  radiation  belts  estimate  using  the  dipolar  magnetic 
fields  and  the  cold  plasma  densities  given  in  equations  (1)  and  (2).  To  study  pitch*angle  scattering 
in  a  given  energy  range  the  only  free  pereaeters  that  ranain  are  the  wave  frequency  and  the  resonance 
haononic  nunt>er  N. 
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CURES  (Conbined  Release  Radiation  Effects  Satellite)  is  scheduled  to  be  launched  In  June  1990  into 
a  17^  inclination,  geostationary  transfer  orbit.  As  its  name  suggests,  CRRES  has  two  mission  objec¬ 
tives:  to  study  the  effects  of  chasical  releases  at  high  altitudes,  and  to  understand  the  interactions 
of  advanced  microelectronics  components  with  natural  radiation  environments.  Detailed  descriptions  of 
the  comprehensive  scientific  payload  on  CRRCS  have  been  compiled  by  Cussenhoven  and  coworkets  (17). 
For  the  studies  discussed  below  three  instruments  are  germane  and  are  described  briefly.  Itiese  are  the 
Low  Qtergy  Plaana  Analyzer  (LEPA) ,  the  Plasma  Wave  Experiment  and  a  tan^nuir  Probe. 

The  LEPA  experiment  was  designed  to  measure  the  three  dimensional  distribution  function  of  ions 
and  electrons  with  energies  between  10  eV  and  30  keV.  The  particle  distribution  functions  are  tneasuruil 
by  two  260^  spiterical  electrostatic  analyzers.  Each  sensor  consists  of  two  concentric  spherical 
plates.  On  one  edge  the  space  between  the  plates  is  closed  off  except  for  a  S.6^  by  128^  aperture.  A 
microchannel  plate  is  placed  at  the  other  edge.  The  energy  analysis  is  achieved  by  changing  the 
electrostatic  potential  between  the  plates.  Ihe  instrument  focusing  is  such  that  particle  pitch  angles 
ate  imaged  on  the  microchannel  plate  to  an  accuracy  of  better  than  I  degree.  The  particle  positions 
are  divided  into  sixteen  6o  bin  can  be  resolved  into  eight  zones.  Because  the  limited  telemetry 
does  not  allow  the  full  data  set  to  be  transnitted  to  ground,  a  microprocessor  has  been  progr.'xniied  to 
select  desired  sampling  patterns. 

Pacticles  that  ace  in  resonance  with  a  given  wave  mode  can  be  identified  by  means  of  a  correlator 
device  (18|  that  measures  the  time  of  arrival  of  electrons  or  ions  in  an  8^  sector  with  a  high- 
frequency  clock.  The  microprocessor  t)>en  prefoons  autocorrelations  to  Identify  bunching  of  the 
particles.  During  active  experiments  the  microprocessor  will  select  the  bin  closest  to  the  direction 
of  the  local  magnetic  field  to  study  the  dynamics  of  pacticles  in  and  near  the  atmospheric  loss  cone 
and  identify  the  wave  modes  responsible  for  resonant  pitch-angle  scattering. 

The  Passive  Have  Experiment  was  designed  by  the  University  of  Iowa  to  measure  electric  and 
magnetic  fluctuations  over  a  dynamic  range  of  100  db  using  a  100  m  tip-to^tip  dipole  and  a  search  coil 
magnetometer.  The  instronents  will  operate  in  swept  frequency  and  fixed-filter  modes.  The  swept 
frequency  analyzer  covers  the  range  fron  100  Hz  to  400  kHz  in  128  steps.  For  wave  frequencies  in  the 
VLF  band  both  electric  and  magnetic  spectra  be  complied  every  16  s.  The  fixed  filters  will  be  used  to 
compile  a  14  point  spectrum  with  center  frequencies  between  S.6  Hz  and  10  kHz  eight  times  pec  second. 

The  Langmuir  probe  experiment  consists  of  a  100  m  tip-to-tip  dipole  that  uses  spherical  sensors 
each  containing  a  pceamplifier  with  a  1  MHz  bandwidth.  The  instrument  can  be  used  in  either  a  low- 
impedance  mode  to  measure  the  plaaiu  density  or  a  high- impedance  mode  to  measure  electric  fields.  It 
contains  two  microprocessors,  one  controls  ordinary  operations  and  the  other  a  **burst  momory**  device. 
The  burst  memory  holds  192  kbytes  and  can  be  filled  with  data  from  the  Plaana  Wave  and/or  Langmuir 
Probe  Experiments  at  rates  up  to  SO  kHz.  The  measured  parameters  and  collection  rates  are  controlled 
by  ground  command.  Data  of  the  desired  kind  will  be  continually  fed  through  the  burst  memory  as  a 
buffer.  kft>en  the  microprocessor  recognizes  some  specified  event,  it  will  save  a  amall  amount  of  pce- 
event  data  and  proceed  to  fill  the  burst  momory.  A  rapid  increase  in  the  wave  activity  measured  near 
the  centcel  frequency  of  a  fixed-filter  channel#  will  probably  be  used  to  trigger  burst  memory  data 
collections  during  the  expetimente  described  below.  After  the  memory  is  filled,  data  will  be  slowly 
leakmJ  to  the  main  tape  recorder  for  later  trananission  to  ground. 


fig.  3.  Wive  injection  experiments  from  ACTIVE  to  CRRCS. 
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VLF  MAVB-IlUICriON  OPOUHORS 

In  this  section  wa  discuss  a  nunbec  of  active  tot.'iiniques  foe  injectintj  and  diaqnosirvj  Uiistlec 
waves  in  the  radiation  belts.  Ihe  experiment  concept  is  illustrated  schanatically  in  Figure  3.  The 
antennas  used  to  tranmit  energy  into  the  radiation  belts  may  operate  in  either  the  VLF  or  HF  ranges 
and  may  be  either  ground  or  space  based.  For  simplicity  we  first  consider  the  case  of  trananissions 
fros  the  polar  orbiting  ACTIVE  satellite.  This  allows  us  to  illustrate  the  principles  that  apply  to 
experiment  planning  and  easily  extend  to  ground->based  tranaaissions. 

The  ACTIVE  satellite  was  launched  on  28  September  1989«  into  polar  orbit  with  an  apogee*  perigee 
and  inclination  of  2500  km*  $00  las  and  83o,  respectively.  The  prime  experiment  is  a  VLF  generator  that 
powers  a  single  turn  loop  antenna  of  20  m  diameter.  The  aaitted  frequency  falls  in  the  range  fccra  9.0 
to  lO.S  kHZ  and  is  controlled  by  ground  camand.  There  are  eight  pcepcogranined  on/off  asission 
sequences  that  may  be  selected.  O^ause  the  loop  antenna  failed  to  deploy  properly  the  emitted  power 
frem  ACTIVE  is  well  below  its  planned  10  kW  value. 

The  cates  of  orbital  precession  for  the  ACTIVE  and  C8RES  satellites  are  -  1.6S  and  0.67  degrees 
per  day.  this  implies  that  within  a  few  months  of  launch  the  orbital  planes  of  the  two  spacecraft  will 
overlap  favorably  for  conducting  experiments  in  which  VLF  radiation  can  be  emitted  fran  ACTIVE  and 
received  by  CURES.  Since  ACTIVE  changes  magnetic  latitude  quite  rapidly  relative  to  the  near  equa¬ 
torial  CRRES*  it  is  necessary  to  determine  the  useful  locations  for  conducting  tranaaission  and  pitch- 
angle  scattering  experiments.  Figure  4  plots  the  equatorial  cyclotron  and  plasna  frequencies  derivoJ 
for  the  magnetic  field  and  plamna  denalties  given  in  equations  tl)  and  (2)  as  functions  of  L.  We  also 
indicate  ACTIVB*a  emission  band,  ihe  figure  Indicates  that  this  radiation  can  only  propagate  to  the 
equator  for  L  shells  less  than  4.  At  greater  distances  ACTlVE*s  radiation  cannot  reach  CRRES. 
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Fig.  S.  Energies  of  electrons  resonant  with 

rig.  4.  electron  cyclotron  and  plasma  fre-  ACTIVE  amissions  for  N  •  -  1  and  -  2*  at 

quencies  at  the  magnetic  equator.  the  magnetic  equator  as  functions  of  L. 


Using  eolations  (1)  and  (2)  we  calculate  that  the  magnetic  energy  per  particle  is  50  keV/  L^. 
With  an  emission  frequency  fron  ACTIVE  of  9.6  kHz,  the  ratios  Ooe^lU  and  Oci/u> 

0.31/1.^,  respectively  •  In  Figure  5  we  have  plotted  the  energies  of  electrons  thal  are  resonant  with 
9.6  kHz  waves  at  the  equator  using  equation  (5)  for  the  first  two  harmonics.  At  distances  L  >  2.5 
(>  31  the  energy  of  resonant  electrons  Is  in  range  of  LEFA*s  sensitivity  for  the  N  •  -1  (-  21  harmonic 
interaction.  Higher  harmonic  interactions  can  be  detected  by  htgh-eoergy  detectors  but  with  courser 
pitch-angle  resolution  than  LCPA.  At  off  equatorial  latitudes  the  magnetic  energy  per  particle 
increases  leading  to  higher  energies  for  resonant  interactions.  Note  that  CRRES  can  detect  resonant 
interactions  resulting  from  directly  injected  waves  only  if  the  spacecraft  are  in  opposite 
hosispheres.  Resonant  interactions  can  occur  at  the  location  of  CRRES  with  the  satellites  in  the  same 
h'^ispliere  if  the  waves  undergo  internal  magnetosphcric  reflections.  Protons  interacting  with  whistler 
waves  emitted  by  ACTIVE  at  the  first  harmonic  must  have  energies  >  1  HeV.  Higher  harmonic  interactions 
take  place  at  lower  energies. 

There  are  two  methods  for  injecting  VLF  waves  into  the  magnetosphere  from  the  gcound,  directly 
ften  VLF  trarumltters  or  indirectly  fron  HF  ionospheric  heaters.  Hany  direct  VLF  injections  have 
already  been  cited.  The  Stple  transmitter  had  flexibility  in  its  oittted  frequencies.  However,  Siple 
was  closed  when  Antarctic  ice  crushed  the  station.  Imhof  and  coworkers  carried  out  experiments  using 
VLF  transnitters  at  a  nixnber  of  fixed  frequencies  usod  by  the  U.S.  Navy.  These  can  be  repeated  with 
CRRES.  Consistent  with  SEEP  measurenenta  (9| ,  frequencies  >  20  kHz  will  interact  with  electrons  in 
LEPA's  energy  range  at  L  >  2. 

Indirect  injections  of  VLF  waves  into  the  radiation  belts  can  be  accomplished  by  two  methods.  The 
first  is  through  modulation  of  ionospflbric  currents  and  the  second  thcou^  beat  waves.  lonospiieiic 
current  modulations  have  been  ac^iev^  by  a  modulated  heating  of  the  D  region  of  the  ionosphere  {19- 
20).  The  basic  concept  is  that  the  IIF  waves  heat  the  ionospheric  electrons  and  thus  increase  the  iono* 
sp^tlc  conductivity.  If  the  amplitude  of  the  heater  is  modulated  at  VLF  ftec^iencies  the  ionospheric 
currents  are  also  m^ulated,  tjcning  than  into  a  victual  antenna  in  space.  Trakhtengerts  (21) 
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Fig*  6.  D^ecgies  of  elec¬ 
trons  and  protons  resonant 
at  the  first  harmonic  with 
whistlers  at  L«2. 


suggesteii  that  this  technique  can  be  adopted  to  turn  wtiolc  tlux  rul>>'i 
into  a  maser-like  device  in  which  injected  waves  grow  to  lai  jc 
amplitudes.  Quantitative  conditions  required  for  growth  with  parallel 
wave  propagation  have  been  explored  by  villalon  and  coworkers  (22|. 
Ionospheric  current  modulation  techniques  have  the  advantage  of 
flexibility  over  fixed  frequency  trananitters.  However,  while  waves 
emitted  frem  virtual  ionospheric  antennas  have  been  detected  at  t)>c 
ground,  little  is  known  abcut  the  efficiency  with  which  they  transnit 
across  the  ionospitere  into  deep  space.  The  wave  detectors  on 
will  reduce  this  uncertainty. 


A  second  method  for  indirect  VLF  injection  involves  the  use  of 
beat  waves.  Different  sectors  of  the  Arecibo  antenna  can  radiate  at 
selected  frequencies  ti^se  difference  lies  in  the  VLF  range.  This  also 
provides  flexibility  for  studying  resonant  interactions  in  LCPA's 
energy  rarxje  neat  t.  «  2.’*  The  HF  heater  also  provides  a  moans  for 
enhancing  the  efficiency  of  wave  injections.  If  the  ionosphere  is 
heated  for  about  ten  minutes  prior  to  VtJ-'  turn-on,  it  develops  field- 
aligned  thermal  striations  (231.  loJucoJ  irregularities  can  enharwe 
VLF  transmission  through  the  ionospiiere  either  along  artificially 
created  ducts  or  off  strategically  located  scattering  centers.  Figure  6 
plots  the  resonant  energy  of  electrons  and  protons  at  the  first 
harmonic  at  L  «  2  as  a  function  of  frequency.  Resonant  electrons  in 
LEPA*s  range  of  sensitivity  require  injected  wave  frequencies  >  20  kHz. 
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P.  LEPEUVRE,  PR 

In  «  pa(i«r  you  eo'-autborad  with  Or.  Vlllalen  you  suggested  to  heat  the  foot  of  ths 
flux  tube  where  the  Interaction  takes  place.  Do  you  plan  to  do  It  in  your  crres 
experiaent? 

AUTHOR'S  REPLY 

The  CRRES  experleents  are  designed  for  single-hop  whistlers.  To  hast  ths  conjugate 
point  for  the  Alfven  Baser  would  require  a  two-hop  whistler.  If  it  happens,  CRRES 
could  see  it. 
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Cyclotron  Resonance  Absorption  in  Ionospheric  Plasma 

I'.l  I  NA  Vll  I.ALOn' 


C enter  for  Eli’ttronniiineln  '  h.  •’^•trihetiMern  ifni*  eniiy .  liioittn,  ,\ftn  tfii  him  ii\ 


the  mode  conversion  of  t>rdittaiv  pt>hni/c»l  elcclromapnciic  waves  info  clectrosinnc  ocloiion 
waves  in  ihe  inhomogeneous  iimovphiMic  plaMoa  is  invesiigaied  Neai  fcstmaiuc  Ihe  waim  plasma 
dispcision  relation  is  a  fijncin>n  ol  the  angle  tf  between  Ihe  peomagneiic  field  and  Ihe  dcnsfiy'  gra<lK‘Mi 
and  t>f  ihe  wave  fieqnency  »u.  wheic  U  '  <•»  ^  -II  and  II  is  the  elfcif‘»«  cvch»lron  lirqncncv  Mtr 
diiferenlinl  equations  describing  ilte  electnc  fielil  amplitudes  near  the  plasma  resonance  .iic  studied, 
including  damping  at  the  second  gyiohaiinttnir  cciiatn  values  ot  ami  a  (r  .g  .  /? '  m  ?(h 
the  wave  etpialions  reduce  to  the  pataludit  i  vlimlcr  equation.  Ihe  rneigy  iransniissimi  coeilicirnis  ami 
p»>wer  absorbed  by  the  eyclofton  waves  ate  ealciilated  Ihe  vertical  prrrclration  ol  llic  plasma  wave 
amplitudes  is  estimated  using  a  WKH  analysis  t*l  the  wave  equation 


I.  iNTRODUniON 

In  ionospheric  heating  experiments  the  ordittarv  tmnic  is 
launched  from  Ihe  ground  nt  (he  critical  angle  of  incidence 
(hat  penetrates  the  radio  window  {Wnnff  <7  td..  1981:  fiirk- 
mover  et  at.,  1986:  Bernhardt  ft  o/.,  I988|.  After  e.tpciienc- 
ing  a  rapid  change  in  polart7a(ion  it  converts  into  an  electro¬ 
static  wave  which  is  rapidly  absorbed  by  the  plasma 
(Af/p//iiM,  1984;  Miidhus  attd  FIA.  I984I.  In  a  previous  paper 
we  studied  the  dispersion  relation  in  an  inhomogeneous 
plasma  near  resonance,  considering  thermal  coircctions  and 
assuming  an  arbitrary  angle  d  between  the  geomagnetic  field 
Bn  and  the  density  gradient  [Vilfaldtt.  I989|.  ihe  wave 
frequency  m  is  such  that  U  <  or  s  20.  where  O  is  the  electron 
gyrofreqticncy.  Ihe  warm  plasma  dispersion  relation  con¬ 
tains  third'  and  second-order  power  terms  in  (he  refractive 
index  rj  Our  results  extend  previous  work  by  (ioftmt  /wd 
niiya  1 1972),  which  includes  only  the  third-order  power  in  q 
but  rtot  the  second.  We  show  ihal  for  ce/lain  values  f>f  ft  and 
<u  satisfying  the  equation  At  fl.  a>|  «  0  (see  the  delinition  ol  A 
in  equation  (7))  the  Golant  and  Piliya  dispershm  relation 
cannot  be  applied.  As  a  matter  of  fact  we  found  that  for  ii 
45*.  A  =  0  if  <ii  »  20.  In  these  cases,  Ihe  rchactivc  indices 
are  very  large,  the  group  velocities  are  very  slow,  and  wave 
energy  should  be  absorbed  efficiently  by  the  electrons  at  (he 
secomi  gyroharnionic. 

Here  we  further  develop  the  theory  of  miwlc  conversion  by 
investigating  the  wave  electric  fields  near  (he  plasma  reso¬ 
nance.  We  derive  a  dilTcrenlial  equation  for  the  variation  of 
the  wave  amplitudes  in  the  vertical  coordinate  along  the 
density  gradient  It  contains  third-  and  secoiul-otdcr  spatial 
dertvaltves.  and  Ihe  conlribution  of  ihe  linear  damping  rates 
at  the  second  gyroharmonic.  Asymptollc"  expansions  arc 
given.  The  wave  amplitudes  are  a  comhinaiion  of  ordinary 
electromagnetic  and  warm  plasma  waves  We  calculate  the 
energy  transmission  coefficient  (OnVnr  nnd  !  oshmorc- 
DriWe.f.  1982)  and  (he  power  absorbed  per  unit  area  by  the 
plasma  wave  [PUiya  and  Ffdomy.  I970|.  The  amplification 
coefficient  for  the  cyclotron  waves  depends  on  ttand  r^yfl  and 
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is  very  large  for  W near  O'*  and  oi  very  close  to  2tl.  When  Haiul 
(u  are  such  that  A  =  0.  the  wave  equation  rcrhfccs  n»  the 
parabolic  cylinder  eqiialion  whirsc  asymptotic  sohiiions  ;im: 
well  known.  Note  that  the  Weber’s  eqonlion  »s  ihe  slamlaid 
difierential  equation  to  describe  a  variety  of  motle  conver¬ 
sion  problems  in  plasma  physics  \riliva.  I9f>6-.  .tfnonw/r  ontl 
Manhcintrr,  1978:  Cairns  tinii  i.nshiiu>n'  iyoM<  \.  108t| 

We  apply  a  WKII  analysis  to  investigate  the  loots  ol  the 
wave  equations.  In  the  case  .Affl.  op)  f-  f>  wc  firnl  three 
complex  roots,  f^nc  of  them  represents  the  ft  mode,  and  ihc 
other  two  arc  combinations  of  the  f)  moric  atui  plasma 
waves.  By  calculating  the  turning  points  \vc  estimate  the 
extent  of  vertical  penetration  of  the  wave  fields,  F<»f  iiplcal 
ionospheric  parameters  this  length  is  of  Ihc  oiilcr  ol  a  lew 
hundred  meters  In  the  limit  A  -*  I)  we  find  two  roots,  one  the 
O  moile  and  Ibe  second  the  plasma  wave.  Ihc  vnijcal 
pcnelralion  of  the  wave  fields  is  now  of  the  ouln  ol  a  lew 
meters.  Ihns  wave  energy  is  ciricicnily  absoibod  bv  the 
electrons  in  vciv  small  regions  ol  spsicr. 

Z.  W\«si  Pi  ASMA  DisrrasioN  Ri  i  .siion 

We  consider  the  nominirorm  plasma  of  the  irmosphcie. 
where  the  density  changes  slowly  along  Ihe  vertical  diiccinin 
^and  is  constant  along  the  horizontal  direttion  Ihc  coo- 
magnetic  field  Bo  is  taken  al  an  angle  ft  with  respect  to  the 
vertical  ( and  is  in  the  plane  defined  by  the  ctumlinaics  i  and 
fi.  The  coordinates  along  and  perpendicular  tc  B„  aic 
denoted  by  r.  and  x,  respectively  isec  Figure  I)  .An  ordinary 
polarized  clecfroniacncfic  wave  (O  model,  of  irertuenev  <-./ 
and  wave  vector  k.  is  launched  from  Ihc  cioumi  al  an  ancle 
i/r  with  respect  to  the  vertical.  Ihe  angle  bcl"eon  k  arul  B„ 
depends  on  the  altitude  and  is  represented  by  »r  fsce  I  igoie 
n.  Ihe  frequenev  o»  is  such  that  11  •?  o»  -r  211.  utieic  11 
fPr^lmr  is  the  electron  gyrofrequency  (r  is  the  elecrrorr 
chaige  and  m  its  mass)  I  he  relractive  index  u  ~  iA/«i»hasa 
component  Q  along  the  veific.al  tlircction  and  a  viunponeni  ^ 
in  the  horizontal  iliieelion.  In  terms  of  the  ancles  d  and  o  we 
have  Ihc  relation  sin  y  triZ  ~  ft)  ~  Q'n  Because  the 
plasma  densilv  di>os  niU  change  along  fi.  S  is  also  a  ctmsiaru 
imlcpcmlcm  of  nltitmlc  and  given  by  S  ~  sin  •/»  1  In*  \e?iieal 
eompmicnl  {)  depends  «hi  the  plasma  densilv  ii  e  on  the 
c»M»idinaie  it  s.m  be  oblainetl  by  solvine  h»i  die  M«'«»ker 
qiiaitic  cold  plasma  dispersion  relation  |/fni/dr  M.  t'*nll 

f  '  '  f  (7  '  i/(7  e  0  Hr 
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Vii.i  AirtN:  CvdiiiiiiiN  KrwisANrr  AiiMiiirTiON  in  liiNixriii  Rir  t’l  a\ma 


Fif.  I.  The  coofdiii»l«  f  anil  m  aic  alonil  nnil  pcfp«niliciflai  lo 
the  tlemily  (radieiK.  respectively.  The  coonliiiales  anil  .t  are 
parallel  anil  perpendicular  to  the  geomagnetic  field  B,.  icspeclively. 
The  wave  vector  k  is  in  the  plane  dcAned  by  Ba  anil  i  the  angles 
that  Bi,  ami  k  form  with  the  vertical  (  are  represenled  hy  fl  and 
respectively. 


where 


=  I  -Af/,V„ 

I  - 

’  1  -  K*  cos’  « 


(2) 


Here  A’  =  Blp/«^  where  oi^  -  (dirNe’/iiil''-  is  the  electron 
plasma  frequency.  Af  is  the  plasma  density,  and  T  =  llfiu- 
The  other  coelBcienls  in  equation  (I)  may  he  found  in  the 
work  by  Bndden  (I9til|.  We  assume  Ih.al  the  angle  of 
incidence  d>  is  such  (hat 


conics  increasingly  clcctrostalic  as  it  propagates  in  the 
plasma  {Mjdlliiis  and  FM.  I9R4|,  i  c..  the  retractive  iiules 
Q  -•  n  and  a  —  9-  The  ratio  between  the  and  r 
components  of  the  electric  field  is  such  that  t  ./fi  .  =  tan  d 
and  E,  =  0. 

Near  the  plasma  resonance  where  (  -  fn.  we  assume  th.at 
the  density  variation  is 


N=  iV,ll  +  — j — 


Here  N,  is  the  plasma  density  at  the  resonance  where  .V  ^ 
X,  as  defined  in  (2).  and  I  is  the  length  of  density  variation 
(typically,  in  the  F  region  of  Ihe  ionosphere  it  is  around  50 
kml.  Near  Ihe  mode  conversion  point,  the  <>  mode  fre¬ 
quency  satisfies  the  dispersion  iclation  for  the  upper  hybrid 
reson.ance  in  (21.  .Substituting  (41  into  the  definition  of  r,(  in 
(21.  we  fiml 


U  '  («> 
I 


(5t 


The  refractive  indes  is  near  (  =  (n.  Q - 

its  actual  value  must  be  obtained  by  adding  the  lowest -order 
thermal  corrections  to  Ihe  Booker  qiiartic  dispersion  relation 
[Biidden.  I9fil|  The  comples  dielectric  response  liinclion. 
3f  =  e'3.  was  derived  by  Vil/u/dn  11989 1.  wheie 't  is 

9)  =  yt,.  -  ^  lAy'  *  '.xQ')X  f  2V.V  >  i2  -  i>V'\ 
r'  * 

Here  I'f.  the  UicrmM  velocity,  is  such  lhai  »  ;/r Ml  *.and 

.  3  sin*  9 

A  =  3  cos  t»  +  ,,  _  yl)(|  .  4y>] 


If  the  ordinary  mode  is  launched  near  the  ground  at  the  angle 
of  incidence  defined  in  <31.  i(  pene(ra(es  (he  radio  window 
and  e.speriences  a  rapid  change  of  polarization  associated 
with  a  strong  coupling  between  the  ordinary  and  estraordi- 
nary  waves  (Af/pf/ttr.r.  I984|  (see  Figure  21.  Ihe  ordinary 
Wave  is  totally  transmitted  near  X  =  X,  into  'he  "slow 
extraordinary  mode"  (also  called  the  Z  model,  which  be- 


rstranrilinaiy  modes.  The  ordinary  mode  a  prop:igiiis's  Irom  free 
space  (a  -s  I)  lo  its  ciilolT  ip  -  ni  and  may  coiipk-  lo  the  slo" 
exiramdioary  miMie  branch  <  t.also  called  the  Z  model.  I  he  7  aioile 
moves  inio  ibe  region  of  cycloiron  plasma  resonances  iij  —  "'i 


(6-  3F’  +  r*)  ,  .  J 

(1  - 

kV 

1  ’  ' 

\ 

rw 

j 

1  : 

=  S  sin  9  cos  9j  cos’  9  — 

(1  -  T-V 

,  ( 

-l.5|  ■  *  71*  - 

■f  sin'  9  - 

II  -  ^■•’)'ll  -  4)  -)  J 

r- 

Y  =  .3  sin  9  cos  9  _-p' 


'  i' 

II sin*  9  1  1 

I'm  -  211^' 

2  /  jeos  9\  F*  1 

where  *.  is  Ihe  component  of  k  along  Bo.  The  refractive 
index  y  may  be  obtained  by  selling  the  real  part  of  lhl  equal 
lo  zero.  Refractive  indices  in  the  resonance  regions  have 
been  studied  in  Ihe  pnpers  hy  ffo/niir  mid  f’l/ivo  119721  .iiid 
»V//<i/.in  II9R9).  The  CloInnI  ami  I’iliya  papci  dims  mil  include 
Ihe  leim  propoflional  to  *  in  Ihe  dispeision  relalion.  As  a 
matter  of  fact  this  term  may  he  neglected  proviileil  (h.-ii  \  F 
0.  In  Figure  we  represent  0  versus  mAl  as  uhi.-iiiied  bs 
solving  for  the  equation  A  ■-  (I.  We  fiml  that  for  «  \ 

becomes  zero  for  w  very  close  to  211:  in  this  case  ihe  term 
proportional  to  Kcannol  be  ignored.  In  Figure  ••  wc  represent 
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'k:i 


Fig.  3  We  represent  A  (the  angle  the  geomagnetic  held  forms 
with  the  vertical)  as  a  function  of  the  ratio  of  wave  to  cyclotron 
frequencies  after  solving  for  A(fl.  «)  =  0  where  A  is  Jermed  in 
equation  (7) 


the  refractive  index  0  as  a  function  of  B  by  solving  for  the 
dispersion  relation  in  (6).  As  shown  in  Figure  4.  the  refrac¬ 
tive  indices  are  much  larger  for  A  -  0  than  for  A  ^  0  hy  a 
factor  of  vrfc.  Thus  if  the  angle  B  between  Bq  and  (he  density 
gradient  is  <45*.  one  expects  plasma  waves  with  frequencies 
or  —  2n  to  be  absorbed  more  efficiently  by  the  electrons  than 
waves  with  or  <  20. 

The  components  of  the  group  velocity  along  the  vertical 
and  horizontal  directions  are 

(3A(?t-4K)/ 

(III 

’•,Jc  =  -  j  A(2'/7.T 

where  /  =  (I  -  Y^HX;'  -  K*  cos*  6).  When  A  /  0. 

I.  and  (he  wave  propagates  along  the  direction 
perpendicular  to  the  density  gradient.  When  A  —  0.  t',^  and 
Vff  can  be  of  the  same  order  of  magnitude  and  much  smaller 
than  for  the  case  A  i*  0.  Because  the  group  velocities  are 
smaller  when  A  =  0  than  when  A  /  0.  the  waves  interact 
with  the  electrons  for  longer  times  and  then  deliver  their 
energy  to  the  plasma  more  eiliciently. 


Fig.  4.  Rrrractive  imliccs  near  the  plasma  resonances  as  func¬ 
tions  of  d  and  for  two  values  of  F  ■=  II/, o.  they  are  largest  when  d 
and  u  are  such  that  A  -  «  leqiiaiinn  |7|). 


3.  I  Ml.  Wavp.  Hi.ri  iRic  ru  t  i)s 


The  wave  electric  fields  near  resonance  aic  polatired 
alottg  the  vertical,  and  their  amplitudes  vary  as  F.  -  e^/'.lfl 
exp  (-iiiir  +  iw/rlQ^  f  5fil|.  Here  e^  is  the  unit  vector 
along  the  {direction,  and  FAi)  is  a  slowly  varying  function  of 
{.  Next,  to  obtain  the  differential  equation  for  the  wave 
amplitude  E({).  we  identify  Q  with  the  spatial  derivative 
Q  =  -Uclui)  dld(.  When  this  is  siibsiituterl  into  (h).  ji 
becomes  a  differential  operator,  and  the  equation  for  the 
electric  field  amplitude  is  then  FI  ()  =  fi.  By  defining  W  - 
XE{()  and  denoting  with  primes  dilferenlialion  with  respect 
to  {.  we  show 


f„(ln  Xr  A  2iY.V  - 


W  r  rffW' 


/> 

A*  r  I',  1 

4 

2.  - 

-  -  ,V»  t  2  -  -  ().V 

\' 

1  W  f  Ml 

AAU'"’  =  n  (12) 

Next,  we  define  ii  =  I  +  l(  -  („)//  and  fi  =  r/iu/  (<  10  ' ); 
(12)  now  becomes 


2i  Y.Y, 


u  -  I  dW 

II  dll 


V  2  —  fi* 


r  —  K  I-  ft 

i 


X. 


d-w 

dll' 


(ujV  .  r/’W 


Near  resonance  we  have  that  «  I ;  in  addition,  wc  define 
{  =  M  -  I  and 


rr  =  2Y,V,«'  (14) 


Equation  (13)  now  becomes 

d'W  d^W  dW 

0  —r  +  y  - -  C  -  t-  (  -1  +  ifr)fV  ^  n  (17) 

^  d(^  ^  rfr  f/< 


By  taking  y  =  0  wc  recover  the  third-order  difTcrcntial 
equation  as  obtained  by  Gffhnt  nnd  PUiya  (1972)  As  shown 
in  section  4  when  (i  =  0,  (17)  reduces  to  a  second-order 
diBerentiaf  equation  of  the  parabolic  cylinder  type. 

The  three  solutions  to  (17)  may  be  found  by  Laplace 
transform  metbrnls.  as 


WiO  = 


I  dt  1  exp 

'■  P  , 
-  y  -  -  -  ' 

Jr. 

2  t 

(ik) 


where  the  complex  t  plane  has  a  cut  taken  from  (he  oriciu  at 
an  angle  aig  (  -  I  he  contours  ol  integration  t  i  ik  -  li. 
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I,  2)  arc  such  Ihiil  arg  /  =  2kniy.  (Inhinl  mill  I'ilirn  |I97?| 
sludicJ  (18)  for  0  ((  0  by  neglecling  (he  icini  yt'/2  in  Ihc 
exponent j,il  factor.  The  behavior  of  lV(f)  when  {  >  «  and 
{  -» ■»  ij  given  by  )V, .  Here 


'■■'(rr;)' 


where  C  and  fl  are  arbitrary  constants  which  have  dimen¬ 
sions  of  electric  fields.  Note  that  (19),  which  is  independent 
of  vy/c,  represents  the  ordinary  electromagnetic  wave  IDol- 
gii/ioltiv.  I9fi6|.  For  {  <  0  the  asymptotic  form  of  IV  is  a 
combination  of  the  cold  electromagnetic  wave  IF,  and  the 
warm  plasma  wave.  In  fact,  Golmil  and  Piliya  (I972|  show 
that 


tv  -  W,  -  Op -pj- exp  -j 


exp  (-no)  /  '  y 
(I  -  iiT)  (p’/ 


large),  we  calculate  Ihc  turning  ptiiiiK  «>!  ihc  loois  I  he 
turning  poinu  arc  values  of  ^  such  ihai  i ,  » »  -  »;  wc 

show  that  <0  -  Mil  -  or)*/j/4|"V  By  inking  .u 
0  —  20^.  and  cj-/*'  —  0  25  x  10  '  one  gels  |^„|  5.  v 

10  ~  .  Hence,  according  to  this  simple  calculaiion.  ihc  ver- 
lien)  penetration  of  the  wave  fields  should  he  less  than  150  m 
If  we  take  O/w  -  1.8.  then  f  -  fo  nhotii  70  m 


4.  Second  Harmonic  RrsoNANir  AnsemrnoN 

!xl  us  now  consider  the  c.isc  A  — ►  0.  here  ihc  term  >/^'2 
cannot  be  neglected.  Ry  taking  A  0.  we  find  ih;ii  l/t|  ''  I . 
and  then  we  may  expand  exp  1-0/5/')  in  p<mcis  of  0 
Iflenrfff  out/  Orsiaji,  I978|.  which  yields 


IVI<)=  V 


V*  I  /  0^" 

^  “i  I  T" 

0  ”  '  ■  / 

■  J  di  i”"  ■  exp  (2?) 


and  f  “  (p  The  power  absorbed  at  (  =  per  unit  .area 
of  surface,  9.  was  calculated  by  PUiya  and  Fcdw.iv  |1970|; 
it  is  determined  completely  by  the  cold  sohilhm  tV,  and 
given  by 


|C -’I /<  (21) 

o  rr 

where  A  is  the  amplification  coefficient  defined  as 

ml  I  -  e.xp  (  -2ir<r) 

- - -  (22) 

c  2<t 

Under  the  limit  y  -»  0  we  investigate  (he  three  roots  of 
(I7|.  By  assuming  that  W  -  exp  (/  QdO  one  gets 

Q,  =  I-  ,tj 


Ql.i  =  (-*1  *■  -rrl  i  i  ~  lu  -  I?) 


*  IF,  ■'  y  (F.  •  -  x')''M'''. 

F.  -  20/(1  -  irr)  is  such  that  |F|  I.  and  \  =  tt/}pt  By 
taking  the  limit  r  ’  F  •  we  show  » 

Oi  — -  exp  I -I  y|(Fx|  ' 

'  (24) 

"  'y  *4P  1“'  jj**^"'*  '  "  '  7 

We  see  that  Qf  does  not  depend  on  ff/c  ami  represents  the 
cold  clectromngncftc  wave.  The  roots  (7;  »  arc  such  that 
they  tend  to  infinity  as  i';/<  -•  0:  ihey  rcprcsciu  ihc  plasma 
waves.  1o  estimate  approximately  how  far  ahingihe  vertical 
the  plasma  wave  amplitude  extends  ti.e.,  is  c.xpoiicntiallv 


where  the  contour  of  integration  r  is  taken  from  the  origin  at 
an  .angle  arg  /  -  -I/2  arg  y.  The  integrals  in  (25)  rcpiescnt 
parabolic  cylinder  functions  (Ahrumotri/r.  dful  Strgnn.  I964[. 
1  hus  we  write 


W(y)  =  e.xp(y-/4)  X  ' 

41-0  •  '  / 


t  '  r)/),l  ^  t  (26) 


V  -  irr  -  3u  -  I 


y  =  y''* 


n~i')  is  the  gamma  (factorial)  function,  and  f),l.\)  is  the 
parabolic  cylinder  function.  Note  that  the  series  expansion 
in  126)  requires  that  |0/y'^|  <  I. 

To  study  Ihc  behavior  of  1V(.\)  as  j^|  -♦  wc  must 
consider  the  asymptotic  expansions  of  /),.(  \i  at  large 
values  of  For  w/4  <  arg  x  *'  has 

n,(  -  vl  '■  > '  exp  (ii'TT)  exp  I  -  j  (29) 


l  or  jarp  ^  <  1/4  jr.  one  pels 
fKi~x)  ~  X  ''  e*P  exp 


(V) 


Substituting  (29)  into  (26)  yields  the  asymptotic  bcluivior 
of  W(y)  for  ff/4  <  arg  y  7Tr/4. 

1 

IVt  ^  )  •  -  --j -  exp)  'FTTlIfl  /«»»  tM) 

1 
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e 

Fig.  Natural  logarithm  of  the  amplincalion  coeHicknt  (equa¬ 
tion  (22M  versus  for  ihiec  values  of  K  =  O/ru.  Maximum  ampltli- 
cation  is  oh(nine<f  for  &>  =  2fl  ant/  near  (T. 


Thi5  equation  coniairts  only  (he  contribution  of  the  electro¬ 
magnetic  {O  mode)  wave.  Combining  (30)  and  (26).  we 
obtain  the  asymptotic  form  of  IV(;^)  for  |arg  <  nh\: 


point  i  -  ^0  Sccoml.  wc  asstime  that  the  wave  i'*  <l;iinp<Ml  at 
the  second  cyclotron  harmonic,  i.e..  o)  —  2U  ami  /»  ^  d  llv 
taking  \$<vjfp<\  I,  wc  sec  that  the  plasma  wave  is 
generated  for  ^  if  (5  >  0  and  for  ^  if  '''  b' 
amplitude  decays  exponentially  as  Re  1^  /2  - 
where  Re  denotes  the  real  part  of  the  expression  in  him  kets 
If  ^  >  Hand  ^  <  In  or  if  (J  <  0  and  |  >  |o*  then  the  asymptotic 
form  of  is  given  by  (31)  containing  only  (lie  clcuio 
magnetic  wave. 

The  plasma  wave  which  extends  along  a  finite  length  in  the 
I  direction  decays  exponentially  away  from  this  region  for 
large  values  of  |.  Next,  wc  calculate  the  size  of  this  region 
for  the  case  ^  =  0.  by  applying  a  WKB  analysis  to  1 17)  l  et 
us  define  a  new  complex  coordinate 


where  rj  =  1/2  -  ifr.  With  the  introduction  of  Ulr)  -  exp 
t  -/ir“)V'(  t).  equation  (17)  becomes  a  second -order  erpiatnin 
of  the  Weber’s  type  [Ahrnmnwiiz  onti  Stfigun.  I^tv1|, 


d^V 


f  4n"(l  -  T^)V  -  0 


r  M) 


where  we  have  set  /}  =  0.  I  he  WKB  solulioni  In  are 
[Nnyfelt.  I97.M 


I 


W(.v)--  1  _  exp  ( -tf  ir)|  ( 1  ia\ 

X 

x-\ 

_  _£_  , 

+  ..  '*p  1  *’'P 

3y''-''’ 

AT  \2  1 

Equation  (32)  contains  the  contribution  of  the  electromag¬ 
netic  (first  term  in  the  right  side  of  the  equation)  and  plasma 
(second  term)  waves.  Equation  (32),  valid  if  Ipiy''^  <  I, 
should  be  contrasted  with  (20),  which  was  derived  for  the 
ease  p  o  and  y  -  0.  The  ratio  of  the  O  mode  amplitude  at 
^  fo  ”  r  >  0  to  that  at  ^  -  (fl  =  -r  is  obtained  from  (31) 
and  (32);  we  show  it  is  equal  to  e.sp  t-trrr).  The  energy 
transmission  coefficient  T  =  esp(-2ir(T).  The  quantity  I  -  T 
is  the  fraction  of  the  incident  energy  which  is  mode  con¬ 
verted  to  Ihe  cyclotron  harmonic  wave.  I  he  power  absorbed 
per  unit  area  by  the  plasma  wave  at  |  is 

S'  -  (,VSn-)r„iWj^l  -  T) 

where  v  -  c/Q  -  ff^j/2Y,V  and  is  defined  in  (1**).  Note 
that  (his  expression  is  idenlical  (o  (he  power  absorbed  by  (he 
O  mode  as  given  in  (21)  and  (22).  In  Figiiic  ^  wc  have 
represenfed  (he  nniural  logarithm  of  (he  aniplifica(ior  r,»cf. 
ficicnt/l  defined  in  (22).  ns  a  function  of  for  (luce  values  ol 
)'  “  Who  (i.e..  >'  “  0.3,  0.7,  and  0.9).  and  assuming  that 
5  *  “  1500/K,  We  show  (hal  maximum  amplificalums  aic 
obtained  for  w  =  21)  and  ^  very  close  to  O'*.  As  a  matter  of 
fact  the  maximum  value  of  A  is  calculated  for  0  •  O'  and  90'. 
where  A  -*  ' '  rr. 

First,  consider  Ihe  limit  where  there  is'tio  damping,  i.e.. 
(w  -  2W)/k.Vf  >  2*'^,  p  ^  0.  and  then  arg  y  ~  nf2.  For  ^  ■ 
^0.  'itg  X  -  and  3(arg  \  -  1/2  arg  y)  -=  -iy2)n.  For 

^  <  fft,  arg  X  ^  (3/4)n.  and  then  3(arg  x  "  1/2  arg  y)  (V2)w. 
In  both  cases  the  plasma  wave,  as  defined  in  (^2).  is  an 
undamped  plane  wave  propagating  away  fiom  the  resonant 


I 

lV---^i:^exp(-ur  ) 


C  exp 


+  B  exp 


■/: 


2/0  (I  -  r  )’'' </.r 


2.0  j'  ~ 


(75) 


where  C  and  B  are  constants  and  the  turning  points  aic  t  - 
±1.  Ihe  solution  with  constant  of  proportionality  C  is  the 
electromagnetic  wave,  and  the  one  with  constant  of  propor¬ 
tionality  /?  is  the  plasma  wave.  This  may  he  verified  by 
taking  )jr{  »  I.  approximating  ( I  -  t"^)'^^  -  I  -  r  ■/2 
and  integrating  (35).  which  lends  to 


exp  (i Tr/4) 

w- - 

T 

Comparing  (.^6)  and  (32)  yields  the  values  of  Ihe  cmistants  of 
proportionality  C  and  /?. 


I 

('-;;■(  Bt**  exp  (  -2fiT  ■) 


(^6) 


f  C.Tp  (  “/>/2)  1(1  -  /r/) 
n  (27r)'^  Mrt)" 

riic  ampliturle  of  the  plasma  wave  grows  nniil  r  is  siu  h 
that 


Re 


(2ff 


I  -  f  m|  c/t 


1 18) 


The  length  of  wave  growth  is  the  maximum  value  of  f  f,„ 
for  which  the  plasma  wave  in  (^5)  is  cxpnncniinllv  large:  it 
may  he  obtaincrl  by  solving  for  (38)  To  give  an  estimate  of 
this  length,  let  us  set  Id  ^  !,  and  then  ^  2lfiy)''’  Wc  lake 
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U!  ~  I.9U.  f»  -  2(r,  Vjk  =  0.25  X  10  iiiitl  .5  0  1  x  10 

Wc  also  consider  lhai  there  is  no  damping,  i.c..  take  #>  -  0. 
Substituting  these  numbers  in  the  definition  of  r.  we  show 
that  is  of  (he  order  of  a  few  (<5)  meters.  Thus  the 

power  carried  by  the  wave  is  delivered  in  smalt  regions  of 
space  to  the  electrons  through  the  second  harmonic  reso¬ 
nance  absorption. 

5.  Conclusions 

VVe  have  studied  the  mode  conversion  of  ordinary  electro* 
magnetic  waves  into  electrostatic  plasma  waves  in  inhoino* 
geneous  magnetized  plasmas.  The  density  giadicnt  is  along 
the  vertical  direction,  and  the  geomagnetic  field  forms  an 
angle  9  with  the  vertical.  1'he  warm  plasma  dispersion 
relation  for  the  plasma  waves  and  (he  relinctivc  indices  arc 
calculated  as  functions  of  9  and  (he  ratio  between  the  wave, 
(li,  and  cyclotron,  (1.  frequencies.  It  is  assumed  (hat  ^  uts 
211.  1  he  differential  equations  for  (he  electric  Itelds  describ* 
ing  the  mode  conversion  processes  near  resonance  are 
derived;  the  spatial  derivatives  are  third  order  in  the  vertical 
coordinate.  We  investigate  (he  wave  equations  using  analyt¬ 
ical  techniques  such  as  Laplace  transform  methods  to  obtain 
asymptotic  behaviors.  We  also  derive  WKII  solutions  to 
calculate  the  penetration  of  (he  electric  held  amplitudes 
along  the  vertical.  For  certain  values  of  9  and  «>(ha(  satisfy 
(he  equation  At  9.  a»)  =  0  (see  (he  definiiton  of  A  in  (7))  the 
wave  equation  reduces  to  (he  standard  parabolic  cylinder 
equation  which  describes  a  broad  spectnim  of  m<Hle  conver¬ 
sion  pr<»blems  in  plasma  physics,  the  energy  fransmission 
coefficient  and  (he  power  absorbed  by  the  cyclotron  waves  arc 
calculated.  The  ampHffcntion  of  (he  cyclotron  waves  is  largest 
for  w  *  2n  and  9-0*.  For  typical  ionospheric  parameters  wc 
estimate  that  the  electric  field  amplitudes  extend  a  tew  meters 
along  the  vertical  coordinate.  They  should  be  absorbed  by  the 
elecirons  due  to  the  second  harmonic  resonance  damping. 
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Near-Equatorial  Pitch  Angle  Diffusion  of  Energetic 
Electrons  by  Oblique  Whistler  Waves 

El  PNA  Villal6n 
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Wll  1  lAM  J.  Burkk 

fiftiphvMt  \  Air  Fortf  Rmf 

Ihf  pilch  scniierin;;  nj  i»;ippf»l  cncr^ciic  clecifons  hy  ohiigoclv  pfopngnlinp  whisllcr 
tn  the  equatorial  regi(3n^  of  ihe  pinsmasphere  w  investigated  Siorm  lojccicd  cicclions  moving  along 
field  lines  near  the  equator  interact  with  eleciromagnetic  waves  whose  Irequencies  are  Doppler-shifled 
In  some  harmonic  of  the  cyclotron  fieqtiency  The  wave  normals  are  disiiihnled  almost  parallel  tn  the 
geomagnetic  field  Waves  grow  Irom  the  combined  coniiibimons  ol  a  huge  reservtiir  of  energetic 
elecitons  that  aie  driven  into  the  loss  lone  bv  the  highest-harmonic  inieiaciions  pciitiiiled  to  Ihein 
Rrlalivistic.  quasi  linea>  (hcniy  is  appli<‘il  to  ohiain  sell  consistent  eqiiaitons  dcsciibing  the  icinpoial 
evohitmn  <»f  wave^  an<l  patticlcs  over  lime  scales  which  are  longer  than  (he  panicle  btumce  time  anti 
gtnitp  lime  delav  of  the  waves  Ihe  equililniiitn  solutions  and  their  stnbiliiy  ate  studied,  considering 
the  leflection  of  (he  waves  by  the  lonosphcie  and  Ihe  coupling  of  mtihiple  hatmonic  resonances,  fhc 
contrihutions  of  nonlocal  wave  sources  aie  also  included  in  Ihe  theory.  NiMncncal  conipithilions  based 
on  our  theoretical  analysis  for  regions  inside  the  plasmasphere  (/,  <  2)  and  near  the  plasmapaiise 
it.  ■  4  5>  and  for  the  first  three  harmonic  resonances  are  presented 


I  iNIROOtJCttON 

In  Ihts  paper  we  inscsiigalc  pitch  angle  scallerirtc  interac¬ 
tions  of  radiation  belt  electrons  with  uhliqiiely  piopagating 
whistler  waves.  Trapped  electrons  in  the  radiation  belts 
moving  along  field  lines  near  the  equatorial  plane  of  the 
magnetosphere  may  see  low-frequency  electromagnetic 
waves  Doppler-shifted  to  some  harmonic  of  their  local 
gyrofrequencies  {Roh^rts,  l%9;  Gendhn.  1972;  S<  tmlr  <ind 
Lonifr/itti,  J974j  We  assume  that  the  waves  arc  distributed 
over  Gaussian  profiles  in  frequencies  tu  and  in  angles  ^ 
between  the  wave  vector  k  amt  (he  ambient  geomagnetic 
field  The  wave  packet  distributions  are  centered  at 
values  of  (it  well  below  the  equatorial  gyrofrequencies  11  ^ 
and  at  the  normal  angle  ^  -  0.  Since  *f  is  small,  (he 
component  of  fhc  group  velocity  parallel  to  is  much  larger 
than  Ihe  perpendicular  comptment;  thus  the  waves  are 
almost  field'aligncd  Because  w  11/  ,  cvcioiioii  resonant 
wave-particle  interactions  cause  difTusion  almost  purely  in 
pilch  angle  \Kctinvt  and  PetMhek,  1966:  l.vonx  and 
Wittinfns.  1984;  Vtlfafiin  rt  at.,  1989^1,  Tor  high- 
temperalurc  plasmas  the  pitch  angle  distiihuiions  of  the 
particles  are  anisotropic  and  provide  sources  of  free  energy 
for  cyclotron  instabilities  to  iKcur.  Conseqwcuily.  particles 
dilTuse  in  pilch  angle  along  surfaces  of  constant  phase 
velocity  to  reduce  the  anisotropy  of  (heir  distribution  func¬ 
tions  [rr/rA/rrfngrrr.f.  1984;  Jnzhm,  I989|.  Particles  scallercd 
into  (he  loss  cone  give  up  a  small  amount  of  energy  !<»  the 
waves,  but  many  of  these  particles  cause  suhsr.tniial  wave 
growth  [fnntt  ft  til  .  1978:  Itnhof  e(  rr/  ,  19X6,  ttiumn  vt  at  . 
I990|.  Kennet  ttnd  Pelsdtek  (I966J  developed  a  model  in 
which  Ihe  waves  resptmstble  for  pitch  angTe  scattering  arc 
derived  from  the  liee  energy  contained  in  the  anisotiopic. 

C»ip\riehi  I'NI  by  the  Amcrii  un  (iruphv  Nfc:i(  (Uimhi 

Paper  number  ‘>|JA(ini-M 
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pitch  angle  distribution  t’jf  the  cncigetic  trapped  rici  ln>nv  It 
predicts  that  when  the  panicles  fltixes  fall  below  a  stable 
(rapping  limit.  Ihe  waves  slop  growing,  and  pilch  angle 
scattering  should  cease 

During  magnetic  sli'rms  the  radiation  belts  hrcoine  filled 
with  trapped,  energetic  panicles  from  «ibon!  /  ■  8  lo  /  - 
1.5  (/.  represents  the  magnetic  shell).  In  the  aecks  lollow- 
ing,  Ihe  fluxes  of  trapped  electrons  in  the  range  /  -  2- ' 
diminish  lo  levels  below  detector  sensitivity  aiul  well  bch>w 
Ihe  trapping  limils  of  Krnnct  nnd  Perxt  hek  |l9f'6l  t.vonx  vt 
at.  11972)  recognlred  that  some  of  Ihe  waves  icsponsible  for 
pilch  angle  diffusion  need  not  necessarily  be  generated 
locally  frf>m)ow.  background  nncliiaiion  levels  Rather.  Ihev 
have  been  cicalcd  elsewhere  in  the  outer  plasmasphere. 
I  hey  propagate  along  field  lines  to  ItKaiions  w  here  their 
frequencies  reach  the  local,  lower-hybrid  ftcqucncy  and  pel 
reflected  back  across  field  lines  toward  equait>rial  reenms. 
eventually  filling  the  entire  plasmasphere  with  waves  \t.\nn\ 
find  Thorne,  1970:  Amrurn.  I9bf>).  I  he  waves  rcsptnisiblc  lor 
diffusing  panicles  in  Ihe  slot  rcgiims  may  also  be  rnriialed  in 
the  atmosphere  by.  for  example,  lightning  strokes  \!tuin  n 
at.,  1988)  or  ground  Iransrniltcrs  [t.nhinann  tout 
1977).  Wc  have  pbcnomcnoh>gically  incorporated  the  ct>n 
(ribulion  of  these  somccs  of  wave  energy  lo  electron  pilch 
angle  difTusion.  Thus  our  theoretical  model  considers  wave 
growth  from  background  electromagnetic  niictiiations  as 
well  as  wave  energy  injected  from  nonlocal  origin.  Tlmh 
sources  of  waves  contribute  to  reducing  the  level  ol  cner 
getk  plasinasphcric  electrons  by  scattering  them  intt»  either 
Ihe  atmosphere  of  the  drift  loss  cones. 

For  wave  propagation  strictly  along  field  lines  ti  c  .  - 

IT),  quasi-linear  dillusion  reduces  lo  the  futularnenlal  /  •  I 
hainu>nic  restntaiKe  l/b  'pn/iu’  oiul  i nikhii  >ivi  1 1\ .  |UXt) 
St  hiilr  ttnti  .  |9XX|  Mm^evei.  nun.bt>l  the  pl.isma 

spheric,  whistlet  wave  tmbulencc  propagates  «>bliqnel\  lo 
the  magnetie  field  In  additittn.  particle  dtllusuMt  t»ccnrs  o\  or 
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:i  liroAil  raiipc  of  cnctpies  I.Vinfir.  I'MtII  wlikli  caniiol  he 
accoiinlcil  for  hy  siriclly  coiiAiilcriiif;  (he  (iiiiil:iiiieiit:il  tew- 
iiiiiicc.  As  (he  panicle  s  cnetfiy  increases  Isay  laiRcr  lhan  UKI 
kcV).  resunnni  internclions  near  equniorial  repioiis  al  (he 
fiindanicnial  harmonic,  for  panicles  whose  pitch  anpics  arc 
near  the  loss  cone,  are  not  permitted.  By  allosving  the  wave 
vectors  to  form  small  angles  with  respect  to  n„.  higher- 
harmonic  resonance  interactions  can  lake  place.  In  fact, 
high-harmonic  resonance  resulting  from  oblique  wave  prop¬ 
agation  together  with  high-latitude  interactions  is  needed  to 
explain  the  precipitation  of  many  eneigetic  electrons  from 
the  radiation  belts. 

Lvom  el  iil.  |I97I|  studied  higher-harmonic,  pitch  angle 
dilftision  at  all  geomagnetic  latitudes.  1  hey  showed  that  the 
dill'nsion  into  the  loss  cone  of  >ltKl-kcV  electrons  is  con¬ 
trolled  by  haimonics  with  f  >  I .  In  their  woik  it  was 
assumed  (hat  the  wave  intensity  is  given  and  does  not  grow 
from  the  anisotropy  of  the  particles  they  are  scaticiing 
toward  the  loss  cone.  Also,  very  energetic  particles  may 
interact  with  waves  at  the  /  =  I  harmonic  awav  from  the 
equator.  However,  the  distance  allowed  for  otf-equaiorial. 
resonant  interaction  is  limited  because  of  large  gradients  in 
the  magnetic  energy  per  particle  with  increasing  latitude 
[Bell.  I98A|.  Efficient  scattering  of  these  particles  requites 
that  the  waves  have  already  grown  to  large  amplitudes 
{Biixriiherg  el  nl..  I98l|. 

Ibis  paper  extends  previous  work  hy  Vitluhin  el  iil. 
|I9H9(||  on  electron  dilftision  bv  parallel-propaeating  whis¬ 
tler  wtives  to  the  ciisc  of  oblique  propa,uation.  We  assume 
that  qtiasi-linear  theory  can  be  applied  to  studv  the  (empoial 
evolution  of  waves  and  particles  which  are  resonantly  cou¬ 
pled  at  some  gyroharmonic.  Our  investigations  arc  restricted 
to  interactions  that  occur  near  the  equator  (i.e..  for  geomag¬ 
netic  latitudes  such  that  d  s  20").  In  the  weak  dilfusion  limit, 
interactions  that  signilicantly  modify  particle  distributions 
tKCUr  on  time  scales  much  longer  than  either  the  wave  travel 
limes  from  one  hemisphere  to  the  other  or  the  particle 
bounce  periods.  The  dill'usion  coefficients  arc  averaged  over 
a  bounce  orbit.  Energetic  panicles  are  driven  into  the  loss 
cone  by  the  highest -harmonic  interactions  permitted  to 
them.  We  recognize  that  they  may  also  be  scattered  al  high 
lalilndes  by  interactions  at  the  first  gyroharmonic  with 
waves  that  are  amplified  near  the  equator  I /fo.irrihcrc  ei  nl  . 
I98l|,  For  the  sake  <if  analytical  simplicity  we  do  not 
consider  high-latitude  scattering  in  our  calculaiions.  In  the 
work  by  Lynns  el  nl.  II972I,  high-latitude  interactions  are 
included  numerically  for  a  magnetic  dipole  profile.  The  more 
restrictive  scope  of  our  parabolic  magnetic  field  model 
allosvs  us  to  carry  analvtical  studies  further  arrri  to  rthlatn 
Iranspitrcnl  expressions  for  the  diffirsion  citcllicicrrls.  We 
also  corrsiricr  wave  growth  frtrnr  the  resonant  inlcrrtcliorrs 
Mte  waves  arc  growing  from  an  extensive  rartgc  of  panicle 
energies  which  depend  on  the  harmrrrric  with  which  they  arc 
in  resonance.  On  the  ruher  hand,  becattse  we  rreglect  hiph- 
laliliidc  interactions,  our  results  may  not  he  realistic 
throrighoril  the  plasmasphere  but  may  only  irpply  lo  cqiraitr- 
rial  regions.  ' 

lire  piiper  is  rrrganized  as  frrihrws;  section  2  coricrrns  orrr 
birsic  mtulel  for  the  whistler  wave  spectral  dtstrihriiions  We 
assrrrrie  (hat  the  dielectric  prrrperties  rtf  wave  propagation  are 
eiyrn  bv  the  cold  irt.'tsm.rsplieitc  eleclrons  ubose  ilcrtsirics 
are  nurch  larger  than  thrrse  tri  tesorranl.  enereerre  electrons. 
Ilrirs  trtrr  rnrrdel  rtpplies  hrrth  rrrsule  the  plasmasphere  arrri  in 


regions  of  cold  plasma  density  enhancenrents  beyond  the 
plasmapause.  We  also  asstrrnc  that  spatial  irthotrtorteneiries 
arc  aligned  ahtng  geomagnetic  field  lines.  .Section  f  preserrts 
the  theory  of  quasi-linear  resonant  diffusion  ol  relativistic 
electrons  by  oblique,  whistler  waves.  The  energetic  elec¬ 
trons  are  represented  by  the  particle  sources  'riE.  I.l.  which 
depends  on  the  particle  rcsirnant  energy  /•,'  and  trn  the 
magnetic  shell  /,.  The  pitch  angle  eigenvalues  anti  rlistrihrt- 
tton  functions  arc  sturlicd  in  Apperrdix  A  as  frrtrctirtns  irt  (he 
harmonic  resonances.  Since  we  only  investigate  the  weak 
diffusion  limit,  we  consider  the  lowesl-order  pitch  angle 
eigenvalues  anti  eigenfrrnctions  for  each  harnrtrnic  reso¬ 
nance.  This  should  be  contrasted  with  the  mtHicratc  dilfusion 
for  parallel-propagating  waves  [Villalnn  ei  nl..  I'lgUnl.  in 
which  we  treated  many  eigenvalues  and  eigenbrnctions  of 
the  dilfusion  operator  hut  only  (he  fundamental  rcsortattce. 
Section  4  presents  the  growth  rates  for  whistlers  due  to  the 
contribution  of  several  harmonics:  this  extends  previous 
results  hy  Kennel  nnd  Petsehek  |l9f>lt|  on  wave  grtrwlh  thte 
lo  the  fundamenl.al  resonance.  Section  5  contains  the  eqtta- 
lions  which  describe  the  evolution  in  lime  of  the  waves  and 
the  numbers  of  resonant  particles  in  a  flux  lube.  I  he  waves 
which  grow  near  the  equator  by  selective  amplification  arc 
partially  reflected  somewhere  along  the  flux  tube.  Our  therr- 
retical  model  includes  wave  reflection  as  a  parameter.  I  he 
contributions  of  external  wave  sortrees  which  arc  not  gener¬ 
ated  locally  by  the  cyclotron  instability  arc  also  included  in 
the  theory.  We  study  the  equilibrium  soluliiuis  anil  the 
stability  of  the  system,  which  is  formally  identical  lo  the  one 
obtained  for  parallel  propagation  in  the  moderate  dilfusion 
case.  In  Appendix  B  we  solve  the  stability  equations  for  the 
coupling  of  three  harmonic  resonances.  We  present  some 
numerical  applications  of  this  theory  in  section  fi.  tissuming 
that  there  are  no  esictnal  wave  sources.  We  study  three 
harmonic  resonances  at  the  shells  /.  -  2  and  I.  4..S.  which 
coircsponds  lo  the  slot  portion  of  the  radiation  bell  and  lo 
the  plasmapause.  The  resonant  energies  and  the  equilibrium 
solutions  for  waves  and  panicles  are  obtained  Ihe  limes 
required  for  Ihe  first  three  harmonics  lo  reach  equilibrium 
are  calculated.  Section  7  contains  a  summary  and  conclu¬ 
sions. 

2.  Wiiisii  rn  F.i  rciRoN  RrsoNsNt  iNirRACiioNS 
I.el  us  consider  electromagnetic,  whistler  mode  waves 
whose  frequencies  are  small  fractions  of  the  equatorial, 
electron  gyrofrcquencics  and  that  propagate  al  oblique  an¬ 
gles  lo  Ihe  geomacnelic  field  Bn  The  wave  frequency  is 
denoted  by  w.  and  Ihe  wave  vector  by  k  l  ire  magnetic  field 
Bi,  is  taken  along  the  .-  direction,  and  k  propag.alcs  at  an 
angle  ^  with  respect  lo  B,,  (see  Figure  II  I  he  components  ol 
k  parallel  ami  perpcmliciilar  lo  B„  are  represented  bv  k  >  uid 
k  , .  rcspeclively.  l  ire  reliaciive  index  n  =  i  klut  salislics  the 
dispersion  relation 


(!f/nil|cos  ifj  -  I 

where  is  Ihe  plasma  liequency  ol  plasniaspheiic  elec 
Irons,  and  II  is  Ihe  electron  cyclotron  freqiiencv  Fqiiarion 
( I)  is  valid  if  lll/f.olcos  s-i  and  n  are  much  larger  than  I .  thus 
•c  is  not  loo  laiee.  We  .ilso  assume  ihal  II^.  t.*  *.l 

where  11^  is  the  proton  e\ loliequenc  v .  .urri  lira!  r Ill 
I  \lhlli»ell.  I9f>s| 
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F^ig.  I-  The  Enrih's  dipole  mugnelic  field  Hit  »nd  the  parnholic  profile  are  quniilalively  depicted  here  I  he 
gyrofrequencie^  and  correspond  (o  (he  equatorial  and  the  maximum  resonant  geomagnetic  fields,  respectively. 
The  angle  is  the  maximum  geomagneitc  latitude  lor  which  resonant  wave-particle  interaction  takes  place,  in  a  local 
coordinate  system.  Bq  is  along  (he  :  diteciton.  and  the  wave  vector  k  forms  a  small  angle  if>  wjth  respect  to  Di>  I  he 
velocities  u,  and  v  ^  represent  the  perpendicular  and  paraffet  components  of  the  resonant  particle  s  velocity  as  f  iven  in 
the  equatorial  cross  section  indicated  by  the  index  t.  The  equatorial  pitch  angle  is  denoted  by  9.  and  ti  sin*  9  The 
values  $1,  and  are  evaluated  for  pitch  angles  at  the  equatorial  loss  cone  and  for  the  niaximum  value  of  9  which 
satisfied  the  resonant  condition,  respectively. 


Near  the  equator  (he  Earlh's  magnetic  field  is  approxi¬ 
mated  by  the  parabolic  profile  [ViUMn  et  oi.  I989n.  h\ 

!l/nt=  I  +  (j/a)'  (2) 

where  :  •»  FgLil>.  a  =  (V2/3)Rf£,.  Rf  is  the  Earih's 
radius,  and  LR^  measures  the  equatorial  distance  of  the 
magnetic  (rap  from  the  center  of  (he  Earth.  Here  is  the 
geomagnetic  latitude  in  radian  units.  Equation  (21  is  obtained 
from  a  Taylor  expansion  of  the  dipole  field  and  is  an 
excellent  representation  of  the  magnetic  geometry  within 
±2(r  of  the  equator. 

2. 1.  Ihf  Rtsonafu  c  Condition 

The  electromagnetic  waves  interact  with  electrons  whose 
energies  are  >10  keV.  These  electrons  bounce  between 
mirror  points  in  a  time  equal  to  th.  We  approximate  th  by 
Anolv.  where  v  is  the  p,irticle's  velocity.  Ihe  slensiiy  ol  the 
hot  electrons  is  mtich  smaller  than  that  of  cold  electrons,  so 
they  do  not  contribute  to  the  dielectric  properties  of  wave 
propagation.  However,  because  their  pilch  nngic  disinbu- 
lions  are  very  anisotropic,  they  provide  sources  of  free 
energy  for  Ihe  growth  of  the  cyclotron  instability  Ihe 
tnleractkm  with  the  waves  ocettrs  for  those  electrons  which 
satisfy  the  Doppler-shifted  resonance  condition 

fo  A(T’|  -  f/U/yj  =  0  It) 


where  U  *  |q/?o/mc  1.  q  is  the  electron  charge,  m  is  its  mass, 
and  /  »  1.  2.  3.  •  •  •  is  Ihe  harmonic  number.  Here  y  is  the 
relativistic  factor  y  -  ( I  -  which  relates  a 

particle's  moinenium  p  to  its  velocity  p  -  myt-  I'hc 
components  of  the  particle  velocity  and  w.ave  vector  parallel 
to  Bfl  are  given  by  i'|  and  =  k  cos  ip.  We  call  0  the 
particle's  equatorial  pitch  angle,  and  p  sin'  n.  We  assume 
(hat  the  first  adiabatic  invariant  is  almost  conserved  during 
the  interactions.  Therefore  the  particle's  pilch  angle  fiff  at 
any  point  along  the  field  line  is  related  to  its  equatorial  value 
by  sin*  =  (H/i);)  sin*  (?.  The  resonant  condition  is 
satisfied  for  values  of  p  such  that  p^  ^  p  p,„,  where  p, 
is  defined  in  terms  of  the  pilch  angle  at  the  boundaiy  with  the 
loss  cone  and  Mn,  =  sin' W,.,  is  an  upper  limit  t see  Figure  I). 
As  function  of  the  I,  shell.  Ihe  mirror  ratio  cr  =  Mp,  is  o  - 
f.’(4  -  In  terms  of  the  equatorial  pilch  angle  the 

parallel  and  perpendicular  components  of  the  particle  veloc 
ily  arc  i>|  =  -HI  -  andt^  =  f' ' . 

respectively. 

The  resonant  gyrofieqtiencies  arc  such  that  H/.  H  ' 
ffw .  where  If is  the  equatorial  cyclotron  frequency  and  If  if 
is  Ihe  maximum  value  of  H  which  satisfies  I  M  Fiom  now  on 
the  subscript  /.  refers  to  values  at  Ihe  magnetic  equator  I  he 
frequencies  il,  and  II  arc  resonant  with  the  values  »>l  the 
equatorial  pilch  angles  corresponding  to  p„,  ami  p,  .  rcspcc 
lively  (see  Figure  I)  I  he  resonant  geoinagnelic  latitudes  arc 
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such  that  0  s  i)i  s  ^l„.  where  for  0  =  0.  U  =  11, .  and  for 
<1  =  ifi„,  11  =  (i,,.  By  writing  the  resonance  condition  (.1) 
for  II  ==  11,  and  ;i  =  ix„,  we  find  that  the  normalized 
relativistic  momentum  of  Ihe  electron,  p/,  is 

p,  Y»l.y''n,  I  /|cosy>|-Wll,\''- 
me  \u }  <i)p  Icos  pI  \  I  -  / 

where  yoillili,  «  I  and  n,/a>p  <  1.  In  our  calculations  we 
assume  that  Ihe  plasma  density  decreases  within  the  plas- 
masphere  as  ML*  (see  (}3));  hence  Ihe  value  of  II, 
decreases  as  ML  with  increasing  L  shell,  and  the  resonant 
energies  are  larger  for  smaller  L  shells.  The  very  low  energy 
electrons  (i.e.,  in  Ihe  lens  of  electron  volts)  can  interact  with 
waves  whose  frequencies  are  such  that  w/n,  -  |  cos  For 
|cos  close  to  I  we  must  have  u  ^  (1,  fur  gyroresonani 
interactions  with  low-energy  electrons.  The  energies  in¬ 
crease  well  into  Ihe  hundreds  of  keV  as  Ihe  harmonic 
number  f  increases.  For  a  given  value  of  I.  as  approaches 
unity,  i.e.,  the  equatorial  pitch  angles  are  near  90°.  Ihe 
energy  also  increases. 

I'he  refractive  index  along  Ihe  field  lines  varies  as  q/q,  - 
(11, /II)'”.  Applying  Snell's  law  yields  the  fact  that*,  does 
not  change  along  a  given  Held  line:  then  the  wave  angle  ^as 
related  to  its  equatorial  value  p,  is  cos^  p  =  I  -  (11/11,) 
sin^  <Pi .  The  cyclotron  frequency  11  is  defined  in  (2).  Since 
both  i)>  and  are  quite  small,  we  may  assume  that  y>  -  <p, 
[Bell,  1986).  If  a)  «  11,.  Ihe  resonance  condition  at  11  = 
11,,  and  p  =  p,  yields 

Pi  I  /|cose.|-i,/ll,\'” 

me  \  <j  /  w,  Icos  pI  \  I  -  ) 

where  we  have  taken  i'|  as  defined  after  (3).  Combining  (4) 
and  (.3)  leads  to 

(ll„/fl,)’(l  -  p  J  =  I  -  M,  (11„/11,)  (6) 

In  deriving  this  equation,  we  have  considered  that  Ihe 
refractive  index  changes  along  the  field  lines  as  q/q,  = 
(11/11,)'”.  For  a  parabolic  profile  in  Ihe  magnetic  field  we 
obtain 


Note  that  by  increasing  the  maximum  pilch  angle  P„ . 

.xlso  increases,  and  so  does  Ihe  electron  energy.  Ihiis 
high-lalilude  interactions  at  the  first  gyroharmonic  can  alfeci 
high-energy  electrons.  In  addition,  by  increasing  the  har¬ 
monic  number,  we  may  also  increase  the  electron  resonance 
energies. 


2.2.  Spectral  Enerpy  Disirihiiiiiin 
of  Waves 

The  magnetic  field  of  Ihe  whistler  mode  B,  as  a  function  of 
Ihe  wave  vector  k.  is  related  to  Ihe  observable  wave  mag¬ 
netic  field  at  position  x.  B.,v,(x.  r).  by 

Bw.,.1*.  /)  = 

(2ir)  J 

where  V  is  Ihe  plasma  volume.  Note  that  in  our  representa¬ 
tion  B|,  has  units  of  Ihe  square  root  of  energy.  TTie  wave 
energy  as  a  function  of  k  is  represented  by  IV,(bi.  r).  where 
IV,  =  (l/8ir)(B,/2rr)^.  We  next  assume  that  wave  energy  is 
distributed  over  Gaussian  profiles  in  (i.e..  in  wave  fre¬ 
quencies;  see  the  dispersion  relation  in  ( I ))  and  in  (  =  cos  y;. 
These  profiles  are  peaked  at  k*  =  *„  and  -  I  with  half 
widths  Air’  and  Af’.  We  may  write 


I) 


I  KM 


till 


and 


(12) 


The  factor  (2/3)'”  in  (7)  is  due  to  Ihe  changes  of  Ihe  wave 
vector  k  along  Ihe  field  lines.  Equations  (7)  and  (8)  should  be 
contrasted  with  Ihe  same  equations  of  Villaldn  el  at.  ( 1 989n  | 
where  k  was  taken  as  a  constant  independent  of  ;.  and 

Pr  «  I. 

We  now  summarize  our  investigations  on  the  resonant 
wave  particle  coupling;  (4)  defines  Ihe  electron  s  energy  for 
a  given  harmonic  number  as  a  function  of  (Re  L  shell  and 
pilch  angles.  Particles  with  (his  energy  and  with  pitch  angles 
at  Ihe  equator  such  that  p,  •s  p  s  p,„  satisfy  the  lesonance 
condition  somewhere  along  the  near-equatorial  portion  of 
Ihe  field  line.  The  geomagnetic  latitudes  foi  resonant  iiiier- 
aclions  are  such  that  f)  s  ili  s  where  i//„  is  given  in  (7), 


The  reasons  for  Ihe  representations  of  C ,  and  C',  in  ( 1 1 1  and 
(12)  are  explained  after  (29).  Here  W’lt)  is  Ihe  equaiori.al 
energy  density  of  waves. 

The  components  of  Ihe  group  velocity  parallel  and  perpen- 
diciilar  to  Bo  are 

(  I  E  COS'  If 
n  jeo^ 

c  cos  <p 


Since  the  dlsiribulion  profiles  in  ( 10)  nre  ccnicred  nroiind  cos 
^  -  I,  ami  \vc  may  consider  Ihe  waves  as 

field-aligned.  Ihe  lime  il  lakes  Ihe  waves  lo  travel  Irum  a 
reneclion  point  in  one  hemisphere  lo  the  conjugate  reficciion 
point  is  represented  by  r,.  We  ;»ppr<»xmialo  r., 
where  tj;  is  the  relraciivc  Index  evniunied  at  ihc  maenciic 
equator,  i.e..  lor  1)  =  U/.andu  ^  (\  Ihceleciiic 

field  components  .Tre  denoted  hv  ^  »  ^ 

ft,  -  where 
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K.'-t 


-  =  Ico^  -  - 


—  -  - - -  sm  V  - 

f.  I  |cos  <r\  11 


4  IT 

- ;  =  — T  W'llv-  '• 

(27r|-  n- 


Qltf.  A) 
l|c(is  .^1  -  w/11) 


Icos  O'!  ( ixt 


Tor  the  wavc^  ilcscnbcil  in  ( 10)  we  may  ncpioci  llu-  cimipti- 
nem  of  the  electric  field,  f,.  alonx  B,,.  Iliesc  waves  arc 
preferentially  right-hand  circolaily  polarijed.  and  their  elec¬ 
tric  fields  are  'f-n  =  (/|/V2)(I  t-  |cos 

3.  MiniiER-flARMONic  Pitch  Anole  Ditfusion 

In  the  limit  of  pure  pitch  angle  diffusion  we  use  relativistic 
quasi-linear  theory  to  study  the  evolution  in  time  of  the 
electron  whistler  interactions.  The  electrons  cncrpics  are 
given  as  a  function  of  the  harmonic  numbers  in  (4).  liccaiise 
these  energies  usually  <lo  not  overlap  for  different  gyrohar 
monies,  we  treat  each  cyclotron  resonance  as  independent  of 
the  others  Nevertheless,  we  assume  that  a  hioail  energv 
range  of  electrons  interact  with  the  same  waves.  Wc  also 
assume  that  their  distribution  functions  arc  independent  of 
the  distance  z  along  the  flux  tube  For  the  sveak  diffusion 
case  we  treat  the  pitch  angle  anisotropy  to  be  independent  of 
time  and  assume  that  for  each  resonance  the  distribution 
function  is 


h  -  ~7,t — -j  exp 

7T  irp. 


where  Zl/i)  is  the  lowest -order  eigenfunction  ol  the  diffusion 
operator  defined  below  The  number  of  resonant  elections  in 
the  flux  tube  per  square  centimeter.  /V,(rl.  changes  on  lime 
scales  /  >■>  t/|,  T,,.  We  must  find  the  equations  lor  the 
temporal  evolution  of  /V((r)  and  defining  the  eigenfunctions 
For  an  infinite  homogeneous  background  plasma  of 
cold  particles  immersed  in  the  geomagnetic  field  B,,  ns  in  l2). 
the  distribution  function  of  resonant  electrons  is  obtained  for 
each  cyclotron  resonance  solving  for  [Lvoiis  iiikI  ttiffuuu.r. 
1984) 


N)  ,  f  f*i  . 

—  =  nq'  I  - s  —  O 

tit  J  (2rr)^  to 


By  nssuming  fh«ic  <•»  /  .  wc  mny  iicplccc  m 

cncTfty  l^t’tfitr/  a/u/  Villtilt'nt  1 1  ol 

and  wrilc  n. 

r  =  _s  -  — 


I  .  w  - 
-  <;  ♦  — 


T,  J  \yw/ 

'I!  L 

\  (I  /  F?/U  f 


and  A  -  Aji',/11.  In  terms  ol  DcsscI  funciions  ol  M»c  Imm 
kind  wc  have 


- - —  »  kos  ,(A) 

4  c«>s  ■  1^ 


( I  -  |cos  ^1)  //  4  |(  A  I  t -  sin  A  )  (I'M 

I' ,  (1 


where  the  plus  or  minus  sijjn  depen<ls  on  the  sipn  cos 
Becniise  A  <K  I  and  cos  v*  -  I.  wc  may  approximate 

1 1  »■  jeos  v*!)  ‘ 

A)  -  - - —  J,  ,IAI 

jIcos  «rl 

('onihining  leads  lo 

4/  n,p  r  \  y  I  )„  ) 

(  lii"'  'L[-!i _ _ 

’  \  ’  II,  /  .ip  [11,.  (I  -  ull/!l,)'  ■ 

-SU,,-||i  -  ...  11, 1  y-.  / 1(^,1  At  -  l-Mt 

\  r  I  ■'ll 

where  11,.  the  dcnsllv  of  llic  cold  elcclrims.  is  such  tlial 
/I,  'T>  ,V,//i  and  tppit  '  k". 

Because  intcraclions  lake  place  near  the  equator,  w  c  lit  si 
integrate  (211  .along  the  Hus  tube  using  the  gcoinapnclic  licid 
profile  in  (21.  The  plasma  density  is  taken  as  constant  along 
We  apply  the  operator  Mip  /  iItIv.  to  the  left-  and 
right-hand  sides  of  121)  lo  average  the  disiribotion  lonclion 
over  lime  scales  comparable  lo  the  bounce  lime  rg,  I  he 
wave  vector  k  as  function  of  c  is  represented  by  klk ,  - 
(11, /111''*,  wheie  1,  is  the  value  of  k  al  the  oapnelic 
equator.  In  the  weak  diffusion  case./,  is  a  constant  iiulcpcn- 
denl  of  z.  and 

HJi  Sirm  iicu  ■  till,)'  r.-  fu'l 

—  =  - p-r  - I  df,  I  df  sin  y 

I*'  T,u,p  ,  •  y  J  ,, 

pi..  II,  ,/!)  I  ,1 

I,  II,  I  I  II,  in'  -  .1,1 

I  "  ( 

•  I - - PS  fil  k  iP|  -  —  I 

II  -  ,i!l/ll,)' '■  \  ’  '  y  / 


11,  1 1  II, ,11)'  - 


\  (1  /  p-  4u  il  -  pll/ll,)'  ' 

where  p  ami  pi  rcpicscnl  the  munienliiin  comronciils 
perpendicular  and  parallel  lo  B.,.  rcspeclisclx  I  he  w-avc 
cneigy  H',  appears  in  Ihc  function  i-l, , .  where 


•  w,(y.  iiy,(y.  A)  —  i::i 

•rii) 

lo  inlegr.Tlc  .slung  II.  we  iiiiisi  consider  Ihc  rctos  ol  the 
della  function.  For  .,i  z<  II,  and  t/k,  -  111, /It)''  Ihc 
icsonancc  cmidilion  i  tl  hccomes 


I  II  I :  I 
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The  real  root  of  (23)  is  represented  by  llj,.  IJmIrr  the  limit 
(t,  yii/fllf,)*'’  «  IZ/t  we  obtain 

l  2'1 

(24) 


»» 


'ki_yv  COS 

Ifh  J 


I  '  ~  f 

\li  =  ft  hi 


im)' 


Since  =  cos^  ip  ~  I.  A*  <*:  I. 
Next,  let  us  consider  the  definitions 


»<r/’Vit(p.  0  dp 


\li 

pB 

Integrating  along  II  leads  to 
»F, 


f: 

"Hi  [py'^fiuy 

/.*«  [v/  \y*o/ 


9-0' 


I 


(VW/nt)"’  - 1 


a 

9$i 

r 

(2«) 


where  ('(/!  is  (he  standard  gamma  function.  Combining  (15) 
and  (26)  yields  F(  ”  A)|(r)Z(fi).  We  assume  that  the  particle 
Dux  is  independent  of  lime  and  ffiU.  pi  =  (ff/r^lZIpl.  3  he 
actual  particle  source  VIE.  L)  »  depends  on  the 

resonant  particle  energy  E.  which  in  (urns  depends  on  the  flh 
harmonic  number  (see  (4))  and  the  magnetic  shell  /,;  it  is 
given  in  section  6.  The  pitch  angle  eigenfunctions  Zip) 
satisfy  the  dilTerenlial  equation 


dp  dp) 


-  p,)Zipl 


(29) 


dependent  particle  (luxes  are  rcpiesenicd  by  ilic  consiani 
source  .'/■(  Alter  some  algebra  it  c.m  be  shown  Dial  the 
evolution  of  Ni{i)  is  given  by 


because  of  the  resonance  condition  ki  ny  cos  = 

(I  -  p„)~''^  independent  of  the  wave  vector.  For  resonant  where 


dh/,  ,  , .  re, 

—  =  -Y4s,,-[2(m,  -  ;.,))'"a,)V(/)/V^t)  +  - 

dt  r. 


Oil) 


interactions  near  the  equator  /i„  «  I.  the  panicle's 
equatorial  pitch  angle  must  be  near  the  loss  cone.  We  call 
the  square  of  the  argument  of  the  Bessel  function  in  (20), 
evaluated  for  0  llg,  where 


(25) 


(26) 


(27) 


where  q}  refers  to  the  lowest-order  eigenvalues  and  is  given 
in  Appendix  A.  For  f  *  2  (he  solutions  of  (29)  are  trigono¬ 
metric  functions,  and  for  /  f<  2  they  are  Bessel  functions. 

We  next  substitute  the  wave  packet  dislriliutions  W,({,  ri 
given  in  (I0HI2)  into  (28).  Since  (he  main^ontributkm  to 
the  integral  in  {  comes  from  the  neighborhoosl  of  {  =  I.  we 
evaluate  the  integral  approximately  1he  constants  C'l  and 
C,  nre  chosen  so  that  by  taking  the  limits  )  =  I  and  Af*  = 
0  in  (28),  we  recover  the  results  of  parallel  propagation 
{VillotiUi  ft  ill.,  I989ri,  equation  l22)|.  The  energy- 


T(f/2)(  (//2  ^  I/2)  a"  -  " 
- r77T3 - i^exp 


n/)'  ^ 

T,  =  (b,'/2)(A^'/2)’ 


(-p)/„.„o(p) 


(51) 


and  fu-ii/rl'T/Zo^)  is  the  modified  Bessel  function  Ihe 
factors  2/5  and  lll|/yi‘A  in  Ihe  definition  of  Y.  t27).  are  due  to 
the  variations  of  Ihe  wave  vectors  along  the  field  lines. 
Because  their  contribution  is  of  order  unity,  Iheii  variations 
may  be  ignored. 


4.  TcMrokAL  Gaowiii  nr  WiiisiLras 

I'o  describe  Ihe  interaction  of  whistlers  and  energetic 
electrons  at  higher-harmonic  resonances,  we  must  deiive  an 
equation  for  Ihe  energy  density  of  waves  tYlr)  as  fiiiKtion  of 
the  numbers  of  resonant  particles.  In  the  limit  of  pure  pilch 
angle  diffusion  the  temporal  wave  growth  rate  yp  is  llynns 
und  Williams.  I984| 


Yo  itr- 


—  S  rr^dp  f'dp- 
"s  in  Jo  Jo  ' 


1) 


I  -  pii/nii"' !),. 


■  */» 
w  +  4|t-|]|co5ig|y(((g.  A) — 


(32) 


where  (he  summation  extends  over  all  possible  harmonic 
numbers.  Integrating  along  Ihe  Dux  tube  yields  the  spatial 
amplification  factor  which  is  defined  as  I't If.  1 1  =  J  dz 
ypIVf.  In  doing  this  integral,  we  average  over  lime  scales 
comparable  to  (he  group  lime  delay  of  (he  waves.  After  some 
tedious  algebra  we  arrive  at 


r.(w.  /)  =  2 


i/Hh]'” 

/: 


dp  cos  ■  fQilf.  A„l 


I 


Ikivy/ni,)"’  -  I 


(55) 


where  0((p.  Aj,)  is  defined  in  (20).  Recall  that  Fi  - 
NiiilZIp),  where  Ni  is  Ihe  number  of  electrons  in  Ihe  Dux 
lube  interacting  with  Ihe  cyclotron  resonance  of  order  I.  We 
must  also  consider  that 


i 

•'M. 


I 


(4i.y/)l),  )-'’  -  I 


dZ 

tin 
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■IM.I 


The  Icmporni  evoluliun  of  the  wave  energy  'Vt((/>,  /I  is 
oblained  from 


JW 


cJlV, 

HI 


=  S  -  r]w  .  ) 


t35> 


Here  r  =  -’In  |/?|.  wheFe  R  is  the  ampliludc.  rcUeclion 
coeRicienl.  Wave  reflection  may  occur  either  at  both  ends  of 
the  flux  tube  in  the  ionosphere  or  at  the  location  along  the 
field  line  at  which  the  wave  frequency  matches  the  lower 
hybrid  frequency  [Kiiniira.  I966|.  Next  we  substitute  into 
fl  the  distributions  in  (I0h(l2l  and  integrate  both 
sides  of  f35)  with  respect  to  k  and  which  alter  some 
algebra  becomes 


(41) 


where  the  index  /  extends  over  all  possible  cyclotron  reso¬ 
nances  we  may  want  to  study  te  g.,  /  -  I .  •  .  M.  A/  '■ 

I).  This  is  a  system  of  A/  t  I  equations  whose  equilihrnim 
solutions  are  obtained  by  setting  dNfIdt  =  dW/di  -  (I.  We 
call  A/J”’  and  W""  the  solutions  to  the  equilibrium  where 


W 


A/J"'  =  (l/D,)(fT,/tV'"') 
At 

1*11  _ 


dW  /I'  r\  Tit) 

—  - - Wft)  +  — 

dt  \r,  T, 


i4:i 


(Hi 


(Ab) 


where  .f(t)  is  a  external  source  of  wave  energy.  Here 

I  ^ 


2n^Pi<Ai 
=  J 


Next  we  introduce  ihc  functions  ‘l'{  and  A/  such  that  the 
solutions  to  (40)  and  (41)  can  be  written  in  terms  of  these 
functions  as 


Ni  -  iV;"’  t  --  (---  1  A,) 

(44) 

R  .1/1 

K,\  dr  '1 

ntt 

IV  W'"’  exp  ('!',) 

(  IM 

Y—V 

\ylivl 


(17)  where 


where  Tl(  has  been  defined  in  (31)  If  /  =  l.ihcn.B,  =  l;for 
larger-harmonic  resonances.  Tl,  is  very  small  and  the  cou¬ 
pling  between  waves  and  particles  is  much  weaker.  The 
factor  in  the  square  brackets  of  the  definition  of  A,(/ )  in  t.'7) 
is  due  to  the  variations  in  the  wave  vectors  and  is  of  order 
unity. 

Equations  136)  and  (37)  together  with  (30)  and  (31)  are 
called  the  ray  equations.  They  describe  the  self-consistent 
interactions  of  obliquely  propagating  whistlers  and  electrons 
In  (he  magnetosphere.  Because  of  the  oblique  propagation 
the  waves  grow  from  interactions  with  a  wide  energy  range 
of  electrons  through  higher  cyclotron  resonance  coupling. 
The  electrons  are  depleted  from  the  magnetosphetc  because 
of  pitch  angle  dilTiision  into  the  loss  cone.  The  rate  at  which 
they  are  depleted  is  proportional  to  f?l(.  which  is  very  small 
for  f  >  I ,  Because  high-energy  electrons  inter.aci  with  some 
I  >  I  gyroharmonics.  it  takes  longer  for  them  to  dilTusc  into 
the  loss  cone  and  for  the  waves  to  grow.  We  must  now 
consider  the  conditions  for  equilibrium  and  stability  of  the 
ray  equations. 


'I't  =  S  '^1 


3  exp  (T'  ft  -  1  T', 
IV""  exp  IT',)  'V, 


|4b| 


After  subsliluling  (44)-t4b)  into  (40)  and  (41),  they  reduce  to 
a  system  of  A/  equations  for  the  functions  'l'|. 

d^'V,  dS, 

— -r  +  —  =  K,'.r{  \  -  exp  ('V,)) 

dr  dr 


exp  (47) 


for  all  /  a  1  whose  siabiliiy  we  m.iy  study  by  assuming  small 
deviations  from  equilibrium  Thus  we  linenrixe  (47)  by  inking 
'Vt  «  I  and  A/  -  (.^ /W‘”’)'|',,  which  leads  to 


d'^V,  d'V,  , 

f  2t'f  —  +  f  K,:fi  2^  'k,  -  0 

<•  ^ 


We  call 


5.  EQUiLinniuMAND.SrAniiiiY 

»/ =  Y(4!7/)(2(m„  -  (38) 


dr' 

where 


2.-,- 


)V" 


t  /7,IV 


yi< 

4,(/)  —  (2(y., 

na 


(3'»( 


=  [K,  f,  A  3 1),] 


|J8) 


(4>4( 


(Ml) 


By  defining  r  =  r/r,.  (he  ray  equations  IWI  and  (36) 
describing  the  interaction  of  waves  and  particles  may  he 
written  as 


d^| 

dr 


=  -n,N,W  +  7, 


Next  take  'V,  —  (3,  exp  I{t)  and  subsiiltile  it  into  (48).  which 
becomes  a  system  of  algebraic  equations  foi  f  and  P,: 

P,U-  F  2v,(  A  p,-)  A  Ki-r,  2  0,  ^ 


There  are  2.^/  smIuim'ms  to  this  system  of  cqn5ili(»ns  I  hen  die 
solution  to  (4H)  will  be 


-109- 


9662 


ViLLAi.rtN  ANO  OffUKr:  F.iectimin  Dll  fusion  nr  Orliqi/f  VViiisii  fu  Wavfs 


'•'(  =  2  l^lm  «*P  <521 

m  •  I 

In  Appendix  B  we  have  xulved  (SI)  assuming  n<i  wave  xoiirce 
(i  =  0)  for  (he  case  of  three  I  =  1.2.  and  3  resonances. 

For  (he  case  »  »  0  we  deline  =  -(*  r  = 

1.  •  •  •  .  A/  +  I),  where  4*  and  (i,  are  real  numhers.  We 
arrange  (he  eigenvalues  so  (he  lime  scales  associaied  with 
(hem.  T„  =  l/f*.  are  such  (hal  rj  ~  tj  «  r,  «  •  ■  ■  r*,, 
The  eigenvalues  are  driven  by  the  fundamental  harmonic 
and  have  the  shorter,  associaied  time  scales  (see  Appendix 
Bl.  The  evolution  of  (he  waves  over  times  of  the  order  of  r|  j 
are  dominated  by  the  f  =  I  harmonic,  and  the  equilibrium 
solutions  contain  only  the  contribution  of  I  =  (  By  increas¬ 
ing  lime  so  that  r  -  r,.  we  miisl  include  the  second 
resonance  f  =  2  in  the  equilibrium  solutions.  I  here  appears 
to  he  a  third  eigenvalue  which  resutls  from  conirihulions 
of  the  fundamental  and  second  resonances.  This  is  because 
the  waves  which  have  already  grown  to  a  certain  level 
because  of  the  interaction  at  the  fundamental  act  as  sources 
to  drive  the  second  harmonic.  By  increasing  lime  to  r  ^  T4, 
we  need  to  consider  the  first  three  (/  =  1.2.3)  resonances 
in  the  equilibrium  solutions  for  waves  and  particles.  The  new 
eigenvalue  $4,  which  is  driven  by  the  third  harmonic,  con¬ 
tains  contributions  of  the  (  =  I  and  2  resonances.  This  is  due 
to  the  fact  that  the  waves  which  have  grown  from  the 
interaction  with  (he  I  -  I  and  2  resonances  act  as  sources  to 
drive  the  eigenniode  {4.  All  these  ideas  have  been  detailed 
with  the  calculations  presented  in  the  Appendix  B. 

I  he  modes  given  in  Appendix  H  should  be  contrasted 
with  the  eigenvalues  we  woiilil  obtain  hy  assuming  lh.sl  the 
resonances  can  be  treated  separately  and  independent  of 
each  other.  That  is,  let  us  assume  that  for  each  value  of  f  we 
have  4^  +  ^i2v(  *  p/  »  0.  whose  sohilion  is  4f  =  -»,  ± 
Up}  -  v})"' .  In  our  numerical  computations  we  show  that 
except  for  the  fundamental  harmonic.  V|  is  smaller  (by  a 
factor  of  2-4)  than  f*.  Thus  the  equilibrium  limes  r„  may 
sometimes  lie  a  factor  of  4  smaller  than  l/i'j. 

6.  NuMEtttrAL  Caicui.aiions 

The  density  of  cold,  plasmaspheric  electrons  is  approxi¬ 
mated  by  a  function  of  the  distance  27  from  the  center  of  (he 
fiarth  to  the  equatorial  field  line  as  \Chnppcll  cl  «/..  1970) 

n,  -  3  X  lfl’(2R;r//7)^  (.33) 

Recall  (hat  the  dipole  geomagnelic  held  is  proportional  to 
R  '.In  tntr  numerical  examples  we  s(udy,ihe  shells  /,  2 

and  4.5.  which  corresponds  to  Ihe  slot  region  of  (he  radiation 
hells  and  In  near  (he  plasmapanse  in  the  outer  radiation  Irell. 
respectively.  The  differenlial  (luxes  of  energetic  electrons 
(i.e..  cl/(cm'  s  sr  keV))  .sre  repicscnicd  as  a  Inmrlion  t>f 
energy  in  Figure  2  fm  (he  values  L  2  and  4.5  {SpjcMvik 
iind  Rttlliii  rll.  I9R5|. 

I  he  resonant  errergies  are  repiescnled  rn  I  rgrirc  3  as 
ohlained  from  (4).  We  calculate  three  harmonic  resonances 
for  each  of  Ihe  shells  at  -  2  and  4.5  At  I.  ^  2  the 
equatorial  loss  tone  is  d  =  16.5".  and  at  /.  ^  4  '  it  is  rt,  = 
4.5".  As  an  example,  we  assume  ilrru  rrlrc  maximrmi 
eqiiirtoiirrl  pilch  angle  lor  rcsoriaiil  inlcrirclionsl  is  25’  at  /. 

2.  and  ^  15"  at  I.  4.5.  From  (7)  the  maxirmrm 
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Fig.  2.  Radimtim  bell  electrnn  Duxes  in  logririlhnitc  unirs  versus 
energy  in  keV  nl  /.  ==  2  and  4.S.  fhe  energy  axis  musi  be  muliiplied 
by  10^  to  obtain  (he  aclual  electrnn  energies 


geomagnelic  latitudes  are  dr,«  =  5.34"  at  L  -  2  and  dr*  =  4” 
at  I.  ~  4.5.  Figure  3  shows  that  resonant  energies  are 
smaller  at  L  =  4.5  than  at  L  =  2  because  of  the  decreasing 
values  of  (l)f  /lUp)^  (the  magnetic  energy  per  particle).  For  a 
given  L  shell  the  energies  increase  wilh  /  and  with  increasing 
l)l/ur.  Note  that  the  particle's  energy  as  given  by  (4) 
increases  wilh  (J„.  If  we  were  taking  d.„  =  5S”.  then  i//.„  = 
20“  at  i.  =  2  and  ik„  =  22"  at  /,  =  4  5.  and  the  lesonanl 
energies  will  be  larger  than  in  ihe  examples  in  Figiiic  3.  lire 
parabolic  profile  in  (2)  is  a  good  approxirnalion  in  Ihe 
geomagnetic  field  only  if  i)i  <  20*.  I  bis  iiirans  Ural  oiir  miHicI 
applies  to  particles  whose  equatorial  pilch  angles  are  such 
9<  55”.  Here  we  present  only  examples  with  I)  within  ID"  o(T 
the  loss  cone.  This  is  because  for  9  near  Ihe  loss  cone,  the 


L*2 


Fig-  3  l.ogaolhin  o(  Ihc  cicclion  energies  in  keV  vrisiiv  It,  .., 

Ieq11ar0ri.1l  gyrnltequencies/wave  (rcqiieneiesi  al  lloro  I  2  .ni'l 
inashnum  pilch  angle  n...  -  2S  '  ami  rhitllinni  I.  -  r  s  ,iml  "...  -  |s 
lor  wave  noinral  angle  cos  v  '  I  lire  itiimbers  bv  (be  iniscs 
indicate  the  haimnnic  resonances  I  -  1.2.  .iml  r 
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particles'  cneigics  arc  smaller  than  if  rt  ■=  In  aihliiioii.  the 
lime  it  takes  to  establish  equilihrinm  is  shorter. 

We  have  calculated  the  lower  hybrid  frequencies  w;/,  at 
geomagnetic  latitudes  ~  5"  and  found  ihut  11/  '• 

4.V  Tor  iinducted  waves  \Kirnurfi.  I%6|  the  wave  frequency 
is  larger  than  tom  at  any  point  in  the  interaction  region  and 
smaller  than  the  equaiurtal  gyrofrequency.  and  the  fre¬ 
quency  range  may  be  defined  as  fi  <  fl/  /«#  <  42.  Hence  the 
frequency  range  at  1.  -  1  is  2.6  kHz  <  tn  r  lit  kHz.  which 
Corresponds  to  the  VLF  hand.  At  f.  =  4.5.  227  Hz  1 .6 
kHz.  which  is  in  the  FJ.F  hand  of  frequencies  1  he  Ihiscs  of 
resonant  electrons  -  *f{E,  1.)  are  lunciions  of  the 

particles'  energies  E  and  the  magnetic  shell  A.  They  can  he 
ohtnined  hy  multiplying  the  difTerenltal  Uti.ses  in  F  igme  2  by 
Ihe  energy  widths  AA.  If  t>  is  the  velocity  of  a  resonant 
electron,  we  take  Afc'  =  mt '(!  -  (Ai/rtM  where 
AcVn  *  0.01.  For  Ihe  cases  reprc.senicd  in  Figure  2.  AF 
ranges  from  0.001  up  to  0.025  kcV.  curresponUing  to  the 
smallest  (10  keV)  and  to  the  largest  (-1  MeV)  energies, 
respectively.  The  contributions  of  the  particles  fluscs  to  the 
equilibrium  equations  (42)  and  (43)  are  proportional  to  an 
effective  (lux,  which  is  defined  as  f'flF.  L)  fiE.  . 

The  eigenvalues  4^/’  arc  given  in  Appendix  A.  Because  4g,‘ 
decreases  with  increasing  /.  the  effective  Oiixes  arc  larger  for 
larger  energies  than  those  depicted  in  Figure  2.  That  is.  there 
is  an  enhancement  of  the  particles*  (luxes  at  large  energies 
due  to  a  decrease  In  the  eigenvalues  iqj  as  /  increases 

We  have  carried  out  calculations  for  the  ecpuithiiuni 
solutions  ol  waves  and  particles  considering  three  harmonic 
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Fig  4.  The  magnetic  field  of  whistlers  itf^)  mirmsti/ed  to  the 
equatorial  geomagnetic  field  versus  (equatorial  gyrofreqiien- 
cies/wave  freqiienciesl.  and  the  number  of  resonaq^  electrons  in  the 
flux  lube  hV»)  tnntnali/ed  to  the  radiation  helt  Ihucs  versus  (if 
Each  ut  the  panels  represents  the  case  at  amt  for  »  =  I. 

'  2V.  and  A4‘  ■*  n  5.  me  harmonic  resonances  /  ^  1.2.  .iml  S 
are  indicated  msufe  the  panels  (he  curves  labeled  h  .and  >V  must  he 
multiplied  hy  the  factors  indicated  in  (he  left-  and  righl-h.'«mt  sides  of 
the  panels  to  ohtain  -tnd  A/,,  respectivelv 


Fig  5  Same  as  rieure  •»  hot  at  /.  -  4  S  unit  tJ,„ 


resonances  at  the  /.  vhcll  values  ol  2  cl  iguic  D  lod  t 
fFigttre  5l.  The  magnetic  field  of  the  wave  norinulizcMl  to  the 
equatorial  geomagnetic  field  (/?/  |  is  represented  bv  /(«  ;  »i 
can  be  obtained  f<ir  each  value  ol  f  from  I4.^t 
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where  we  ^h.'tll  .-niume  thni  r  =  I ,  We  note  ll>;ti  It  ,>  iloes  not 
depend  on^SJ  letpmiion  Bec.-iii^e  ol  ihK.  n»  c.-tn  iiKo 
be  very  large  for  larger  harmonics  li  e..  /  '•  1 1  The  ttiinrber 
of  resonant  particles  in  Ihe  llrtx  iitbe  nrrrmalirrtl  lo  .1, 
lar-'.fiE.  is  oblained  for  e.ich  v;thic  of  I  as 
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and  F,  is  the  resonant  energy.  Here  we  include  in  the  wave 
amplitude  Wj”’  the  contributions  of  harmonic  numbers  such 
that  »i  s  /.  Ihis  is  because  when  n  /.  resonances 
contribute  to  wave  growth  in  much  shorter  limes  than  when 
n  -  I.  Thus  the  harmonics  m  <  I  net  as  souices  fiu  wave 
growth  which,  in  turn,  help  to  deplete  Ihe  electrons  m 
rcsonaiKe  with  the  n  -  I  harmonic.  In  FIguic  4  wc  represent 
and  /Vf  at  f.  -  2  for  (  -  1.2.  and  .V  As  an  exariiplc.  we 
lake  r  -  I.  and  i},„  -  25"  Ihe  whiMici 

magnetic  field  can  grow  lo  huge  values  indetwndent  id  I  I  fie 
maximum  of  is  shifted  lowaitl  smaller  Hf  '-'  as  /  m 
creases  Note  that  wave  gn>wifi  is  limited  tr>  a  uaiionn 
range  in  11/ /oi  as  (  increases  (he  number  ol  fCs<»nao( 
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elections  in  the  Ilux  tube  iV,  is  a  minimum  ivheii  /!«  is  a 
maximum.  Since  /V;  -  [Mli  (where  .<!(  <<  1  lor  I  »  I  ami 
.fl,  =  II.  particles  are  more  easily  depletcil  Irom  the  railia- 
lion  bells  by  the  fundamental  harmonic  than  for  larger  ones. 
The  fundamental  I  =  1  harmonic  is  not  sensilive  to  the  value 
of  M'-  However,  larger  harmonics  are  alTcctcd  by  the  values 
of  sc'.  In  fact,  if  <  0..'.  the  number  of  resonant 
electrons  in  the  Ilux  tube  becomes  larger  than  for  the  cases 
represented  in  Figure  4,  The  refractive  index  n  is  larger  than 
10.0..^  <  <  2.  and  0.25  <  2t*  <0.6s.  In  our  ihcorclical 

derivations  the  number  of  resonant  electrons  in  the  flux  rube 
must  be  much  smaller  than  that  of  cold  particles  (W, ).  To 
find  N,  we  integrate  (53)  along  a  dipole  field  line  from  ili  =  0 
to  •!>  =  <l)u.  where  i/i  is  the  geomagnetic  latitude  .ami  ih,,  is 
such  that  cos-  if,  =  WL.  We  find  that  the  ratio  between  the 
number  of  resonant  electrons  to  cold  particles  along  a  field 
line  for  /  -  I  is  smaller  than  10  for  f  -  2  is  siiiallcr  than 
10  '.  and  for  f  ^  .1  is  smaller  than  1(1  ’. 

I'igiire  5  represents  Air  and  N,  fnr  I  -  1.2.  ami  .)  ami 
f.  -  4.5.  As  an  example,  we  lake  /  =  I.  At'  ’  0.5.  and 
e„  =  15".  Because  Ah-  is  smaller  for  /  •=  I  than  for  /  =  2  ami 
3  and  Biv  is  also  smaller  for  /  =  2  than  for  /  =  .4.  electrons 
are  now  more  easily  depleted  by  the  larger  resonances.  Note 
that  fliv  is  proportional  to  fftE.  /,l/4ij,-.  which  is  quite  large 
for  larger  harmonics  since  energies  are  comparatively  small 
(i.e..  10  s  £  s  600  keV)  and  in}  decreases  with  increasing 
/.  Ihc  maximum  of  and  minimum  of  N,  are  shifted 
toward  larger  (If  /w  in  comparison  with  the  /.  =  2  case, 
because  energies  are  now  smaller.  Ihcv  move  tosvard 
smaller  II /./w  as  /  increases.  By  comparing  the  cases  t  =  2 
and  4.5.  we  find  that  the  resonant  energies  for  the  fundamen¬ 
tal  harmonic  and  L  =  2  (i.e..  50  s  £  s  5(HI  keV)  overlap 
with  energies  in  resonance  with  the  /  =  2  and  3  harmonics  in 
the  /-  »  4.5  case.  However,  as  we  show  ne.xt.  the  funda¬ 
mental  resonance  is  in  all  cases  the  fastest  to  reach  equilib¬ 
rium.  that  is.  to  achieve  wave  growth  and  particle  depletion. 
This  is  why  low-energy  electrons,  with  £  ~  10  kcV.  are  first 
depleted  by  the  fundamental  harmonic  in  the  outer  edge  of 
the  plasmasphere.  As  the  energy  increases,  electrons  are 
trapped  for  longer  times  in  the  outer  plasmasphere  and  are 
more  easily  scattered  into  the  loss  cone  when  1.  decreases. 

I  he  refractive  index  ij  is  greater  than  20.  and  3  •'  r,  <  9  and 
I  <  2tg  ''  3  s.  We  have  also  compared  the  numbers  td 
resonant  and  cold  t/V, )  electrons  in  the  field  line,  wheie 
is  obtained  by  integrating  (53)  from  rk  =  0  to  i,,  (wlicre  cos' 
■=  I//,).  In  all  cases  we  found  that  the  ratio  of  resonant 
to  cold  electrons  is  much  smaller  than  I. 

Ihc  linear  theory  of  (he  evohition  of  Ihc  wave-panicle 
interactions  is  described  in  section  5  and  in  Appendix  I).  I  hc 
stability  of  Ihc  equilibrium  solutions  is  given  as  lunclion  of 
2i',  -  //(IV,""  and  pf  -=  In  Figure  6  we  icpicscnt  \h; 

and  P(  for  £  =  2  and  the  first  three  resonances,  where  t  - 
I .  A<*  =  0.5.  and  n„  =  25”.  For  the  fundamental  harmonic 
the  lime  it  lakes  to  establish  equilibrium  (in  units  of  t^)  is 
l/t-i,  and  Pi  is  the  oscillating  frequency  (see  Ihc  definition  of 
the  eigenvalues  f| ;  in  Appendix  01.  Note  that  Mv,  is  much 
smaller  for  the  /  <>  I  harmonic  than  for  larger  ones;  thus  the 
equilibrium  lime  is  shorter  for  the  fundamental  resonance.  In 
fact,  for  Ihc  harmonics  1-1  and  3  the  lime  it  lakes  to  reach 
equilibrium  (in  units  of  r,,)  is  equal  to  be,  and  I  t,.  lespcc- 
lively  (sec  the  definitions  of  fu  in  .\ppcndi\  III.  In  out 
numerical  calculations  we  find  that  2i'.  ::  .’f,.'  •  Ji-.  and  that 
2i't  '■  lfj|  s:  3i'i.  fhus  the  equilibiitim  limes  r  lor  the  second 
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Fig.  ft.  Eigenv.alues  of  the  susbiliiy  equation  (51).  p,  and  l/i;. 
versus  II,  /«>  lequ.slntial  gyrofrcqiicncies/wave  frequencies)  a)  /  - 
2  and  for  r  I.  ^  25'.  and  Ac’  -  0  5  F.ach  i«l  (he  panels 
represents  (he  harmonic  resonances  ft  1.2.  niMl  *.  as  indicated 
inside  the  iwnels.  Ilic  curves  lafielcd  i>  and  >■  '  iiiiist  l>e  inultiplicd 
by  Ihe  fiicUHs  in  the  left-  nnd  right-hand  sides  ol  ihe  panels  (o  ohiain 
p,  and  l/i'(.  respeclively  The  eqiiilihriiim  lintes  for  (he  three 
harmonic  re.sonances  are  proportional  to  l/ry. 


and  third  resonances  are  such  that  l/4i' s  r  s  l/lv  (where 
„  =  pj  j).  but  still  they  art  much  larger  than  for  the  case  /  = 
I .  Recall  that  the  resonant  energies  for  /  =  I  are  5(1  s  £  ■? 
500  keV.  nnd  for  /  =  2  and  3  they  are  200  <  /.  s  2  »  Ml’ 
keV. 

In  Figure  7  we  represent  p,  and  l/e,  for  I  =  1.2.  and  3  and 
the  shell  L  =  4,5.  Here  r  =  I.  Ac"  =  0.5.  and  0,.,  -  15' 
Again,  we  show  that  eqiiilibriiim  limes,  which  ate  propor¬ 
tional  to  l/i'r.  are  longer  the  larger  Ihc  harmonic  numbcis 
are.  In  our  numerical  calculations  we  find  that  f  I  -  -4isand 
it  ’»  -3t-5.  Fhe  resonant  energies  for  the  fiindarnentnl  /  -  I 
reson.ance  are  such  that  10  rs  £  «  IIIO  kcV.  For  Ihc  second 
and  third  resonances.  40  ^  £  ^  rdMI  kcV.  By  comparing  Ihe 
C.SSCS  /.  =  2  and  4  5.  we  conclude  that  the  electrons  whose 
energies  are  larger  than  or  ot  the  outer  of  so  i^cV  air  nioir 
easily  depleted  at  smiillcr  I.  shells  since  Ihc  e<|uifibiiuin 
times  aie  shorter  then 

7  .SuMMAgv  AND  Coni  I IISIONS 

We  have  modeled  Ihe  pilch  angle  scattering  of  energetic 
electrons  by  obliquely  proptigaling  whistler  wjises  Ihc 
waves  grow  near  the  equator  in  the  plasmasphere  K'causc  ol 
Ihe  pilch  angle  anisotropies  of  Ihc  energetic  electrons.  Ihe 
wave  vectors  form  small  tingles  with  respect  to  (be  ccomtie- 
nclic  field,  and  Ihc  Ircqiicniies  ine  small  litiiiions  ol  the 
eyrolicqucncics  Rclaii' istic,  quasi. lineal  ihron  is  ai'plu  d 
to  siudv  Ihc  Icmporal  cvoliilion  ol  u  aics  tiiid  ptiiin  lc'  to  the 
weak  dilTusion  limit,  by  assniuing  Ihtil  the  onh  spuiiAl 
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inhomogeneiliej  are  along  the  geomagnetic  licit].  I  he  main 
reaulta  of  our  invealigntiona  are  as  follows. 

1.  We  have  derived  equations  which  describe  the  tem¬ 
poral  evolution  of  wave-particle  interactions.  The  diffusion 
coefficients  are  obtained  for  all  gyroharmonics  and  for 
interactions  that  take  place  near  the  equator  after  averaging 
over  electron  bounce  orbits.  The  pitch  angle  distributions  of 
the  electrons  are  proportional  to  linear  combinations  of 
Bessel  functions.  The  growth  rates  of  the  waves  are  calcu¬ 
lated  in  terms  of  the  distribution  functions  of  the  resonant 
electrons  for  all  gyroharmonics.  Our  results  complement 
previous  results  by  Cyans  ft  at.  (19721  for  high-latitude 
interactions  in  a  dipole  field  and  by  Krnnf!  and  Pfisrhek 
(I9fifi|  for  wave  growth  due  to  the  fundamental  harmonic. 

2.  The  equilibrium  and  stability  of  the  system  of  nonlin¬ 
ear  equations  describing  the  wave-particle  instabilities  are 
investigated.  By  including  an  eatemal  wave  source  which  is 
not  generated  from  local  background  fluctuations,  we  reduce 
the  limit  of  stably  trapped  particles  to  a  level  below  the 
equilibrium  solutions  of  the  self-consistent  problem,  the 
lime  it  lakes  to  reach  equilibrium  is  defined  in  terms  of  the 
eigenmodes  of  the  stability  equation. 

3.  Numerical  calculations  are  carried  out  for  the  slot 
region  and  near  the  plasmapause  in  the  outer  radiation  belt 
for  three  harmonic  resonances  and  assuming  no  esternal 
wave  source.  They  indicate  that  wave  amplitudes  may  grow 
as  much  from  the  fundamental  harmonic  as  from  larger  ones, 
but  particles  are  more  efficiently  depleted  from  the  radiation 
bells  by  the  fundamental  resonance.  The  wave  frequerKies 
are  in  the  ELF  band  (227  Hz  s  u  s  l.fi  Ulz)  at  L  -  4.5; 
they  are  in  the  VLF  band  of  frequencies  (2.6  kllz  rs  oi  s  IR 
kHz)  at  2.  ’  2. 

4.  Equilibrium  is  established  in  much  shorter  limes  for 
the  fundamental  harmonic  than  for  larger  harmonic  num¬ 
bers.  Wave-particle  interactions  for  the  highest  hanuonics 


are  enhanced  bv  conlnhiilions  ol  lower  haiiiionics.  wliuli 
act  as  a  feedback  to  supply  wave  energy 

5.  High-energy  panicles.  >50keV.  are  dcr  ielcd  at  low  /. 
shells.  Electrons  with  lower  energies.  -10  keV.  are  scat 
tered  into  the  loss  cone  at  the  outer  edge  of  the  plasmas- 
phere. 


Appendix  A:  Pitch  Anc.i  e  EioFNcoNr  iions 

For  a  given  harmonic  number  I  the  pitch  angle  cigcnfnnc 
lions  7(p)  satisfy  the  dilferential  equation  (29)  and  the 
boundary  conditions 

(W) 

The  normnlt/ntion  equation  is 

f  7(/t)  dfi  ^  - r— - 

^^.‘7/(Mrp,  -  Mr) 

where  ft,  <  •'  is  the  range  of  resonant  iiiicractitins  in 

eqtmlorial  pitch  angles,  ff/  are  the  ciRrnvitUiri  p 
particle  momentiiin.  and  a  is  a  distance  deftned  alter  '7) 
rirst.  we  study  the  case  /  ~  2.  By  defining 
the  solution  to  (29)  is 

,  in  I"  n) 

(m) 

fBsint(..7/-;)''^lnp|l  (.19) 

where  A  and  B  are  arbitrary  functions  whose  ratio  is  given 
solving  for  the  normalization  condition  in  (1R).  Imposing  the 
boundary  conditions  in  (57)  yields  the  eigenvalues  of  the 
diffusion  operator,  which  are  such  that !)}  >  J  and  which  are 
obtained  from 

sin  [( j/ -  j)''Mn  (M  Jm,))  ’  •> 

Ne.xt,  let  us  study  the  case  /  v*  2  (i.e.,  /  ^  I  and  /  ^  t). 
We  define  o  =  I  -  1/2,  B  =  (I  -  f)/(2  /).  and  6  - 

2d(/12  -  f|.  The  solutions  to  (29)  arc  Bessel  functions  of  the 
first  and  second  kind  {Bespalin-  ft  «/.,  I9R4|: 

Z(H)  =  Arr"  '’'VglSp")  +  B(i"  '  '"Ffllfip")  (61) 

where  A  and  R  arc  constants  which  according  to  (^8)  have 
dimensions  of  moinenttiin  divided  by  length.  Alter  imposing 
Ihc  boundary  conditions,  the  eigenvalues  ol  the  dilbtsion 
operator  satisfy  the  following  equation 

^0  -  ~  ^0  -  1^2) 

For  the  case  /  =  I  we  have  a  ~  p  =  0,  and  5  =  27/.  When 
/  =  3.  ft  =  -J.  0  =  2.  and  8  =  27/.  We  have  solved  160)  and 
(62)  numerically  at  L  =  =  16.3")  and  0^  =  25"  We 

find  that  the  minimum  eigenvalues  are  47 *=  5  ^  10  \ 
4pf  -  607..  and  47I  =  70.  If  we  incrcsasc  the 
eigenvalues  decrease;  for  example,  if  ff„  -  35".  then  47i  = 
480..  47^  =  81.7,  and  47J  *  12.5.  The  calculations  were 
also  done  at  L  =  4.5  (fl,  =  4.5'*).  By  fairing  -  15".  the 
minimum  eigenvalues  arc  47 f  =  5.4  x  I0\  47^  -  127  8. 
and  47J  =  2.  If  we  increase  In  35".  then  'h;,-  -  1^2. 
47/  10.73,  .and  4/;;  -  0.11. 
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Api'endix  B;  Three  Modes  CoupuNii 

For  the  case  of  three  resonances  (f  =  1 .  2.  Jt  and  no  wave 
source.  .>  =  0.  (51)  becomes 

+  2r,()  I  ^1)  (AO 

B;(«’  E  2p;4)  E  PiO,  =  I)  (A4I 

I3s((‘  +  2i’,()  +  pjPr^O  (A5) 

where  +  ^3.  and  equilibrium  is  given  by  (42) 

and  (43)  after  setting  /  =»  1.2.  and  3.  This  system  of 
equations  yields  (he  fourth-order  equation  for  the  eigenval¬ 
ues  f 


p j/r I  j 


Combining  (b5).  (71).  and  (72)  yields  (he  eigenvalue  nf  the 
third  resonance: 


^4  =  -2  f 


♦  I’:'*': 


The  lime  it  takes  to  reach  eqtiilibrium  is  propoitional  to  1/f . 

The  eigenmodes  j  may  also  be  obtained  from  166)  b> 
taking 


f  ^  '2 1'  f  ^  ^[p  J  f  4r ((  vj  +  oj)  +4 1'ltf  t] 

^-^(2l»|(p| t^p?)  +  2vdpj  tp;)  t-2**,(p;  tp;l  +  Ri'ii*2»M) 


and  recalling  that  />}  /»f  and  17  *  r-,.  lo  find  the 

eigenvalue  wc  need  to  consider  the  terms  in  and  ^  in 
(66).  that  is. 


♦■4 1* vjp^  4- V  jp  j)  ♦^4p  J  v>i'^  =  0  (66)  f‘p5  ^  ^l2v|p;  *  2r^Pi)~0 

where  t-  pj  +  vi  and  pf  ®  Pf  *  P5  Pi  -  Next  rinally.  the  eigenvalue  (4  mav  he  obtained  (torn  ((/>)  bv 

we  shaK  find  (hese  etBenva(ues  by  assuming  that  r,  -  O(r')  considering  only  lire  terms  in  first  and  zero  order  in  C: 


<K  l(*  — »  0  and  /  ”  1,2,  and  .1)  and  I  -sz  pf  »  pt  ^^>  p{ 
(where  py  —  P|),  which  are  supporicd  hy  the  numerical 
calculalions  in  seclion  6.  These  assiiiiiplioiis  will  allow  tts  to 
solve  approximately  (65)-(65)  for  the  cigenvalttcs  atui  eigen¬ 
vectors  . 

First,  consider  the  solutions  f, ;  driven  by  the  fittidamen- 
taW  =  I  harmonic.  Now  we  have  that  p,  <  0,.  p,  '  0|.  attd 
01  s'  0!-  From  (rid)  and  (6.5)  we  gel 

0,/0, »  -p|/(r--  -p|/pi 

03/0,  =  -pj/(|' -  -pj/pi  (67) 

The  eigenvalues  derived  from  (63)  are 

f, ,  = -p,  ± /(p,’ -  p,*)*'*  (68) 

The  lime  it  lakes  to  reach  equilibrium  for  ihe  fundamental 
harmonic  is  r  ~  l/p,. 

Ihc  third  eigenmrtde  ~  Ole*)  is  driven  hy  the  second 
harmrrnic.  We  must  now  have  0,  <  0,  and  0,  -  0;.  From 
(63)  and  (65)  we  gel 

0l/0,  =  -I  -(2r,/p,*)f 

0,/0,  =(2p,/pf)(p,’/^)  (69) 

By  combining  these  equations  with  (Ad),  wc  show 

-  -2ll  3  E  P3(f,/pi)U  <7t') 

Ihc  lime  il  lakes  lo  esinhiish  equilihtium  for  the  second 
resonance  is  t  -  !/{,. 

The  foiirih  eigenmode  -  Ole’)  is  driven  by  the  (bird 
harmonic  resonance  (/  *  3)  and  is  such  Ihat  0,  ~  0,  and 
Pi  ■“  0|.  Equations  (63)  and  (64)  become  approximately 

0r^0r'*  ”12 1' ,/p j )f (0 ,/0 iT 

0,/0,  =  -(2l'3/p;if(03/0,l  (711 

I  hen  sse  obtain 

0,/0;  -  l<'./p;)lp,Vl-,) 


fl2p,P3  E  2i’.p;)  E  di',i  ;p;  E  4i-,i',p;  E  4,’,c,p;  ~  tt 
Not  MION 

B|,  geoni.'icnctic  field. 

D,  cqiialorial  geomagnetic  field 
I, .  8^.  wave  magiiclic  field 
«■  speed  of  light. 

F.  particle's  energy. 

'6  wave  electric  field 

7,  distribution  function  ol  rcsoitani  clcclri'iis. 

9,  pilch  angle  eigenvalues. 

7  e.slernal  wave  source, 
k  wave  vector. 

I  harmonic  number. 

L  magnetic  shell  number. 
m  electron  mass, 
n,  density  of  cold  electrons. 

Ni  miniher  of  resonant  elections  in  a  Dux  lube 
p  panicle's  momentum. 
q  panicle's  charge. 

Rf  Earth  r.adius. 

T,  panicle  fins. 

/  lime. 

!■  panicle's  velocity 
c,  wave  group  vclocilv 
tV^  eituatoiial  wave  cnnpv 
IV  cqiialoiial  eneig)  density  of  naves 
c  distance  along  Dux  lube  Irnm  magnetic  cqiiatoi 
Zip)  pilch  angle  eigenfiinclions. 
y  rclaiivislic  laclot. 
to  temporal  growth  rale. 

F  wave  spatial  amplificalion  fncioi 

{  =  COS  If. 

q  refractive  index. 

A  equatorial  pilch  angle. 

A,  pilch  angle  al  Ihc  loss  cone  bnundan 
A,„  maximum  pilch  aiiulc  lot  nhich  elections  aic  in 
resimance. 
p  =  sin‘  A. 
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‘M.r.7 


fi,  =5in*  . 

M„  =Mn- 

Pt.  I'l  slabilily  eigenvaliicft. 
rr  mirror  ratio. 

T  normalized  lime. 

T/f  electron  bounce  time, 
r,  wave  group  traveling  lime. 
ifi  angle  between  wave  vector  and  magnetic  Held. 
iff  magnetic  latitude. 

An  upper  magnetic  latitude  limit  for  resonant 
interactions. 

Of  wave  frequency. 
tOp  plasma  frequency. 

hybrid  frequency. 

(I  electron  gyrofrcqnency. 

11/  equatorial,  electron  gyrofrequcncy 
Unf  maxiiitiim  gyr<ifrcquency  with  wliicli  electrons 
are  in  resonance. 
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ABSTRACT 

The  interactions  of  whistlers  with  radiation  belt  protons  is  investigated.  In  the  inho¬ 
mogeneous  geomagnetic  held,  near  the  equator,  the  spacing  between  cyclotron  resonances 
is  very  small.  After  crossing  multiple  harmonic  resonances,  a  signihcant  change  of  par¬ 
ticle  energy  takes  place,  and  the  protons  pitch-angle  scatter  toward  the  atmospheric  loss 
cone.  A  test-particle  hamiltonian  formalism  is  investigated  for  hrst  and  second  order  res¬ 
onant  protons.  Quasilinear  theory  is  applied  for  hrst-order  resonant  particles  to  obtain 
bounce-averaged,  diffusion  coefficients.  The  Fokker  Planck  equation,  containing  pitch- 
angle,  energy  and  the  cross  energy/  pitch-angle  diffusion  terms,  is  investigated  to  calculate 
diffusion  life  times. 


I.  INTRODUCTION 


We  consider  the  interaction  of  plasmaspheric  electrons  and  protons  with  whistler  waves. 
The  particles  are  trapped  within  the  earth’s  radiation  belts  moving  back  and  forth  along 
held  lines  between  magnetic  mirror  points.  We  call  tb  the  bounce  period,  the  time  required 
for  a  particle  to  go  from  one  mirror  point  to  the  other  and  return.  In  the  region  of  interest, 
the  geomagnetic  held.  Bo,  is  described  as  a  dipole.  The  interaction  region  is  limited  to 
the  plasmasphere,  L  <  4,  where  L  is  the  equatorial  distance  of  the  held  line  measures 
in  Earth  radii  (He).  The  plasmashere  is  made  up  of  cold  particles  of  ionospheric  origin 
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Figure  1.  Schematic  representation  of  whistler  ,  k),  interacting  with  electrons  and  pro¬ 
tons  near  the  equator.  The  coordinate  system  used  in  this  paper  is  depicted  here. 

whose  distribution  is  isotropic  and  Maxwellian.  During  magnetic  storms  the  radiation 
belts  fill  with  energetic,  trapped  particles  whose  density  is  much  smaller  than  that  of  the 
cold  plasma.  Whistlers  are  right-hand  polarized  electromagnetic  waves  whose  magnetic 
field,  |Bk|  Bo.  Often  they  propagate  in  field-aligned  ducts  due  to  density  depletions 
in  local  flux  tubes.  They  ctin  either  be  launched  from  ground  sources  or  be  generated  in 
the  plasmasphere.  The  dielectric  properties  for  wave  propagation  are  determined  by  the 
magnetized  cold  plasma  distribution.  These  waves  interact  with  the  energetic  particles, 
if  the  Doppler-shifted  frequency  of  the  waves  is  some  harmonic  of  the  gyrofrequency.  For 
electron-whistler  interactions  the  waves  and  particles  travel  in  opposite  directions.  For 
protons  they  travel  in  the  same  direction  and  the  wave  phase  velocity  is  very  close  to  the 
proton  parallel  velocity.  The  situation  is  depicted  in  the  Figure  1. 
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Whistler-electron  interactions  has  been  extensively  study  over  the  years  The  elec¬ 
trons  typically  have  energies  between  10  to  50  keV.  The  interaction  occurs  mainly  at  the 
first  gyroharmonic  of  the  electron  gyrofrequency,  although  higher  gyroharmonics  may  also 
be  important"*.  The  electron  energies  change  very  little  during  these  interactions.  The  elec¬ 
tron  pitch  angle  is  9,  where  tan  9  =  vx/v\\,  the  ratio  between  the  parallel  and  perpendicular 
components  of  the  particle  velocity.  The  pitch  angle  can  be  significantly  changed  and,  as  a 
result,  the  particle  is  scattered  into  the  loss  cone  and  precipitate  into  the  ionosphere.  Be¬ 
cause  large  numbers  of  electrons  interact  with  the  waves,  they  grow  in  aunplitude  to  values 
whose  limits  depend  on  the  degree  of  anisotropy  of  the  electron  distribution  function^  De¬ 
tailed  analyses  axe  given  in  the  papers  by  Villalon  and  coworkers^’®.  These  investigations 
where  baaed  on  relativistic,  quasilinear  theory  that  simultaneously  considers  wave  growth 
and  particle  depletion  from  the  radiation  belts. 

Proton-whistler  interactions  have  not  received  as  much  attention.  Recents  experiments 
have  shown*'^  that  protons  whose  energies  are  in  the  hundreds  of  keV  range,  can  be  scat¬ 
tered  from  the  radiation  belts  by  analogous  interactions.  The  frequency  of  the  wave  must 
be  close  to  the  equatorial  electron  gyrofrequency.  The  particle  energy  changes  signifi¬ 
cantly  during  the  interactions®.  Thus,  the  changes  in  pitch  angle  is  due  to  both  direct 
pitch  angle  and  energy  diffusion.  Because  of  the  small  population  of  high-energy  protons 
we  neglect  their  effects  on  the  amplitudes  of  the  waves.  We  present  a  study  of  proton 
whistler  interactions  by  using  a  test  particle  formalism  and  a  statistical  approach  based 
on  the  Fokker-Planck  equation.  In  Sec.  II,  we  present  the  main  dielectric  properties  of 
whistler  waves;  because  the  whistler  protons  interactions  require  large  refractive  indices, 
we  limit  ourselves  to  the  pararesonance  mode^.  Sec.  Ill  presents  the  resonance  condition 
for  multiple  harmonics  of  the  gyrofrequency.  The  geomagnetic  latitudes  of  high  harmonic 
resonances  are  obtained  based  in  a  parabolic  approximation  for  the  near  equatorial  geomag¬ 
netic  field.  We  show  that  the  distance  between  subsequence  resonances  is  very  small.  The 
crossing  of  multiple  resonances  near  the  equator  makes  the  interactions  very  effective''’. 

Sec  IV  contains  the  equations  for  the  test  particle  in  a  varying  geomagnetic  field  using 

• 

hamiltonian  formalism.  Sec  V  studies  the  evolution  of  the  action  (/)  angle  (^/)  variables 
as  function  of  the  distance  (s)  along  the  flux  tube  using  Taylor  expansions  around  isolated 
resonances.  Let  us  expand  around  the  equator;  ^/(s)  =  +  First-order 

resonant  particles  are  such  that  =  0  (i.  e.,  at  the  equator  d^t/ds  =  0).  This  is  the 
resonance  condition  as  given  in  Eq.  (5).  The  second-order  term  ^  dB,/(fs  +  0(5*). 
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For  large  wave  amplitudes  0(B*)  is  larger  than  the  contribution  of  the  inhomogeneous 
geomagnetic  field  dB,fds.  In  this  case,  we  say  that  protons  which  are  in  gyroresonance  (!. 
e.  =  0),  satisfy  the  second-order  resonance  condition.  This  is  because  to  zero  order  in 
the  electric  field  amplitudes  d(t/ds  =  d^^Jds^  2:  0.  For  first-order  resonant  particles,  the 
change  in  action  is  proportional  to  the  electric  field  amplitude.  For  second-order  resonant 
protons  the  change  in  action  is  proportional  to  the  square  root  of  the  electric  field  ampli¬ 
tude.  The  second-order  resonance  condition  is  met  when  the  field  amplitude  is  large“'^*, 
the  threshold  is  calculated  in  this  paper.  Sec.  VI  contains  a  quasilinear  formulation  for 
the  distribution  function  of  first  order  resonant  protons.  We  assume  that  the  protons  are 
unmagnetized  in  time  scales  of  the  order  of  2jr/w,  where  u  is  the  frequency  of  the  whistler 
wave.  They  are  magnetized  in  times  comparable  to  the  bounce  period.  Because  diffusion 
occurs  over  many  bounce  periods,  we  average  the  diffusion  equation  along  the  flux  tube. 
The  bounce  averaged,  Fokker-Planck  equation  contains  the  diffusion  coefficients  for  the 
pitch  angle,  energy,  and  the  cross  energy/  pitch  angle  terms.  These  coefficients  are  shown 
to  have  the  same  orders  of  magnitude.  We  reduce  the  equation  to  a  one-dimensional  diffu¬ 
sion  equation  to  be  solved  for  the  energy  part  of  the  distribution  function.  This  eigenvalue 
equation  gives  the  diffusion  life-times  of  protons  in  the  radiation  belts. 

II.  QUASI-ELECTROSTATIC  WHISTLER  WAVES 


We  consider  a  whistler  wave  of  frequency  w  and  wave  vector  k,  propagating  in  a  field 
aligned  duct.  The  geomagnetic  field  Bo  is  along  the  z  direction  and  0  is  the  angle  between 
k  and  Bq.  The  dispersion  relation  for  the  refractve  index  q  =  ck/u  is 


(fle/w)  I  cos  -  1 

where  Wp  and  fl,  are  the  electron  plasma  and  gyro  frequencies,  respectively. 
The  electric  fields  components  are  denoted  by  £,  =  fi,  fy  =  xEz,  and  = 


—  £3,  where 


h  _  1 

£i  q>  -  1  (n,/w)  -  I  cos  (^1 

^  1  -  -  (q  sinc^)^ 

£3  rj^  sin^  cos<^ 


(2) 

(3) 


For  the  case  where  u/  ~  nj(X)| cos the  equatorial  refractive  index  q^(Z.)  '>  1,  .then 
£j/£i  <  1,  and  £i/£3 - sin(ji/cos<^.  The  wave  becomes  quasi-electrostatic,  i.e.  E  is 
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In  the  direction  of  k,  and  the  group  velocities  w,  ~  l/fj  axe  very  small.  These  waves  can 
interact  with  protons  which  energies  are  in  the  hundreds  of  keV. 

Near  the  equator,  the  Earth’s  magnetic  held  approximates  a  parabolic  profile 


n 

n(L) 


ri 


(4) 


where  s  cn  Rg  is  the  Earth's  radius,  L  is  the  magnetic  shell  and  ^  is  the  geomagnetic 

latitude  (see  the  hgure),  and  rx,  =  {\/2IZ)RbL.  The  equatorial  gyrofrequency  is  n(L);  fl 
stands  for  the  gyrofrequencies  either  for  electrons  or  protons,  along  the  field  line. 


m.  RESONANT  PROTON- WHISTLER  INTERACTIONS 


For  whistler  waves  to  interact  strongly  with  protons  near  equatorial  regions,  they  must 
satisfy  the  resonance  condition 

w  —  k||U||  -  iflp  =  0  (5) 

where,  t  —  0,1,2...;  flp  is  the  proton  gyrofrequency,  and  k||  and  U||  are  the  parallel  compo¬ 
nents  of  the  wave  vector  and  particle’s  velocity,  respectively.  We  call  n  =  sin’^x.,  where 
di  is  the  equatorial  pitch  angle.  Here  9i  >  ^e(L),  where  is  the  pitch  angle  at  the 
boundary  of  the  loss  cone,  and  /Xg  the  corresponding  value  of  As  function  of  the  L  shell, 
the  mirror  ratio  is  =  1//Xg  =  L^{4  —  3/Ly^^.  To  zero  order  in  electric  field  aunplitudes,  the 
first  adiabatic  invariant  is  conserved.  Then  we  may  write  for  the  parallel  amd  perpendicular 
components  of  the  particle  velocity  u;  U||  =  v{l  —  /xn/n(L)]*/*,  Vj_  =  u(|in/n(L)]‘/*. 

If  we  assume  that  at  the  equator  the  protons  interact  with  the  harmonic  f  =  1,  the 
energy  of  resonant  particles  is  found  solving  for  the  equation:  cj  —  A:||  V||  —  Qp{L)  =  0.  We 
show 

C  Tf{L)  CO30  (1— /x)’/*  Trip  ' 

where  L  denotes  equatorial  values,  m,_p  are  the  electron,  proton  masses,  and  ft  = 

By  solving  for  Eq.  (5),  using  khe  parabolic  profile  in  Eq.  (4)  ,  we  find  the  geomagnetic 
latitude  ipe  of  higher  order  resonamces  (i.e,,  f  >  1), 
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where 


=  r-^  (|co3<6|  -  i)  +  |cos<;6l.  (8) 

The  distance  along  the  flux  tube  where  resonant  interactions  take  place  is  given  by,  st  = 
ReLiIji.  The  distance  between  sequential  resonances  is  Ast  =  i2jsZ,(V'«+i  —  0t)- 

For  example,  we  take  L  -  3.5,  ijjp/Q,(L)  =  7.9,  ulCltiL)  =  0.75,  and  =  lO".  For 
<f>  =r  37®,  we  show  that  r)[L)  =  41.4  and  the  energy  of  the  resonant  protons  is  437  keV. 
The  location  along  the  geomagnetic  field  of  the  gyroresonances  are:  =  0.25",  03  = 

0.35®, ...,  017  =  1.®.  As  another  example  we  take  0  =  40®,  then  t\{L)  =  72  and  the 
proton  energy  is  158.6  keV.  The  location  of  the  gyroresonances  are:  07  =  0.15®,  03  = 
0.21®, ...,  047  =  1.®.  Thus  there  are  multiple  resonances  crossings  (17  for  the  first  and  47 
for  the  second  examples)  within  one  degree  of  the  magnetic  equator,  which  makes  the 
proton  whistler  interactions  very  efficient. 

TV.  THE  HAMILTONIAN  EQUATIONS 


We  normalize  time  t  to  np(Ii),  velocity  v  to  c"*,  and  length  s  to  r£*,  and  from  now  on 
we  always  refer  to  these  normalized  variables.  Let  us  define 


where  tan  A  =  Vy/v,,  and  t;*,y  are  the  components  of  the  particle  velocity  in  the  i  and  y 
directions,  respectively.  The  dimensionless  electric  field  amplitudes  are 


for  »  =  1,2,3,  and  where  q  is  the  proton  charge.  The  action-angle  variables  are  (/,A), 
where 

'  =  (u) 

To  first  order  in  the  electric  field  amplitudes  the  normalize,  time-dependent  hamil- 
tonian,  as  function  of  the  canonical  pairs,  (un,3),  and  action-angle  variables,  is 


2  n(L) 


2n{L)' 


ft  —  (^1  —  ff?)  •^n-i(^i.p)  +  (ci  +  c’j) 
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where  Jt  are  Bessel  functions  whose  arguments  are  kx.p  =  ick±f(]^)  (2/n/n(L)|‘^*.  If,  in 
addition  to  the  electromagnetic  wave,  there  is  an  electrostatic  potential  then  we  replace 
in  Eq.  (12),  €3  by  C3  +  ffo/v|i,  where  c,  =  q^^fm^c^. 

For  particles  crossing  a  single  isolated  cyclotron  resonance,  we  consider  only  one  term 
t  in  the  summation  in  Eq.  (12).  In  this  case,  we  hnd  the  following  constamt  of  motion 

By  calling  x  =  (w/flp)  3in*tf(j),  where  tf(s)  is  the  local  pitch  angle,  we  find 

tu  I 

c,  +  Kn,(L)|/  ' 

This  defines  the  evolution  of  the  pitch  angle  as  a  function  of  the  action  I. 

By  defining  so  that  1/  =  u*/2  +  irif{l{L),  we  obtain 


Wo  {7  (<^<  +  ^(0,(1)  ^n(L)^*} 


We  can  now  reduce  the  problem  to  one-dimension,  in  which  case  we  find 


W|(  =  Wo  +  sin 


To  zero  order  in  e,-,  the  dimensionless  length  s  =  t  v,.  The  equation  of  motion  for  I  as 
a  function  of  s  is 


As  €i  — »  0,  then 


—  =  £  cos^r  T<(/,Vo) 

as 


d^t  lUp  -  w 

da  il  ^  n,(L)v« 


da  ""  "  ■  np(L)v, 

The  gyroresonance  condition  is  obtained  by  setting  Eq.  (20)  equal  to  zero.  When  this  is 
satisfied  a  =  s*  (the  resonance  length)  which  is  defined  as  Sf  =  3/ y/2  ij/t  and  is  given  in 
Eq.  (7). 

By  assuming  that  the  protons  are  in  gyroresonance,  we  show  that  satisfies  the  second 
order  differential  equation 

^  ,  (‘.a)’  1  dl  ■ 
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The  change  in  x  after  crossing  a  resonance  is 

Tijl)  ~  Ci  +  I{R)lf^ 

where  x{R)  ‘s  given  by  Eq.  (15)  setting  /  =  I{R). 

The  resonance  length  6^1  is  defined  as 

/+00 

dscoa^i  (31) 

•OO 

By  combining  Eqs.  (26),  (28),  and  integrating  along  3  we  show 

2 

Ssi  =  r(l/2)  cos(jr/4)  (32) 

•  Iw  |. 

The  condition  of  isolated  resonances  is  Sst  <  As*,  where  Ast  =  3/>/2  (t/»i+i  —  0<)  and 
is  given  in  Eq.  (7). 

In  the  case  where  the  inhomogeneity  of  the  magnetic  field  is  larger  than  the  contribution 
of  the  resonance,  we  may  neglect  the  term  proportional  to  {dl/d3)[n)  in  Eq.  (28),  we  get 

A/ =  r(l/2)  co,W4)  [l^l]"’  (33) 

where  0t{R)  is  given  by  Eq.  (23)  and  must  be  evaluated  at  resonance.  From  the  definition 
of  in  Eq.  (13),  the  change  in  the  action  is  proportional  to  the  electric  field  amplitudes. 

For  interactions  such  that  the  contribution  of  ai(i2)  in  Eq.  (28)  is  smaller  than  the 
contribution  of  (d//<is)/i,  we  get 


A/  =  ±  |<(j;)wl 


where  the  ±  sign  depends  on  the  sign  of  (d//da)ji.  We  see  that  the  change  in  particle 
momentum  I  is  now  proportional  to  the  square  root  of  the  electric  field  amplitudes,  i.e. 
y^.  We  call  this  the  second  order  resonance  condition  because  to  zero  order  in  the  electric 
field  amplitudes  d^^tjds’  =:  0.  For  the  case  of  equatorial  interactions  (s<  =  0),  the  condition 
for  the  validity  of  this  approximation  is 


>  0i(R)  r(l/2)  cos7r/4 


Note  that  for  a  fix  value  of  w  the  second  order  resonance  condition  is  most  likely  satisfied 
for  equatorial  interactions,  because  then  the  inhomogeneity  of  the  magnetic  field  is  small. 


-123- 


Thus  the  first  harmonic  will  dominate  the  second-order  interactions.  If  we  allow  u  to  be  a 
function  of  s,  then 


1  dfl  dku  du 

(5(1)  S' + 


(36) 


By  changing  w  so  that  ae(J2)  =  0  for  >  0,  the  second-order  resonance  condition  is 
satisfied  for  other  harmonics,  and  the  change  in  the  particle  velocity  is  proportional  to 
y/e;*  This  should  be  contrasted  with  the  result  in  Eq.  (33)  where  the  change  in  action  is 
linear  with  the  electric  fields  and  thus  smaller  than  when  the  condition  for  second  order 
resonance  is  satisfied. 


VI.  QUASILINEAR  THEORY 

The  distribution  function  of  protons  which  satisfy  the  first  order  resonance  condition 
is  given  by  solving  for  the  quasilinear  equation  Lyons  and  Williams  (1984): 

<7^  +  s)  ^  £  /  (Si  I* + ^  i"> 

ratm  Ot  J  WPx 

where  p  is  momentum  and  ratmt  the  atmospheric  loss  time  is  defined  in^  By  assuming 
that  w/Op  <  3in*8e  (where  8*  is  the  local  pitch  angle  at  the  loss  cone  boundary)  we  may 
approximate 

Q  _  2  n,(L)  pj_  3  a  Pi  d 

p  n,  ^  p  ^  d/x  p  dp 

(38) 

wpx  P*  P  n,  p  dp^  p  '  Pii 

(39) 

«(A:||V|| -H  -  w)  ef(k)  (2ir)’ 6(fc|,V||  -  w)  6(.^)  (40) 

where 

6((^)  =  1 +  cos*(^-h  ^  ^  sin(^l*  (41) 

2  px  n. 

If  Bk  is  the  wave  magnetic  field  (B*  <  the  geomagnetic  field),  then  the  energy  density 
of  waves  is 

W.M  =  i(g)-  (62) 

We  assume  that  diffusion  occurs  on  time  scales  such  t  '>  tb,  where  tb  is  the  proton 
bounce  time  between  ionospheric  conjugates.  We  integrate  the  diffusion  equation  along 
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the  flux  tube  by  applying  the  operator  l/rg  /  <f2/v]|  to  both  sides  of  Eq.  (37).  The  bounce- 
averaged  diffusion  equation,  in  terms  of  equatorial  pitch-angles  9i  and  particle  inornentuni. 


/I  ^  ^  r 

(: —  +  37)/  = 


psin^t  cos  6 1  do  I 


«  In  1 

sm  Ol  cos  Ol  D,j  -  ^  +  Dt, 


dp  r  r  dp  ^  dO, 

The  bounce-averaged  diffusion  coefficients  are 


Ptj  =  tan*  Ppp 

Dt,p  =  Dp^t  =  -  tan  0i  Dp^p 


The  energy-diffusion  coefficient  is 


^p.p  ~ 


r°°  t 

/  dk  I  s'mdf  \.(k,(f>)  d(f> 
Jo  J~xjl 


where 


d,  n{R),p, 

Hk.d)  -  1^1  -  Hd) 


Here  R  denotes  values  at  the  resonance  where  U||  ~  v,  and  w  —  A:||  u  cs  0.  Note  that  for 
small  values  of  4>,  we  can  neglect  the  contribution  of  the  parallel  component  of  the  wave 
field  in  6(<^)  (see  Eq.  (41)),  then  Dp,p  is  approximately  independent  of  n,  the  equatorial 
pitch  angle,  and  we  write 

f  ^  F{t)  pT  K{p)  (48) 

where  a  >  0  is  a  free  parameter.  We  define  the  precipitation  lifetime  as 

A  dF,  y 

(«) 

By  combining  Eqs.  (43)  through  (45)  and  Eq.  (48),  we  show 

,2X5  1  ,  .  4<7(cr  +  1)  „  d  dK, 

--l/f(p)  =  -Jl^p^^k+-\Pp,p--]- 

Tb  Tp  p*  dp  dp 

-  7"''f -7^1''’'’”' 

where  /c^  =  pi"'*’**.  This  is  an  eigenvalue  equation  for  Cp  as  a  function  of  the  free  parameter 
<T .  The  eigenfunction  K(p)  is  such  that  must  be  regular  as  p  — +  0,  and  well  behaved  for 
large  p,  i.  e.  as  p  —*  00  then  K  <  p"*. 
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Vn.  SUMMARY  AND  CONCLUSIONS 


We  have  presented  a  theoretical  analysis  of  proton-whistler  interactions  near  the  equa¬ 
tor  in  the  plasmasphere.  Whistler  waves  which  are  near  the  paraxesonance  mode®,  can 
interact  with  protons  whose  energies  are  in  the  hundreds  of  keV.  In  an  inhomogeneous 
geomagnetic  field,  we  show  that  the  spacing  between  subsequence  cyclotron  resonances  is 
very  small.  Because  of  that,  protons  are  scattered  into  the  atmospheric  loss  cone  after 
crossing  multiple  resonances.  A  test-particle  hamiltonian  formalism  is  given  in  terms  of 
the  action  {/),  angle  (f^),  variables  as  function  of  the  distance  (s)  along  the  flux  tube.  We 
show  that  for  second-order  resonant  protons,  d^//ds  =  =  0,  and  the  change  in  the 

particle’s  momentum  is  proportional  to  the  square  root  of  the  electric  field  amplitudes.  The 
thresholds  in  electric  fields  for  second-order  resonance  conditions  are  calculated.  A  quasi- 
linear  formulation  for  the  distribution  function  of  first-order  resonant  protons  is  presented. 
The  bounce- averaged  diffusion  equation  contains  diffusion  coefficients  for  the  pitch  angle, 
energy,  and  cross  energy/  pitch  angle  terms.  They  are  shown  to  be  of  the  same  orders 
of  magnitude.  We  reduce  the  diffussion  equation  to  a  one-dimensional  energy  dependent 
equation  to  be  solved  for  the  precipitation  life  times  of  protons  in  the  Radiation  Belts. 
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ABSTRACT 

Whistler  waves,  near  the  electrostatic  limit,  can  interact  with  trapped, 
energetic  protons  close  to  the  equator  in  the  Earth’s  Radiation  Belts.  In  an 
inhomogeneous  geomagnetic  held,  the  spacing  between  cyclotron  resonances 
is  very  small  due  to  large  ion  Larmor  radii.  After  crossing  multiple  reso¬ 
nances,  the  pitch  angles  change  significantly  and  the  protons  are  scattered 
toward  the  atmospheric  loss  cone.  A  test-particle,  Hamiltonian  formalism 
is  investigated.  For  second-order  resonant  protons,  the  change  in  particle 
momentum  is  proportional  to  the  square  root  of  the  wave  electric  field  ampli¬ 
tudes.  The  thresholds  in  electric  fields  for  second-order  resonance  conditions 
are  calculated.  Quasilinear  theory  is  studied  to  describe  the  distribution 
functions  and  calculate  the  diffusion  life  times  of  first-order  resonant  pro¬ 
tons.  The  diffusion  coefficients  for  the  energy,  pitch  angle,  and  the  cross 
energy/  pitch  angle  terms  are  shown  to  be  of  the  same  orders  of  magnitude. 

I.  INTRODUCTION 

Interactions  between  whistler  waves  and  energetic  electrons  in  the  mag¬ 
netosphere  have  been  the  subject  of  intensive  research  during  the  past  two 
decades  (1  —  3).  The  wave-electron,  resonant  interactions  are  believed  to  ac¬ 
count  for  many  phenomena  such  as  growth  of  signals  [2],  emissions  of  varying 
frequencies  [4]  and  electron  precipitation  into  the  ionosphere  [5].  Most  of  the 
theoretical  work  is  based  on  resonant  interactions  at  the  first  harmonic  of  the 
electron  gyrofrequency,  although  higher  harmonics  interactions  may  also  be 
important  [1].  Detailed  theoretical  analyses  taking  into  account  wave  growth 
and  particle  depletion,  is  given  in  the  papers  by  ViUalon  and  coworkers  (see 
Refs.  [6,  7]  and  references  therein). 

The  interactions  of  plasmaspheric  protons  and  whistler  waves  have  not  re¬ 
ceived  as  much  attention.  This  is  because  the  energies  required  are  very  large 
and  the  population  of  protons  with  energies  larger  than  500  keV,  is  smaU. 
Since  the  proton  gyrofrequency  Dp,  is  much  lower  than  the  wave  frequency 
w,  the  resonant  velocity  U||  is  of  the  order  of  the  wave  phase  velocity  u»/A:|| 
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(where  ife||  is  the  parallel  component  of  the  wave  vector).  However  recent  ex¬ 
periments  [8,  9j  have  demonstrated  that  protons  precipitate  by  interactions 
with  VLF  waves  launched  into  the  magnetosphere  from  ground  sources.  The 
wave  frequencies  are  close  to  the  equatorial  electron  gyrofrequency.  Thus, 
near  the  equator,  fc||  is  very  large  and  the  resonant  energies  of  protons  rela¬ 
tively  low.  VVe  limit  our  studies  to  regions  near  the  magnetic  equator  of  the 
plasmasphere  L  <  4  (where  L  is  the  equatorial  crossing  distance  of  the  field 
line  measured  in  Earth  radii  Re)- 


Figure  1.  Schematic  representation  of  whistler  (u;,  k),  interact¬ 
ing  with  electrons  and  protons  near  the  equator.  The  coordinate 
system  used  in  this  paper  is  depicted  here. 


The  plasmasphere  contains  a  relatively  dense  population  of  cold  parti¬ 
cles  of  ionospheric  origin  whose  distribution  function  is  isotropic  in  pitch 
angle.  The  energetic  particles  originate  from  stationary  sources  (convective 
transfer  accross  L  shells)  aqcl  pulsed  sources  (sudden  impulses  during  mag¬ 
netic  storms  and  substorms).  They  are  trapped  within  the  radiation  belts 
traveling  back  and  forth  along  field  lines  between  magnetic  mirror  points, 
and  interacting  with  the  quasi-electrostatic  whistler  waves  near  the  mag¬ 
netic  equator.  The  predominant  feature  of  the  resonant  interactions  is  the 
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crosBing  of  multiple  harmonics  of  the  proton  gyrofrequency.  The  proton 
pitch  angle  is  0,  where  tan  0  =  vj./'U||  (the  ratio  between  the  perpendicular 
and  parallel  components  of  the  velocity).  The  pitch  angles  can  change  due 
to  direct  pitch-angle  scattering  or  to  energy  diffusion  [10].  This  should  be 
contrasted  with  the  analogous  whistler-electron  interactions,  where  the  pre¬ 
dominant  harmonic  is  the  first.  Also,  electron  energies  do  not  change  during 
the  interactions.  For  proton-whistler  interactions,  the  waves  and  particles 
travel  in  the  same  direction,  with  the  waves  slightly  overtaking  the  protons. 
For  electron-whistler  interactions  the  waves  and  particles  travel  in  opposite 
directions.  The  situation  is  depicted  in  the  Figure  1. 

The  paper  is  organized  as  follows:  Sec.  II  describes  the  propagation 
of  whistler  waves  in  a  cold  plasma,  near  the  electrostatic  limit  [llj.  Sec. 
Ill  studies  the  resonance  conditions  for  multiple  harmonics  of  the  proton 
gyrofrequency.  The  inhomogeneous,  near-equatorial  geomagnetic  field  is  de¬ 
scribed  by  a  parabolic  profile.  Due  to  the  large  ion  Larmor  radii,  we  show 
that  the  distance  between  resonances  is  very  small.  Because  of  the  inclu¬ 
sion  of  multiple  harmonics,  these  interactions  are  very  effective  [12] .  The 
test-particle  Hamiltonian  formalism  for  each  isolated  cyclotron  resonance,  is 
given  in  Sec.  IV.  Sec  V  studies  the  evolution  of  the  action  (/)  and  angle 
(^/)  variables  as  function  of  the  distance  (j)  along  the  flux  tube  using  Taylor 
expansions  around  isolated  resonance  points.  Let  us  expand  around  the 
equator;  ^r(s)  =  ^<(0)  +  ^  +  1/2  s*.  First-order  resonant  particles  are 

such  that  =  0.  That  is,  at  the  equator  d^ifds  =  0,  which  is  the  resonance 
condition  as  given  in  Eq.  (5).  The  second-order  term  ~  dBo/ds-f  0(B*). 
For  large  wave  amplitudes  0(Bk)  is  larger  than  the  contribution  of  the  in¬ 
homogeneous  geomagnetic  field  dBo/da.  In  this  case,  we  say  that  protons 
which  are  in  gyroresonance  (i.  e.  =  0),  satisfy  the  second-order  reso¬ 
nance  condition.  This  is  because  to  zero  order  in  the  electric  field  amphtude. 
d{,ijda  =  di}^ijda^  ~  0.  For  first-order  resonant  particles,  the  change  in  ac¬ 
tion  is  proportional  to  the  electric  field  amplitude.  For  second-order  resonant 
protons,  the  change  in  action  is  proportional  to  the  square  root  of  the  elec¬ 
tric  field  amplitude.  The  second-order  resonance  condition  is  met  when  the 
field  amplitude  is  large  [13,  14].  The  thresholds  in  electric  fields,  are  then 
calculated.  Sec.  VI  contains  a  quasihnear  formulation  for  the  distribution 
function  of  first  order  resonant  protons.  We  assume  that  the  protons  are 
unmagnetized  in  time  scales  of  the  order  of  27r/u;,  where  u>  is  the  frequency 
of  the  whistler  wave.  They  are  however  magnetized  in  times  comparable  to 
the  bounce  period.  Because  diffusion  occurs  over  many  bounce  periods,  we 
average  the  diffusion  equation  along  the  flux  tube.  The  bounce  averaged, 
Fokker-Planck  equation  contains  the  diffusion  coefficients  for  the  pitch  an¬ 
gle,  energy,  and  the  cross  energy/  pitch  angle  terms.  These  coefficients  are 
shown  to  have  the  same  orders  of  magnitude.  We  reduce  the  equation  to  a 
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one-dimensional  diffusion  equation  to  be  solved  for  the  energy  part  of  the 
distribution  function.  This  eigenvalue  equation  estimates  the  VLF  diffusion 
life  times  of  protons  in  the  radiation  belts. 


II.  QUASI-ELECTROSTATIC  WHISTLER  WAVES 

We  consider  a  wliistler  wave  of  frequency  w  and  wave  vector  k,  prop¬ 
agating  in  a  field-aligned  duct.  The  geomagnetic  field  Bo  is  along  the  z 
direction  and  (j)  is  the  angle  between  k  and  B©.  The  dispersion  relation  for 
the  refract ve  index  =  ckju  is 

^  1  ,  M-'Y 

{Qtlu))  I  cos  —  1 

where  Up  and  0*  are  the  electron  plasma  and  gyro  frequencies,  respectively. 
The  electric  field  is  (15) 


E  =  X  cos  —  y  £2  sin  —  z  £3  cos  ^ 


(2) 


where  x,y  and  z  are  unit  vectors;  x  +  k\^  2  -  lj  t,  and  A:||,  k^  are  the 

components  along  and  perpendicular  to  Bo  of  the  wave  vector.  The  ratjos 
of  electric  field  components  are 

h.  ~  ^ 

£1  ij*  ■  1  (n*/w)  -  1  cos  (^1 

(3) 

_  1  -  -  iv  sin  (t>y 

£3  7)^  sin  cos  0  ^  ' 


For  the  case  where  u/  ~  n*(L)|  cos  <f>\,  the  equatorial  refractive  index 
1,  then  1,  and  £i/£3  ~  —  sin  cos  The  wave  becomes  quasi¬ 

electrostatic, i.e.  E  has  a  significant  component  in  the  direction  of  k,  and  the 
group  velocity  Vg  ~  1/7.  This  wave  can  interact  with  protons  which  energies 
are  in  the  hundreds  of  keV. 

Near  the  equator,  the  Earth’s  magnetic  field  may  be  approximated  as 
having  a  parabolic  profile 


n 

n(L) 


i+{-r 


(5) 


where  3  ~  Re  Lip  and  ip  is  the  geomagnetic  latitude  (see  the  figure),  and 
Ti  =  (>/2/3)RbZ<.  The  equatorial  gyrofrequency  is  denoted  by  fl(L),  and  fl 
stands  for  tlie  gyrofrequencies  either  for  electrons  or  protons  at  a  location  s 
away  from  the  equator  along  the  field  line. 
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III.  RESONANCE  PROTON  WHISTLER  INTERACTIONS 


For  whistler  waves  to  interact  strongly  with  protons  near  equatorial  re¬ 
gions,  they  must  satisfy  the  resonance  condition 

u  —  A;||t>||  —  /flp  =  0  (6) 

where,  I  =  0,1,2...;  ftp  is  the  proton  gyrofrequency,  and  un  is  the  parallel 
component  of  the  particle’s  velocity.  We  call  fi  =  sin^  Ol,  where  6i,  is  the 
equatorial  pitch  angle.  Here  >  ^c(L),  where  9e{L)  is  the  pitch  angle  at  the 
boundary  of  the  loss  cone,  and  the  corresponding  value  of  /i.  As  function 
of  the  L  shell,  the  mirror  ratio  is  <r  =  l/fic  =  L®  (4  —  To  zero  order 

in  electric  field  amplitudes,  the  first  adiabatic  invariant  is  conserved.  Then 
we  may  write  for  the  parallel  and  perpendicular  components  of  the  particle 
velocity  v:  V||  =  v[l  — /ifl/n(Z.)]*/*,  Vx  =  u(/in/fl(Z/)]*/*. 

At  the  equator  the  protons  interact  with  the  harmonic  /  =  0,  and  then  the 
energy  of  resonant  particles  is  found  solving  for  the  equation;  —  I;||  V||  =  0. 
We  show 

-  =  - (7) 

c  v(^)  cos^  (1  — 

where  ti(L)  denotes  equatorial  values  of  the  refractive  index,  and  /*  = 

n«(L)/w. 

By  solving  for  Eq.  (6),  using  the  parabolic  profile  in  Eq.  (5)  ,  we  find 
the  geomagnetic  latitude  V*/  of  higher  order  resonances  (i.e.  ,  <  >  0), 

=  ,8) 

where 

5(m)  =  r-^  (Icos^l  - -J-)  +  |cos0|.  (9) 

where  m^  p  are  the  electron,  proton  masses.  The  distance  along  the  flux  tube 
where  resonant  interactions  take  place  is  given  by,  Je  =  ReL^i-  The  distance 
between  two  subsequent  resonances  is  obtained  from  =  ReL(V»/+i  —  V’r)- 
For  example,  we  take  L  =  3.5,  ufp/ng{L)  =  7.9,  =  0.75,  and 

Be  =  10".  For  ^  =  37",  we  find  that  7j(L)  =  41.4  and  the  energy  of  the 
resonant  protons  is  437  keV.  The  location  along  the  geomagnetic  field  of 
the  gyroresonances  are;  V'J  =  0.25",  ^3  =  0.35", ...,  V’it  =  l.“.  As  another 
example  we  take  <i>  =  40",  then  tj{L)  =  72  and  the  proton  energy  is  158.6 
keV.  The  location  of  the  gyroresonances  are:  V'2  =  0.15",  V's  =  0.21",  ...,V’47  = 
1.".  We  also  show  that  V'/  is  very  weakly  dependent  upon  pitch  angle  p. 
Thus  there  are  multiple  resonances  crossings  (17  for  the  first  and  47  for  the 
second  examples)  within  one  degree  of  the  magnetic  equator,  which  makes 
the  proton  whistler  interactions  very  efficient. 
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IV.  THE  HAMILTONIAN  EQUATIONS 


We  normalize  time  t  to  Qp(L),  velocity  v  to  c~',  and  length  s  to  and 
from  now  on  we  always  refer  to  these  normalized  variables.  Let  us  define 


where  tan  A  =  Vyfv^,  and  are  the  components  of  the  particle  velocity  in 
the  X  and  y  directions,  respectively.  The  dimensionless  electric  field  ampli¬ 
tudes  are 


TllpCW 


(11) 


for  i  =  1,2,3,  and  where  q  is  the  proton  charge.  The  action-angle  variables 
are  (/,  A),  where 

j  _  »r(^) 

2  Qp 

To  first  order  in  the  electric  field  amplitudes  €{,  the  normalize,  time- 
dependent  hamiltonian,  as  function  of  the  canonical  pairs,  (i;||,  j),  and  action- 
angle  variables,  is 


2  ^  n(i) 


in 


+  sin6  |£3V|,  Ji(fcip)- (13) 


Here  is  a  linear  combination  of  Bessel  functions  Jt, 


T/  —  («i  ~  £2)  Ji+i(kip)  +  (ci  +  Cj)  Ji-\{ki_p)  (14) 

whose  arguments  are  ki_  p  —  (c^x/flp)  {2/n/n(L)]‘/*.  If,  in  addition  to  the 
electromagnetic  wave,  there  is  an  electrostatic  potential  <j>o,  then  we  replace 
in  Eq.  (13),  €3  by  £3  -f-  fo/v||,  where  e„  =  q<f)o/mpC^. 

For  particles  crossing  a  single  isolated  cyclotron  resonance,  we  consider 
only  one  term  i  in  the  summation  in  Eq.  (13).  In  this  case,  we  find  the 
foUowing  constant  of  motion 


Cl  =  m 


w 


QpiL) 


The  criterion  for  overlapping  of  resonances  is  given  later  on  in  Eq. 
By  defining  v„  so  that  7i  —  uJ/2  +  /fi/n(L),  we  obtain 


f  2  ,  _  ,  ,  u;  « 


1/2 


(15) 

(37). 


(16) 
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We  can  now  reduce  the  problem  to  one-dimension,  in  which  case  we  find 

V||  =  Uo -t- sin^f  Tf(/,Vo) 


ds 

dt 


(17) 


where  Tt{I,Vo)  is  defined  in  Eq.  (19). 

To  zero  order  in  fj,  the  dimensionless  length  s  =  tvo.  The  equation  of 
motion  for  /  as  a  function  of  s  is 


ds 


/cos6T/(/.Vo) 


(18) 

(19) 


As  d  — ♦  0,  then 


ds 


tClp  —  w 

np(z.)v„ 


(20) 


The  gyroresonance  condition  is  obtained  by  setting  Eq.  (20)  equal  to  zero. 
When  this  is  satistied  s  =  si  (the  resonance  length)  which  is  defined  as 
St  =  2fy/2rf)t  and  tjjt  is  given  in  Eq.  (8). 

By  assuming  that  the  protons  are  in  gyroresonance,  we  show  that  (t 
satisAes  the  second  order  differential  equation 


Here 


£k 

ds^ 


=  Qe  -h 


ihrL?  1  dl 

Vo  I  ds 


at 


Ot  dQ 
fi(L)  ds 


^  ^  1  £  ^ 

m«  dfle  Vo  2  vl 


where  dQfds  =  2s  Q{L). 


(21) 


(22) 

(23) 


V.  SECOND  ORDER  RESONANCE 


We  next  solve  the  pair  of  coupled  Eqs.  (18)  and  (21)  under  the  assump¬ 
tion  that  s  is  very  close  to  the  resonance  length  st-  The  parallel  velocity  Vo 
is  given  by  setting  Eq.  (20)  equal  to  zero,  i.e. 


u; 


MR)  =  -r 


- —  (i-f  — ) 
cfc|,  np(L)  rt  ^  U)'' 


(24) 
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(25) 


In  this  case  we  may  use  a  Taylor  expansion  around  j/,  then 

I  ^  +  (*-.,) 

(,  =  +  {<•)(,-„)  + '!-(,_„)>  (26) 

where  It{R),(i{R)  are  constants,  and  R  denotes  values  at  the  resonance 
(3  =  3r).  Here  {dl lda)(R)  is  given  by  Eqs.  (18)  and  (19),  with  it  =  ii{R),  I  — 
I(R),  and  Vo  =  Vo(R),  evaluated  for  resonamt  values.  For  protons  satisfying 
the  resonance  condition,  =  0.  For  convenience  we  choose  cos[^/(il)]  =  1. 

The  constant  of  motion  Ci  is  obtained  evaluating  Eq.  (15)  at  the  equator, 
we  show 

""  (v2  77(L)  coa<f>  ^{L)rc) 

where  fp  =  Qp{L)luj  •<  1.  Using  Eq.  (16)  and  setting  Vo  =  Vo{R),  we  find 

^‘W  =  ir-w/nw) 

where  Cl{R)/Q{L)  =  1  +  3^.  By  substituting  Eq.  (26)  into  Eq.  (21)  we  show 


i\^^  =  atiR)  + 


v„(n) 


1  dl 

t 


(29) 


where  Qt(R)  is  evaluated  at  the  resonance. 

The  change  of  the  action  I  after  crossing  the  Vih  resonance.  A/,  obtained 
by  integrating  Eq.  (18),  is  approximately 


The  resonance  length  Sat  is  defined  as 

/+00 

da  cos  it 


(30) 


(31) 


By  combining  Eqs.  (26),  (29),  and  integrating  along  3  we  show 


Sat  =  r(l/2)  cos(7r/4) 


(32) 


Resonances  are  isolated  in  space  if  ^3^  <  A3|,  where  A3t  =  3/%/2  (t/»/+i  —  ipt) 
and  V’r  is  given  in  Eq.  (8). 

In  the  case  where  the  inhomogeneity  of  the  magnetic  field  is  larger  than 
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the  contribution  of  the  resonance,  we  may  neglect  the  term  proportional  to 
{dI/d3)(R)  in  Eq.  (29),  we  get 


M 


A/  =  (^)(ii)  r(l/2)  cos(ir/4) 


1/2 


(33) 


where  /3/(i2)  is  given  by  Eq.  (23)  and  must  be  evaluated  at  resonance.  From 
the  definition  of  F/  in  Eq.  (14),  the  change  in  the  action  is  proportional  to 
the  electric  field  amplitudes. 

For  interactions  such  that  the  contribution  of  oii{R)  in  Eq.  (29)  is  smaller 
than  the  contribution  of  {dl fd3)R,  we  get 


Al  =  ± 


1/2 


r(i/2) 


[2\voiR)\Vf^ 

*11  rt 


co6(7r/4) 


(34) 


where  the  ±  sign  depends  on  the  sign  of  {dIld3)R.  We  see  that  the  change  in 
particle  momentum  1  is  now  proportional  to  the  square  root  of  the  electric 
field  amplitudes,  i.e.  y/Ei.  We  call  this  the  second  order  resonance  condition 
because  to  zero  order  in  the  electric  field  amplitudes  d^^ijds^  ~  0.  For  the 
case  of  equatorial  interactions  (s/  =  0),  the  condition  for  the  validity  of  this 
approximation  is 

(7l(^)(ii)l)'^]  »/3r(i2)r(l/2)  cos7r/4  (35) 


Note  that  for  a  fix  value  of  w  the  second  order  resonance  condition  is  most 
likely  satisfied  for  equatorial  interactions,  because  then  the  inhomogeneity 
of  the  magnetic  field  is  small.  Thus  the  first  harmonic  will  dominate  the 
second-order  interactions.  If  we  allow  u;  to  be  a  function  of  s,  then 


at  =  0t 


1  dil 

n(L)  d3 


dfe|[  du 

du>  ds 


(36) 


By  changing  w  so  that  at{R)  =  0  for  s/  >  0,  the  second-order  resonance 
condition  is  satisfied  for  other  harmonics,  and  the  change  in  the  particle 
velocity  is  proportional  to  y/Fi.  This  should  be  contrasted  with  the  result  in 
Eq.  (33)  where  the  change  in  action  is  linear  with  the  electric  fields  and  thus 
smaller  than  when  the  condition  for  second  order  resonance  is  satisfied. 

We  have  carried  out  some  preliminary  calculations  applying  the  theory 
presented  in  this  section;  for  waves  such  that  0.5  <  w/fi*  <  1,  and  cos^  > 
u^/Q/,  and  for  electric  field  amplitudes  which  are  in  the  range  10"*  to  10"* 
Volt/cm.  They  show  the  contribution  of  large  harmonic  resonances,  i.e.  I  > 
50  in  the  change  of  the  action  A/  as  defined  in  Eq.  (30).  As  a  matter  of  fact 
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of  fact  the  largest  contributions  to  AI  come  from  values  of  t  which  are  close 
to  the  argument  of  the  Bessel  functions  p.  For  equatorial  pitch  angles 
between  7.5  and  20  degrees,  at  the  L  shell  3.5,  the  values  of  t  which  give 
majumum  change  in  the  action  are  larger  than  50  and  smaller  than  150. 
Overlapping  of  resonances  occur  when 


AI 

h-xiR)  -  hiR) 


>  1 


(37) 


For  electric  fields  greater  than  10  ■*  Volt/cm  all  resonances  (150  >  i  >  1) 
overlap,  but  for  smaller  electric  fields  only  some  of  them  do  for  particles  wliich 
equatorial  pitch  angles  are  near  the  loss  cone.  Note  that  even  if  resonances 
overlap  in  space  (see  comments  after  Eq.  (32)),  we  must  still  treat  them  as 
independent  of  each  other  if  the  criterion  in  Eq.  (37)  is  not  met. 


VI.  QUASILINEAR  THEORY 


The  distribution  function  of  protons  which  satisfy  the  first  order  reso¬ 
nance  condition  is  given  by  solving  for  the  quasilinear  equation  Lyons  and 
Williams  (1984): 


(l  51  /  /o"V3  ^  +  — 

Ot  J  (2rr)3 


—  k 


Ml 


u/px 


(38) 

where  p  is  momentum  and  the  atmospheric  loss  time  is  defined  in  (1). 
By  assuming  that  w/fip  •<  sin*8e  (where  9c  is  the  local  pitch  angle  at  the 
loss  cone  boundary)  we  may  approximate 


A(Pi)3  ? 

wpx  dp  P  n,  P  5/1  '  p  Pll 

n  —  ^  ,Px^3  ^  .Pi  5 

p  n.  p  dp,  p  dp 


(39) 

(40) 


f  «(kiiv||  +  en,  -  w)  e,(k)  ~  (2,)»  «(*„v||  (4,) 

r=-oo  |cos<p| 

where 

6(<^)  =  1 +cos’<^+ ^  ^  sin</)l*  (42) 

Z  px  lie 

If  Bk  is  the  wave  magnetic  field  (B*  <  B„,  the  geomagnetic  field),  then  the 
energy  density  of  waves  is 


(43) 
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We  assume  that  difTusion  occurs  on  time  scales  such  t  ^  tb,  where  tb 
is  the  proton  bounce  time  between  ionospheric  conjugates.  We  integrate  the 
diffusion  equation  along  the  flux  tube  by  applying  the  operator  I/tb  /  dzlv\\ 
to  both  sides  of  Eq.  (38).  The  bounce- averaged  diffusion  equation,  in  terms 
of  equatorial  pitch-angles  Ot  particle  momentum,  is 

/I  ^  ^  ,  1  d  .  „ 

( - +  :37)/  =  ~~^a - 5- cos 

Tatm  at  p  Sin  at,  cos  01,  a0l 


p  de,  ^  ^ 


111  T,  ^1\ 

pJ  dp  f  dp  dOi]  j 


The  bounce- averaged  diffusion  coefficients  are 

T^8,«  =  tan*^t  Vpj, 

Ve,p  =  I>p.s  =  —  tan  61  Vp^ 
The  energy- diffusion  coefficient  is 


Vpj,=  -^  I  Jk*  dk  I  sin  A(A,  d<i> 
VTg  Jo  J-nil 


where 


-  —3—  7^  (5n)(«)  Inml  -  m 


^  ojI  |co8^!  ^n(i)'  p 

Here  R  denotes  values  at  the  resonance  where  V|j  ~  u,  and  w  —  fc]j  v  2r  0. 
Note  that  for  small  values  of  <f>,  we  can  neglect  the  contribution  of  the  parallel 
component  of  the  wave  Held  in  6(^)  (see  Eq.  (42)),  then  Pp,p  is  approximately 
independent  of  p,  the  equatorial  pitch  angle,  and  we  write 

/  =  F(t)p'if(p)  (49) 

where  o'  >  0  is  a  free  parameter.  We  define  the  precipitation  lifetime  as 

=  -I?  tt' 

By  combining  Eqs.  (44)  through  (46)  and  Eq.  (49),  we  show 

t2«c  _  4o'(<r-H)^  ^  d  dK^ 


(P-f-Wp)  = 


^  d  d/f, 

I’p.P  ^  dp  ) 


4<r  dK  2cr  _  d  ,  _ 


where  Kc  =  This  is  an  eigenvalue  equation  for  Tp  as  a  function  of  the 

free  parameter  <r.  The  eigenfunction  K{p)  is  sucli  that  must  be  regular  as 
p  — ►  0,  and  well  behaved  for  large  p,  i.  e.  as  p  ->  00  then  K  <  p~*. 
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Test  particle  motion  in  the  cyclotron  resonance  regime 
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l  eM  particle’s  moving  in  tlic  Held  of  an  ciccironiapiietir  wave  propagating  in  a  hackgiound 
inagiictic  field  can  gain  significant  energy  when  the  wave  parameters  and  particle  energy  are 
such  that  the  cyclotron  resonance  condition  is  satisfied.  Central  to  the  accelcraiion  process  and 
long  time  scale  periodic  behavior  is  the  coherent  acciiniiilation  over  many  eyclotron  rrrhits  of  a 
small  change  in  energy  during  each  orbit,  a  result  ol  the  circularly  polarized  co.nponerrt  of  the 
wave  electric  field.  Also  imprrrtant  is  the  small  change  in  the  relative  wave  phase  dining  each 
orbit  lesulliug  from  relativistic  variations  of  the  cyclotron  rtertiicncy  and  wave  inrliiced 
streaming  along  the  background  magnetic  field  I  he  physical  mcchaiiisms  niidcrlyiiig 
cyclotron  resonance  acceleration  are  explored  using  a  set  of  heuristic  mapping  equations  I  the 
I’MAI’)  describing  changes  in  the  particle  inomentuni  and  relative  wave  phase  More  accurate 
(but  less  transparent )  descriptions  of  the  particle  niotion  are  pursued  in  the  context  of  orbit- 
averaged  llamilloniati  theory  A  discrete  set  of  mapping  eqiintioiis  for  the  slow  ly  varying 
canonical  action  and  angle  are  derived  (theOMAP)  but  are  found  to  generate  inacciiiate 
solutions  itt  certain  regions  ol  phase  space  when  lire  resonance  iiumber  /  is  such  that  |  /  |  ■  I 
and  the  particles  are  initially  cold  These  dinictilties  ate  asoided  by  constructing  a  coiitiniioiis 
time  orbit -averaged  llamiltonian  and  solving  the  resultant  canonieal  ec|iialions  of  tnotioii 
Assuming  the  momentum  is  small  relative  to  me  I  where  m  is  the  particle  mass  and  c  is  the 
speed  of  light),  details  of  the  distribution  of  particle  trajectories  in  the  action-angle  phase  space 
for  |  / 1  =  I  and  |  / 1  =  2  are  presented  and  criteria  for  the  existence  of  orbits  oscillaiory  in 
angle  are  derived. 


I.  INTRODUCTION 

When  constructing  a  kinelic-lheoretie  description  of 
the  interaction  between  an  electromagnetic  wave  and  a  mag¬ 
netized  plasma,  it  is  important  to  know  the  trajectory  of  test 
particles  iit  the  presence  of  the  elect romagtretie  wave  attrl 
background  magnetic  field.  A  particularly  tnletesting  re¬ 
gime  of  wave-test  particle  interactioti  occitrs  when  the  wave 
frequency  m  and  the  particle  momentum  satisfy  the  cyclo¬ 
tron  resonance  condition. 

ru-il.t’,  -  |/|fl  =  0,  (1) 

w  here  Jl  is  the  cyclotron  frequency.  I  is  the  resonance  mtin- 
ber,  aird  k,  and  n,  ate  the  wave  vector  and  particle  veliwity, 
respectively,  in  the  direction  of  the  btickgrouiid  ni.igiiclic 
field  B„  —  B„«, .  Iti  the  cyclotron  resonance  regime,  it  is  pos¬ 
sible  for  test  particles  to  achieve  kinetic  energies  far  in  excess 
of  the  "quiver  energy"  on  time  scales  of  many  tvave  jieriods. 
even  for  relatively  small  wave  amplitudes.’  ’  We  define  llie 
quiver  energy  as  the  maximum  energy  achieved  by  a  test 
particle  in  an  electromagnetic  wave  without  a  hackgiound 
magnetic  field. 

In  the  Work  of  Ginet  and  Heinemann"  (hereafter  Paper 
I  ),a  llaniilloniaii  pseudopotential  ( lIPP)  theory  was  devel¬ 
oped  and  used  to  predict  the  maxitnuni  kinetic  energy 
( normalized  to  the  rest  mass  energy )  and  acceleration  time 
7,  ( normalized  to  the  wave  period )  resulting  frtiiii  the  cyclo¬ 
tron  lesonance  acreleralion  process  in  the  limit  of  small 
wave  amplitude.  Although  the  lIPP  theory  proves  to  lie  a 
useful  predictive  tool,  as  demonstrated  by  the  extensive  coin- 
parison  of  lIPP  predictions  with  those  tihtaiiied  from  nu¬ 
merical  solutions  of  the  full  equations  of  motion  given  in 
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Paper  1.  there  areTimilalions  The  llPP  theoiy  does  not  pre¬ 
dict  any  details  of  the  particle  lr,xjeclnty  other  than  the  tem¬ 
poral  dependence  of  the  kinetic  encigy  and  does  not  piovide 
much  physical  insight  itito  how  the  .'icceleration  piocess  ac¬ 
tually  works 

This  paper  .iddtessrs  the  details  of  the  cvclotton  reso¬ 
nance  inleriictioii  prtKcss  that  are  itol  coscred  bv  the  llPP 
theory.  As  in  Paper  I.  we  restrict  ourselves  to  the  regime  of 
small  wave  amplitude  so  that  pai  tides  are  not  trapped  in  the 
troughs  of  a  wave  and  ihaotic  motion  resulting  from  over¬ 
lapping  resonances  does  not  ocettr  InSec  II.  we  discuss  the 
physical  mechanism  underlying  the  acceleration  process  in 
the  context  of  a  set  of  pedagogical  mapping  ctpiaiions  that 
describes  the  change  in  particle  nioincittiim  and  wave  phase 
fioni  one  cyclotron  orbit  tothc  next  More  accurate  (but  less 
transparent )  nietluKls  for  compiiting  details  of  ihecyclotrtm 
orbit-averaged  particle  trajectory  based  on  Hainiltonian  the¬ 
ory  are  presented  in  Sec  III  At  iheendofSec  III.  westudy 
in  some  detail  the  distribution  of  particle  traicctories  in 
ph,ase  sp,ace  when  the  iiioincntuui  is  small  |  ||i|/('iir)  •<  I ).  A 
siiniiiiary  of  the  entire  papet  is  contained  in  Sec  IV 

II.  THE  PHYSICAL  MECHANISM 

To  heller  midersh-iiid  lire  physical  niechaiiisiii  responsi¬ 
ble  for  the  resonance  accelei  niicin  process,  w  e  develop  in  this 
section  a  mapping  of  imrliclc  tiionicninni  and  phase  (roni 
one  cyclotron  orbit  to  aiiother  I  he  pedagogic  al  map 
(I’MAI’)  will  lie  derived  (roiii  the  equations  ol  motion  hv 
using  estimates  ol  the  particle  ti.-iicclory  (hat  aiec  haiacteiis- 
tic  of  the  true  trajectory  yet  simple  enough  to  allow  us  to 
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|iKn  iIiimIi  iiiiKol  till- :itii-l(  ialii>ii  iim  liaiiiMii  1 1- 

ciisiiij;  on  llic  small  niomenlum  rt-piiiic.  a  ri'din  t-d  vt  i>.i<in  ol 
Ihc  I’MAI’  will  bcohlaiMcd  llial  depends  only  on  llie  peiprn- 
dicular  monicnlnin  and  relative  wave  phase  1  his  tedmed 
map  will  Iheti  pnide  om  estended  discussion  ol  the  accelrta- 
lion  mechanism  t  in  noialionni  convenience,  we  assiiiiie  a 
nepali'elv  charged  pailiele  in  our  discussion.  Iliongh  all  ol 
the  analysis  applies  erpially  well  to  positively  chaiped  paiti- 
cic'.  given  appropiiale  sign  changes  m  the  tmteeloiy  ainl 
wave  polarirations 

A.  Derivation  ol  the  pedagogicat  map 

I  he  etpialions  of  motion  for  the  momentum  p  and  posi¬ 
tion  X  of  a  particle  of  charge  q  and  mass  m  in  a  t  artesian 
cooidmatc  system  ( v.i.a)  can  be  written  as 


/  •  \ 

P,  =-/’,..{sin|ll„(( 

ql  K„  )  X  ( »„  1  H„  )  . 

(2) 

(it 

V  f  / 

(i\ 

r. 

r,  -  r,:- 

til 

\  ~  -  p.,  11  (/ 

U  licit’  P  - 

)  niv.  )  -  \'l  )  IpI  '/(me) 

.  and  ll„ 

thr  h:n  k- 

r  "  >■  p„  *;in|  IM/ 

groiiiul  niapnclic  ndcl  ll„  —  plane  u 

avc  clccliic 

2  -  2^  \  /  \I  -  ). 

and  rnapnciic  fields  aic  taken  to  he 

'^iicre  —  r,,./ll.,.  r,„ 

F,  ^ 

F,  cos  (k-x  -  eaOc. 

and  Ihc  rclalivi'itic  cyt  loii 

-  F,  sin(k-x  -  eaOc,  F, 

cost  k-x 

o>i  ir.. 

dicnlai  inomcninm />!  I  tcg.lig  .’ ol  I'apci  I  I 

1  Inis  we  arc  motivated  to  model  the  system  as  a  si  (|ncncc  ol 
di-scretc  cyclotion  orbits  in  the  pcrpeiuhcnlai  plane  with 
.slteaiiiing  parallel  to  the  held  (i  c  ,  e.  is  a  i  onsiani  i  dining 
each  orbit-  I  tie  ilynamies  can  then  be  redin  ed  to  a  map  that 
gives  the  moineiitum  and  position  ol  the  paitn  le  at  a  paitien 
lai  phase  of  the  cyclotion  mbit  in  teiins  ol  the  momeiitnni 
and  position  exactly  one  mbit  cailiei  We  out  line  the  deiiva- 
lion  of  this  pedagogical  map  ( I’MAI’ 1  below 

Assume  that  a  particle  undergoes  cyclotion  motion  in 
the  perpendicular  plane  and  streaming  motion  parallel  to  It,, 
with  a  constant  perpendicular  and  parallel  niomenlum 
)  between  limes  i,  and  ,  ,  r„  I 

n  — 0,1,2 .  For  /.■'t-'t,,,  the  orbits  fot  a  negatively 

charged  particle  can  be  w  rilirn  as 


(ID 
112) 
IH) 
I  M) 
(I') 

■  1 1 


(4) 


II„  ^  n,  sinlk-x  o>l)e. 


+  flj  costlcx  -  ftifle,  -  B,  sinflcx  o'De.. 

(5) 

where  w  is  the  wave  frequency  and  k  =r  k,c,  -I  k.c.  is  the 
wave  vector  in  a  coordinate  system  where  —  0  with  no 
loss  of  generality  The  sign  convention  has  been  chosen  so 
that  if  all  the  wave  components  are  positive  then  the  wave  is 
right-hand  circularly  polarized.  Using  the  plane  wave  solu¬ 
tion  to  Far.aday's  law, 

H„  -  (c/«’)kxF„ .  (b) 

the  components  of  the  wave  magnetic  field  can  be  w  lillen  in 
terms  of  the  compoiieiiis  of  the  wave  electric  field. 

B,  ~  (f) 

/?.  -  q.fU  I  .  (R) 

/?,->/,  a:.,  ('») 

where  r/,  -=  ri.  /re.  7.  =•  cA./re,  and  the  index  of  reliaclioii 
7  is  defined  as  7  —  elkl/w. 

The  wave  elccliic  field  amplitudes  can  be  expressed  as 
dimensionless  qiianlilies  f,.  w  here 

<,  —  \q\F,/mct,i.  I  -  l.2,,1 .  (Ill) 

The  assumption  that  f<<l.  where  f  =  max  de¬ 

fines  the  small  wave  amplitude  approximation.  In  (his  limit, 
the  quiver  energy  is  proportional  to  €'  (cf.  Appendix  A  of 
Paper  I ) . 

Numerical  solutions  of  the  full  equations  of  motion  in 
the  small  wave  amplitude  limit  show  that  the  particle  motion 
in  the  plane  perpendicular  to  B„  can  be  viewed  as  cyclotron 
motion  w  ith  a  slowly  varying  cyclotron  radinsp  and  [>crpen- 


'^y„  •  ( lb ) 

with  rti,  the  nonrelativ'islir  cvchilioii  liciineiicv  In  Fig  I, 
these  orbits  ate  plotted  in  vailmis  slir  cs  ol  (  x,|i )  phase  space 
Since  (he  guiding  ccniri  in  x  is  a  constant  o(  (he  motion 
(Paper  I),  we  have  set  it  equal  to  zeio  wiilioiil  any  loss  of 
generality.  We  have  also  arbitrarily  set  the  rgiiidingcenlei  I 
equal  to  zero  for  illustrative  purposes  in  Fig  1  Ihevahieof 
)',  although  not  conslnnl.  is  irielevaiil  since  Iheie  is  no  g 
dependence  in  I  he  problem 

At  lime  i„  .  the  particle  moniciilmn.  r  position,  and 
cyclotron  radius  arc  jumped  (  Fig  I )  by  an  anionnl  that  can 
be  computed  by  inlegraling  Ihc  equations  ol  motion  beivvceii 
l„  and  f,  ,  1 .  assuming  that  the  wave  field  is  small  enough 
that  the  particle  motion  can  hr  reasonably  approxiniaied  by 
a  cyclotron  orbit  with  siicaming  parallel  to  the  backgiouiid 
field  I  he  z  position  vai  iable  ran  be  replaced  bv  the  lelalive 
wave  phase  vaiiahle  i/-.  w  hich  we  delinr  to  be 


lb  -  k.z  -  t,>l 


(17) 


Noting  that  Ihc  jump  in  Ihc.v  position  can  bccomi'iiled  Irom 
the  jump  in  p,  using  the  definition  of  Ihc  cyclotron  radius p, 
the  equations  of  motion  necessary  to  conipnie  the  inmp  val¬ 
ues  can  be  reduced  to  three, 

''Hi-M  V 

rfr  ■  2  „ 

>'  cns^(;nfl_  .)  r,i  -  A.r,,  )r '  4  i',,  j 

4  4  /I,))./.,.  ,(7,r.  I 

4  fl,  )^7.,  ,(f,p.,  )].  (  18) 
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MO.  I.  Phaxc  <pacf  tfujectorif^  m  (a)  the  ji  i- plane,  (h)  the /».  /».  plane, 
ami  fc)  \hetp,  plane,  mhichareuMdrorcompniinitihf  PM  AT  1  he  pant 
cle  begins  at  (labeled  wilh  a  b<i«).  complne^  one  orbii.  ami  then  %\ 
jtimprri  a^  indicaird  lo  begin  another  orbit  at  r.  ,  ,  (labeled  wiih  a  eirrie) 
AKo^tinwnin  (a)  and  (bl  are ihecnniponennnrihe<;^r(iia(tnf  wave elet- 
irie  6eld  (vdid  arrows)  and  magnetic  ncM  (dotted  arrow-v)  at  vaihniv 
poinU  in  the  orbit  for  a  wave  with  /.p  ^  2/.',.  t^-. (mod  2n>  -  0.  and 
|E,  I  I  I  ■  Ortenlalton.a  of  the  parallel  wave  electric  Held  (tolid  arrn\t ) 
and  magnetic  Retd  ( daahed  arrow )  at  potni!t  along  the  traircinrv  ate  vhow  n 
in  (c)  RoW  face  arrows  correspond  lo  components  of  tl»r  wave  vector  li 


‘‘•y-  -  I’!  y  cn.((m!l„  I  *  r.,u  .  ^ ) 

X^2E,J^ik,p„ )  f  --  ( I  ft,  }J . a,//,. ) 

(IP) 

— "  =  ~~  (20) 
til' 

alifrc  I  '  —  I  -  l„  and  J,.  rcprc’iriit*.  a  Hcs'^rl  fun.  ikui  "f  in¬ 
teger  order  m.  I  liesc  modified  Cf)i>alioii';  have  been  denved 
from  the  Cartesian  equations  of  motion  |  Eqs  ( 3  )  .iiid  ( ? ) ) 
using  the  definition  of/i  I ,  the  explicit  form  for  the  nave  fields 
I  Eqs.  (4)  and  (5)1.  and  the  approximate  Icnecioiies  ( Eqs 
(1I)-(I,5)J  with  the  appropriate  Bessel  liinelion  expan¬ 
sion'  Making  the  cyclotron  resonance  approximation  |  Cq 
( I )  I  with  I  <0for  negatively  charged  particles,  the  modified 
e<|uations  of  motion  |Eqs  (lfi)-(20)|  can  be  integrated 
over  the  interval  l'  —  \  0.2ir/!l.  ]  to  yield 


(  -  1)'“  ‘  '|<7lr 
- — cos 

ll„ 


(c.  -  r, 


.(..-ai) 

—  (B,  -t  fl,  l)./, 

-{B,  B,  )]./  . 
tie  / 


(  'I9I- 


xcos^t/'.  -y  --~j(  2r,y„,(f  ,/’„l 

+  -^|(B,  4  B, )y„ 

-f  (Bj  -  B,  )y,„ ,  ,(*./>.))) 

ss  2tr( ) 


The  PMAP  i%  now  compicicly  cpccifipd:  pi\rn  ) 

at  lime /„,  the  corresponding  quanlilif^  al  f,  .  ,  ate  given  by 
I  I  Ap,,.  (24) 

I  =r,.  -4  Ap,,.  (25) 

=  il’„  -1  (2b> 

using  Eqs  (21  )-(2.M  for  ihe  jump  values 

The  PMAP  will  prove  lobe  a  iiscrul  pcdacopical  tool  for 
understanding  the  resonance  arrcleraiinn  prturss  How¬ 
ever,  i(  is  no(  a  grKxl  cornptiiaiinnal  ItHtl  ff>i  ai  t  iiralely  pre 
dieting  a  particle  fraiectory  over  any  long  period  of  lime 
Ihis  is  l.irgely  because  the  map  is  no!  area  preserving  in 
phase  space  ami  henre  nol  time  reversal  invaiianl.  though 
(he  true  equaitons  of  motion  are  derivable  fiom  a  llamillo- 
nian.  After  many  jieiaijoris,  (he  phase  sp.acc  Iralecioties  of 
the  PMAP  solutions  will  drift  away  from  Ihe  iraiectories  of 
the  true  solutions 

The  PMAP  also  h.is  difTicullies  in  predicting  the  initial 
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|iIkim  .iiuI  inilinl  iiiniiK'iiliiin  ilrpi'iKfcncr  oi  llir  iikiIiiiii.  ;it 
li-.'i'il  when  (lie  initial  cncigy  ii  less  than  nr  eiinal  tntliecunvri 
energy  Oiir  assiiiriptinn  in  rleiising  the  I’MAI'  that  the  par¬ 
ticle  nrhit  differs  only  slightly  front  a  cyclotron  rnbit  could 
break  down  when  the  momentum  is  at  the  quiver  energy 
level  lp/(mf)-;0(f ) )  If  the  particle  does  not  complete  a 
reasonable  approximation  to  a  cyclotron  orbit  in  the  time 
interval  of  an  unperturbed  cyclotron  period,  then  the  change 
in  both  /r,,  and  /),.  w  ill  not  necessarily  be  as  dictated  by  the 
I’M  AP  and  could  he  of  0(f )  This  will  certainly  he  the  case 
for  the  first  cyclotron  period  when  starling  from  colil  initial 
conditions 

In  light  of  these  problems,  the  leader  might  wonder  how 
we  ran  he  confident  that  the  PMAP  will  be  at  all  usr  liil  in 
iinderslandiug  the  an  elnalion  process  We  ai  (iiiiicd  our 
confidence  Iroin  analssis  with  the  PMAP,  which  vicldcd  the 
kineiic  energt  and  oscillation  period  scaling  laws  loi  tin 
V_,  3“  I  regime  derived  in  Paper  I  to  within  a  consiani  lacloi 
of  order  unity.  Furthermore,  analysis  in  the  limit  of  parallel 
propagation  (k  =  Ac, )  with  the  PMAP  can  reprodnre  pre¬ 
cisely  the  asymploiie  scaling  of  energy  as  a  function  of  nine 
derived  from  the  exact  solution  of  Roberts  and  nnchsbanm 
The  derivations  of  the  i/,  r  I  scaling  laws  from  the  PMAP 
are  given  in  the  Appendix 


B.  The  small  momentum  limit  of  the  PMAP 

The  PMAP  can  be  made  simpler  by  assuming  that  the 
momentum  vvill  he  relatively  small  ( |p,.  l''lm(  ) 
l.n  XT  |,3..t  .|.  though  perhaps  much  larger  than  Oi() 
Having  the  advantage  of  knowing  what  nia.ximitni  energies 
are  possible  (Paper  1 1  vve  can  expect  this  to  be  a  reasonable 
approximation  in  all  parameter  regimes  excepting  the  case 
when  >1.  ~  I  F.vcn  when  i;,  -r;  I,  the  small  tnomcntnni  limit 
of  the  PMAP  will  he  useful  in  illustrating  how  cold  initial 
particles  arc  accelerated  through  the  small  ntomentnm  re¬ 
gime  to  eventually  achieve  energies  where  |p|/(  we)  -  ()( I ) 
Recalling  that  k,p„  ■=  I.  the  llessel  func¬ 

tions  in  the  full  PMAP  (Eqs  (21  )-(2.f )  |  can  be  approxi¬ 
mated  as’ 


when  |/ 1  >  1  If  |/ 1  -V  0.  then 2,,  ~  I  Expanding  llicielalivis 
tic  gamma  factor  and  the  cyclotron  frequency  vve  obtain 


)  ,  - 1  f  p;./2wV  +  p;,/2wV'. 

(28) 

ll,=f.>,(l  -  pi 

./2m'r’  -  p;,/2wV’  ] 

1. 

(2b) 

and,  after  soiiicmanipniaiion.  wc  find  (hat  to  lowest  order  in 
lp|/(  /nr)  the  jump  values  fnr  (he  PMAP  become 

Ap,„  -  tf|ri  (E,  ■+  f: 

)cos(t/„  -)  )/ |i7/2 )(P|„/mr)'' 

I 

(.10) 

lip,.,  =  rf,,.  (  -  I),  /v 

,  -4  /7,  -1  n. ) 

'  cos(  t/„  1 

1/  |a/2  )  (p,,/wf  )''■ 

(11) 

Ai''„  ^  -  2ir)/|^l 

Pi"  Pri. 

4  — ry  1  — rt  ’) 

2in c  2w  r' 

-)■ 

(  12) 

where  d ,  —  lijlir/i.', 

and 
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r/.,.-  |t  It'  V/l-’-'ey.”  T(|/|l) 

e  I  )  I  tit) 

for  |/|%  I 

FurtIrer  simplificatimi  is  possible  by  noting  .-t  t  onvenietil 
relation  that  follows  from  the  plane  wave  solution  of  f  ar- 
aday's  law  I  Fqs  (7)-(>))), 

-  r/.E,  -4  /?,  -I  /),  -  r;,  (F,  I  F,  )  (14) 

Using  this  polarix.alion  relation,  the  equation  lot  A/v  ,  |  F.q 
( .11 ) )  can  be  rcwrillcn  as 

V..  ='«'i(l'/.-(^i  »  F,)cos(i)'.  )  |/|c'2)(/>,./nn  )'” 

(IM 


(.omparing  this expicssion  lot  Ag.„  w  ith  the  mapping  equa 
lion  for  A/’,„  I  Fq  (.10)  |.  wc  find 


/Mr  /Mr  me 

Considering  a  sequence  of  orbits,  we  c  an  sum  r<| 
ginning  at  /i  =-  0.  to  obtain 

,,  ( ~  ti".  _ 

\2mV  2mV’/  wr  me 


(Ifi) 


I  ll>).  be- 


f.17) 


where  vve  have  assimicil  /’|„Ap,„  ~  A/i;„/2  I  Ins  lel.iiion  is 
the  small  wave  amplilndc.  small  momenliim  appioximation 
to  an  exact  constant  of  the  motion  [cf  Fq  ( 1 5 )  of  Paper  I ) 
Using  the  reduced  consiani  of  the  molioii  ll-q  1  17)|  to 
replace/!,,,  in  the  phase  jump  equation,  wc  discover  li!  lowest 
order 


I  -I  (I  -  <f,  > 


P',., 


2  m  (■’ 


V. 


wr 


( IR) 


where  the  quadralic  term  in  />„,  has  been  dropped  smi  c  it  is 
much  smaller  thau  the  term  linear  in  /><,  T  he  noimalixcd 
kineiic  energy  (/„  =  )  ,  —  I  can  also  be  approxiiiiaied  using 
the  small  momcnlum  expansion  |Eq  (2R)|  anil  the  icduced 
constant  of  the  motion  (Eq  (.17))  Wc  obtain  to  lowest  or¬ 
der  in  t, 

IK  —  p\„/1>n'r  t  pJ„/2mV’.  (.lb) 

Note  llial  the  cliangc  in  kineiic  energy  is  proportional  to  the 
change  in  pcipendicniar  inomeiilnin  A(t„  —  p,,.  A/!,.,  I  hns  a 
iliscnssion  of  the  phvsical  mechanism  ics)!onsibic  for  the 
change  in  momcnlum  will  he  ctpially  ap|i|icable  to  the 
change  in  kinetic  energy. 

To  siimmari/c.  Ihc  PMAP  reduces  to  two  inmp  equa¬ 
tions  in  the  small  momcninm  limit:  one  for  At/,  1 1  i|  i  IR )  | 
and  another  for  Ap I „  |  F.q  (1())|  Values  of  p,„  are  obtained 
from  the  reduced  constant  of  the  motion  I  F.q  ( 17)  |  T  he 
approximation  of  small  momcninm  vvill  be  valid  fin  small 
wave  amplittides  except  when  i).  -  I.  where,  alter  aceclera- 
lion  has  taken  place,  p,,,/!  wr)  ~  Ul  I  )  Wc  tcmaik  that 
when  A,  —0.  Ihc  full  version  of  the  PMAP  1 1  qs  (21)- 
(21)1  is  identical  to  llial  given  in  I.qs  ( ID)  and  I  1’ )  legard- 
less  of  the  value  of  |p|/l  me) 
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C.  Discussion  o<  the  physical  mechanism 

Icii  particles  can  achieve  Icinelic  energies  lai  in  excess 
of  the  quiver  cncrg)',  on  limes  scales  of  many  ryclolnui  oi- 
biis,  by  cdhcrenlly  accumulating  the  relatively  small 
changes  in  kinetic  energy  that  occur  during  each  orbit  I  he 
degree  to  which  a  particle  will  gain  or  lose  energy  each  oihii 
depends  on  the  value  of  the  relative  wave  phase,  which  will 
vary  from  orbit  to  orbit  as  a  function  of  the  energy  In  this 
section,  using  the  PMAP  as  a  guide,  we  probe  the  physical 
elTccIs  underlying  the  change  in  energy  and  phase  during 
each  cyclotron  orbit  and  how  these  effects  act  in  cimccrt  to 
produce  the  long  lime  scale  acceleration  mechanism  Our 
discussion  w  ill  focus  on  the  regime  of  small  momrnliini  de- 
scribableby  the  version  of  the  PMAP  given  in  Eqs  (.fit)  and 
(.18). 

1.  The  change  In  energy 

The  normalized  kinetic  energy  l/of  a  particle  changes  in 
an  electromagnetic  field  according  to  the  relation 

(4,„ 

di  mr 

Our  study  of  the  variation  of  kinetic  energy  becomes  a  study 
of  how  the  particle  velocity  "lines  up  with"  the  wavcclccliic 
field  during  the  course  of  a  cyclotron  orbit  Since  the  change 
in  kinetic  energy  Af/,  is  proportional  to  the  change  in  per¬ 
pendicular  momentum  Ap,„  |Eq  (I*)))  in  the  small  mo 
mentum  limit,  we  can  use  the  PMAP  expression  foi  A/>,„  to 
illustrate  the  processes  responsible  for  A(/, . 

Examining  the  expression  for  A/i,,  |  Eq.  (.10) ).  we  see 
that  a  necessary  condition  for  acceleration  is  E,  +  E,  =>‘0 
The  reason  for  this  becomes  more  clear  when  the  was  e  elec¬ 
tric  field  I  Eq  (4) )  is  written  in  the  following  manner: 

E„  =|(£|  -I  £,  )/2)  jcostk'X  -  wr)e, 

-  sinfk'X  —  ) 

+  I  ( E,  —  Ej  )/2]  Icoslk'x  -  fi;r)c, 

-)  sin(k'X  -  wr)e,.  | 

-  E,  cos(k'X  —  rjr)e,  (41) 

The  term  proportional  to  E,  +  E,  represents  the  electric 
field  component  in  the  plane  perpendicular  to  B„  Ih.at  ro¬ 
tates  about  B„  in  the  same  sense  as  the  particle  cyclotron 
motion.  Not  surprisingly,  it  is  this  component  of  the  electric 
field  (which  we  term  the  "corotating  component”  and  de¬ 
note  as  E,. )  that  dictates  the  energy  transfer  between  the 
wave  and  particle  via  the  change  inp,„.  1  he  corol.aling  wave 
magnetic  field  II,  can  be  defined  in  a  similar  m.xmirr  w  ith  an 
amplitude 

III,  I  II,)/:-  |v,(E,  I  r:,)  >  i/j:,]/: 

lEq  (.14)1 

The  nonzero  Ap,„  arising  frtirn  the  corotating  conipo- 
nenl  of  the  electric  field  is  a  result  of  either  of^wocficcts  the 
corotation  effect  or  the  Doppler  eflcct  If  .  s<'  llial 
I  / 1  =  I  satisfies  the  resonance  condition  |  Eq  ( I )  |.  ii  is  the 
corotation  effect  that  dominates  as  follows  When  the  wave 
frequency  is  within  (7(  f )  of  the  cyclotron  freqiiencv  the  coi . 
olation  angle  0.  defined  as  the  angle  lietween  p,  and  E, . 


remains  relatively  constant  during  the  entire  orhn  If  the 
cointating  electric  field  component  E,  is  nonzero  'licii  the 
integral  of  Pi  -E,  will  he  nonzero  and  particle  will  interact 
with  the  wave  cither  gaining  or  losing  or  energy  depending 
(III  the  value  of  the  corotation  angle  I  hough  relatively  con¬ 
stant  during  one  orbit,  (I  will  vary  slightly  from  orbit  to  orbit 
and  this  slow  variation  w  ill  prove  to  be  a  maior  factor  in  the 
acceleration  process.  We  will  demonstrate  below  that  ft  is 
iclated  to  the  PMAP  ph.ase  variable  il'„  in  a  simple  manner 
If  r/i~  |/  |r<i,  such  that  |  / 1  '•  i  satisfies  the  cold  particle 
resonance  conilitinii.  it  is  the  Doppler  effect  that  determines 
Api„.  I  hecorolaling  eoniponent  of  I  he  electric  field  docs  not 
maintain  a  relatively  coiisiant  angle  with  respect  to  p,  but 
rotates  through  an  angle  of  roughly  2ir(  |/ 1  -  I )  during  the 
course  of  an  orbit  We  illustrate  this  in  the  phase  space  plots 
of  Fig  I  by  showing  the  directions  of  the  wave  electric  field 
vector  (solid  arrows)  and  magnetic  field  vector  (dotted  ar¬ 
rows)  for  various  points  in  the  PMAP  cyclotron  orbit  for 
1/|  =  2  Unlike  the  sitnalinn  when  the  corotation  effect 
dominates,  the  .x  dependence  of  ilie  wave  pliase  f  i  e  .  A ,  yO) 
is  essential  to  the  energy  gain  process  I  he  integral  of  p  -E,, 
is  dominated  by  the  corotating  component  of  the  electric 
field  E,  evahialed  during  that  part  or  the  orbit  where  p,  is 
parallel  lr>  k  (the  point  where  p,  ■  ('.  p,  “  ('  in  fig  I  i  At 
this  point,  which  we  let  in  the  “Doirplei  point.”  the  t  liange  of 
the  wave  phase  with  respect  to  the  particle  position  is  slowei 
than  at  any  other  point  in  the  orhn  1  he  sign  and  niagnilude 
rrf  Ap,„  will  depend  on  the  value  of  the  corotation  angle  at 
the  Doppler  point  We  denote  this  angle  as  ft,,.  As  with  the 
corotation  effect  scenario,  the  \nhie  of  the  ft,,,-  (mod  2r) 
will  change  slightly  from  orbit  to  orlrit  according  lo  the 
change  of  i/-. 

Whether  it  is  the  eorol.ition  effect  or  the  I  >opplcr  eflect 
that  is  responsible  for  altering p,.,.  the  sign  and  magnittideof 
Ap,,  will  depend  on  ff,„-  ( in  the  case  of  the  corotation  effect. 

is  characteristic  of  the  value  of  ft  over  the  eiitue  (ubit ) 
To  deduce  the  relation  between  ft,,,,  and  the  PMAP  phase 
variable  if’.,  we  first  note  that  the  Doppler  point  is  the  point 
one-quarter  of  the  way  around  the  PMAP  cyclotron  orbit 
(Fig.  I),  which  will  tie  re.ached  at  the  time 

.  1/4  =  (.  +  >r/(211„)  Evaluating  the  expression  for  the 
corotation  angle  |Eq  (42) )  at  r  r. .  using  the  PMAP 
trajectories  |  Eqs  ( 1 1 )  -  ( I  .S)  ]  and  the  wave  field  definitions 
I  Eq  ( 4 ) ) ,  w  e  discover 

f’or  --  I*-*,,  ,  1,4  14  (41) 

Simr  X.  ,  I  .  I).  this  ledun  s  to  I.  .-  ,  , 

**4.,!,.  Setting  At/',,  I  , -I.  w  r  i  an ’.iitisli 

tiile  into  the  PMAP  e.xpiession  lot  Ac',.  |  F.q  (1S)|  toairive 
at  (lie  relalion 

'’iw  -  -  |/|-/2.  (44) 

where  we  have  ignored  the  small  momenliini  leriiis  We  see 
that  the  change  in  ft,„  from  one  mbit  to  the  next  mhil  is 
equivalent  to  Ai/-,  (mod  2a^) 

The  ptiasc  dependener  of  Ap,,  .  as  dic  lnled  b\  ilic 
PMAP  |Eq  (1())|,  IS  coniaiueil  in  tin  (actor 
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cinli.'  I  |/|iT  ’1  Stibsliliilinc  ill  till'  (■x|iir«ii>ii  loi  llir 
Cdrolaiion  anplf  at  llic  Ibipplci  point  |  r.ii  (44)  |.  xxc  hiiil 

Vr-  <  •  I  I  ^l>r 

Taking  into  account  the  sign  of  the  factor  o,,  Ap,.  is  in¬ 
deed  masiniized  as  a  function  of  i/',  at  exactly  the  value  of  i'-. 
that  masimires  -E, /( |p,  E,  |)  at  the  Doppler  point 

It  is  clear  that  only  the  perpendicular  component  of  the 
particle  momentum  p  and  the  wave  electric  field  compo¬ 
nent  E„  are  needed  to  alter  the  kinetic  energy  of  each  cyclo¬ 
tron  orbit  If  |  / 1  >  I .  there  must  also  exist  a  nonrero  ohlique 
coinponeiit  to  the  wave  vector  (I,  yO).  The  parallel  mo¬ 
mentum  p,.  and  the  wave  magnetic  field  ll„  cannot  lie  ne¬ 
glected.  however,  as  they  play  an  important  role  in  altering 
the  phase 


The  change  In  phase 


Having  estahlisherl  the  importance  rf  the  Doppler  />oinl 
corotation  angle  in  determining  the  kinetic  energy  gam. 
we  consider  now  the  physical  mechanisms  responsible  for 
the  slow  variation  of  d,„. ,  or.  equivalently.  </•,  lEq  (44)1 
The  jump  in  i/,,  predicted  by  the  I’MAP  (  Eq  (.IR))  is  ap¬ 
proximately  -  2rr|/|.  indicating  (hat  the  wave  propagates 
past  the  particle  approximately  |/ 1  phases  in  a  single  cyclo¬ 
tron  orbit  The  small,  but  essential  (?(#)  deviations  from  an 
exact  —  2n|/ 1  phase  change  area  result  of  theenergy  depen¬ 
dence  of  the  cyclotron  frequency  and  the  particle  s  stream¬ 
ing  motion  along  the  background  magnetic  field  These  ef¬ 
fects  are  clearly  evident  in  the  unapproximated  I’MAP 
expression  for  At/'.  [Eq  (23)1. 

The  At/',  equation  in  the  small  momentum  version  of  the 
PMAP  (Eq  (311)1  contains  the  energy  dependence  of  the 
cyclotron  frequency  in  the  negative  semidefinite  (crin 
—  I  IPi. /('nc)  j  ’  As  the  particle  gains  energy,  the  cy¬ 
clotron  frequency  decreases  and,  with  a  fixed  phase  vchicity 
the  wave  will  propagate  further  past  the  particle  during 
the  increased  cyclotron  perirxl  Consequently,  </■,  will  de¬ 
crease  slightly  more  than  the  nominal  value  of  -- 2ir|/l  In¬ 
terestingly,  the  energy  dependence  of  the  cyclotron  fret|tieii- 
cy  is  a  relativistic  effect  and  plays  a  major  role  in  the 
resonance  acceleration  process  in  the  apparently  nonrelativ- 
istic  regime  of  |p|/(mc).<  I 

The  phase  (mrxl  2rr)  can  also  be  altered  by  the  parti¬ 
cle  motion  along  the  background  magnetic  field  during  the 
course  of  the  orbit  The  streaming  component  of  Ai/„.  ori¬ 
ginally  proportional  to  in  the  full  PMAP  |  Eq  (23)|. 
reduces  to  (he  term 
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m  the  small  momentum  version  of  Ai/',  Besides  the  initial 
streaming  terms  proportional  lop,,  aridpi„,  there  is  an  ener¬ 
gy-dependent  streaming  term  resulting  from  the  wave  inter¬ 
action  This  term  is  positive  semidefinite  because  the  wave 
interaction  always  produces  a  p„  greater  than  p,,.  ic. 
Pt-  -  |F-<I  (  37 1 1  Assuming  for  a  moment  that 

P,.  ~  (I.  then  p,.  0  so  ihal  the  particle  moves  in  the  s.iiiie 


iliiiTtion  as  (he  w  ;iv  c  along  II,.  Coiiscijiiciillv.  the  wave  dors 
not  move  quite  so  far  past  the  pai  tide  dining  the  eniiisi'  of  a 
cyclotron  orbit  as  would  be  the  case  if  p,,,  (land  will  be 
increased  slightly  from  the  mmiinal  value  ol  ?-(/|  If 
p,.  >0,  the  wave-induced  streaming  is  enhanced  by  the  ini¬ 
tial  streaming  If  p„  <0.  the  initial  streaming  opposes  the 
wave-induced  streaming  and  thus  the  total  sireaniiiig  p.irt  of 
At/’,  will  he  negative  unless  the  particle  energy  hcconies  high 
enough  that  the  wave-induced  streaming  domiiiaies 

It  is  through  (he  non-negligible  streaming  coiiliibiition 
to  A^',  Ihal  Ihe  inolion  of  Ihe  panicle  in  llie  direction  of  B„ 
plays  a  role  in  Ihe  acceleration  process  T  he  variation  of  this 
niolion  is  determined  by  Ihe  PMAP  eiiiialion  for  Ap,„  1 1>) 

( 31 )  I  and  perhaps  a  little  surprisingly  Ap,,  is  proporlioiral 
to  Ihe  corolaling  component  of  Ihe  wave  clceltic  held  A 
closer  examinalioii  of  the  relation  between  the  wave  electric 
and  magnetic  field  polariratioiis  |  Eq  ( .34 )  |  that  leads  to  the 
simplified  form  of  Ap„  reveals  the  following  picture  If  (he 
wave  is  electrostatic  (k||E,  ),  llieii  wave  iriagiieiir  fn  hl  is 
rero  and  the  corriponenls  of  the  electric  field  can  be  w  riiien 
as  E,  ^  0.  r; ,  E,  I  r;.E,  —0  I  hcconi|ioneril  of  the  foice  in 
Ihe  2  direcliori  being  proiiorlional  only  to  E,  can  then  be 
expressed  in  lerrns  ol  E,  and  hence  Ihe  corolaling  compo¬ 
nent  of  the  wave  electric  field  1  Eq  (41 )  | 

If  the  wave  has  an  electromagnetic  coniponcnl.  then 
^P,n  it'  determined  entirely  by  Ihe  (vxB,  Vc  niagrictic 
force  When  averaged  over  a  cyclotron  perirni,  the  z  cotiiivo- 
nent  oflheeleciric  force  iscancelcd  out  by  (he  ( f,  e,  xB,  )/c 
component  of  (he  magnetic  force  leaving  the  othci  coiitpo- 
nenls  of  Ihe  magnetic  force  (proportional  In  E,  4  /  .  )  to 
push  Ihe  particle  inz  T  he  one  exception  would  he  the  case  of 
a  wave  where  r;, E,  4  i/.E,  — Obiil  /T.  3*0  (linearly  polar- 
ixed  in  Ihe  y  direction)  In  this  case.  Ihe  z  coiiipoin  ni  of  Ihe 
electric  force  is  not  canceled  out  and  it  is  both  the  electric 
and  mafnielic  fort  es  Ihal  push  Ihe  parliclr  in  z  Wc  concindc 
Ihal.  for  waves  Ihal  are  not  purely  elect loslalic.  the  magnetic 
field  of  Ihe  wave  cannot  be  ignored  since  it  delei  mines,  to  a 
huge  extent  (if  not  completely).  Ihe  motion  of  the  panicle 
parallel  to  n„  and.  as  w  e  have  seen,  this  is  important  in  deter - 
mining  the  variation  of  i/,  (mod  217)  and  hence  p,. 


3.  The  acceleration  scenario  forp,^  =P,(<  —  0 

Our  discussion  of  Ihe  cyclotron  resonance  acceleration 
process  will  not  be  complete  until  we  explain  how  it  is  that 
the  rnomeriUim  and  phase  changing  mechanisms  work  to¬ 
gether  to  produce  large  energy  gains  over  many  cyclotron 
orbits  The  acceleration  scenario  will  be  presented  in  two 
parts  First,  we  consider  the  case  where  p,,,  -  0  (tins  sec¬ 
tion)  Second,  vve  consider  initial  momenimii  such  Ihal 
P\'<  ~ Ek'  —  f/(f )  ( Sec  II  C  4 )  We  reiterate  our  eailiei  com¬ 
ments  (Sec  II  At  Ihal  Ihe  PMAP  initial  motiicnliim  will 
only  lie  wilhin  ()(f)  of  the  true  initial  moiiieiiliim  I  oi  cx- 
aniplc.p,.  3-  0  ill  the  PMAP  might  corresjnnid  to  a  fimlep,, 
in  reality  and  vice  versa 

The  change  in  phase  |  Eq  (  3R)|  in  Ihe  p,,,  -  p..  -  0 
hniit  lakes  the  simple  foim 
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At/.-  -2ir|/||H  (1  -  (47) 

1  lioiigli  the  magnitude  of  A(A,  ( mtxl  2ir)  depend':  upui  en¬ 
ergy,  the  behavior  of  (mod  2jr)  will  be  monoinnic:  either 
monntonic  decreasing  if  i;,  <  1,  monotonic  increasing  if 
j;,  >  I.  or  constant  if?/,  =  1.  When  r/,  <  I,  the  phase  velocity 
in  the  direction  of  Bg  is  greater  than  the  speed  of  light  and 
the  relativistic  cyclotron  frequency  elfecl  dominates  the 
phase  change.  Conversely,  when  if,  >  I,  the  phase  velocity 
along  B„  is  less  than  the  speed  of  light  and  the  streaming 
effect  dominates.  The  phase  change  effects  cancel  each  other 
out  when  q,  =  I  leaving  tf',  (mod  2n)  a  constant  and,  as  we 
shall  sec.  this  causes  singular  behavior. 

Let  us  first  examine  in  detail  the  acceleration  scenario 
for  I  / 1  =  I  and  then  generalise  for  the  scenario  for  other 
resonance  numbers.  When  |  /  |  =  I,  the  wave  frequency  is 
within  (7(f)  of  the  cyclotron  frequency  and  the  TMAI*  equa¬ 
tion  for  the  change  in  perpendicular  momentum  |Eq.  (30)) 
reduces  to 

Api,  -  rf|  (£|  -f  )cos(t('.  -f  )r/2),  (48) 

where  d,  is  po.sitive  definite.  Assume  that  if,  >  I  and 
i/'o  =  rr  +  <5.  where  A  is  a  small  number  greater  than  zero 
(A/ir^  1).  The  .scenario  is  illustrated  .schematically  in  Fig.  2, 
where  we  plot  A/),,  as  a  function  of  if',  (solid  curve).  A  dot- 
dashed  line  below  the  curve  indicates  the  time  history  of  </•„ 
with  a  circle  denoting  the  initial  and  final  state  of  one  period 
within  0(e). 

Initially,  A/)„  >0  causing/),,  to  grow  and  if',  (mod  2ir) 
toincrease.  The  growth  ofpi,  will  continue  as  long  as  is  in 
the  range  tr<<l'„<,2iT  (the  “acceleration  range”)  corre¬ 
sponding  to  the  range  of  coroiation  angles  where  qp,  -E,  >  0. 
After  a  finite  number  of  orbits,  say  A.  0,(mod2<r)  will 
reach  the  value  of  2ir(  ^',,(mod  2ir)  =  0)  and  p,„  will  be  a 
maximum,  having  accumulated  over  the  N  orbits  where 
Ap,,  >  0.  Continuing  the  moiiotonic  increase,  will  trav¬ 
erse  the  range  0<if’,  or  (the  “deceleration  range”)  where 
because  of  the  corotation  angle  being  such  that 
9Pi  ■’P;  0  The  inverse  symmetry  of  Ap,,  about  if'^  ensures 

that  Pi,  will  decrease  for  N  orbits  until  the  initial  condition 


r’f  Tda  “  is  rc.nchcd  at  if  ,,  -  u  fi  At  this  pi'int.  one 
cycle  of  a  pciitHlic  prin  css  has  Ix-cn  coniplclcil  ( give  oi  lake 
the  small  factor  of  A)  with  a  maximum  energy  from  the  accu¬ 
mulation  process  exceeding  the  'juiver  energy  and  a  period 
much  longer  than  a  cyclotron  period. 

If,  instead,  we  were  to  consider  the  acceleration  scenario 
for  the  case  where  q,  <  1.  then  tf',  (mod  2ir)  would  be  mono- 
tonicaffy  decreasing  The  scenario  described  afxive  would 
apply  given  the  appropriate  choice  of  initial  phase 
(i/'a  —  2it  —  A)  and  the  sign  changes  for  Atf',.  Likewise,  if  we 
consider  different  resonance  frequencies  (|f|>l).  the 
above  described  scenario  will  apply  given  the  appropriate 
choice  of  <f'„  and  sign  of  A^',  The  major  difference  between 
the  acceleration  processes  at  )f  |  =  f  and  | f  |  >  1  is  the  rela¬ 
tive  inefficiency  of  the  Ifoppicr  effect  in  changing  the  energy 
compared  to  the  corotation  effect.  1  his  incllicicncy  is  mani¬ 
fested  in  the  I’MAP  through  the  factor  of  (Pi./mc)'”  '  in 
Ap,,  |Eq  (30) ).  Asa  result  of  the  less  elficicni  energy  gain 
per  orbit  p,,  will  remain  small  for  a  larger  number  of  orbits 
and  will  take  a  larger  number  of  orbits  to  cover  the  accel¬ 
eration  and  deceleration  ranges  yielding  a  longer  periorl  for 
the  cyclic  process  For  |/|>.3.  the  Doppler  effect  becomes 
sufficiently  inefficient  that  maximum  energies  exceeding  the 
quiver  energy  are  no  longer  possible 

A  less  complicated,  but  more  dramatic  acceleration  sce¬ 
nario  exists  when  q,  =  I.  According  to  the  small  momen¬ 
tum  version  of  the  PMAP.  Aif',  =0  when  q.  =  1  jEq 
(38) ).  Choosing  t('„  so  that  Ap,„  >  0  implies  that  Ap,.  will 
be  greater  than  zero  for  all  n,  and  the  particle  will  accelerate 
indefinitely.  This  will  be  true  for  arbitrarily  large  p,,  in  the 
limit  k,  =  0,  where  the  small  momentum  version  of  the 
PMAP  becomes  equivalent  to  the  full  PMAP.  If  A,  ?^0.  then 
the  risingpi,  will  saturate  w  henp,.  ~(7(mr)  liecausc  of  the 
effects  of  higher-order  terms  not  included  in  the  expansions 
ofthe  relativistic  cyclotron  frequency  and  the  constant  of  the 
motion  that  were  used  in  deriving  the  small  nionientiiin  ver¬ 
sion  of  A(f’,.  Thus,  whenp,,  —  (7( me),  the  relativistic  cyclo¬ 
tron  frequency  effect  no  longer  cancels  out  the  streaming 
effect  and  the  phase  liegiiis  to  slip  Such  a  higher-order  effect 
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w<iiil(l  cxphiin  why  llic  iiiaxiiniiiu  energies  irhseiveil  when 
7.  ^  1  and  ^ ,  ^0  arc  independent  o(  wave  atnpliliide  and 
rcsrvnancc  I'rcmiency  (I’aper  1). 

1  he  reader  may  have  noted  that  the  descriptions  of  the 
acceleration  scenarios  all  depend  upon  a  judicious  choice  of 
the  initial  phase  t/’„.  If  J',,  is  not  chosen  properly,  the  I’MAP 
can  predict  negative  values  ofp,,.  an  unphysical  siinathm. 
As  we  have  emphasired.  this  failure  of  the  PMAP  to  eluci¬ 
date  the  initial  ph.ase  dependence  is  a  consequence  of  the 
rycloirnn  orbit  sometimes  failing  to  be  a  good  appiosiina- 
tion  to  the  panicle  traieciory  whenpm  vOtr ) 

4.  The  acceleration  scenario  forp,^~p,„~0(t) 

Let  us  consider  briefly  how  the  acceleration  inechanisiii 
works  when  the  initial  particle  energy  is  of  the  order  of  the 
quiver  energy.  When  formulated  in  terms  of  the  PMAP.  the 
predominant  changes  in  the  .acceleration  scenario  with  re¬ 
spect  to  Ihepi,,  —  p„  ~  Oc.asc  will  be  due  to  the  rllert  of  the 
p,,  teiin  ill  the  Ai/',  irlalionirq  (  .tR)|  Miis  ll•lm  piovides 
a  constant  streaming  phase  change  in  addilioii  to  the  phase 
changes  stemming  from  the  energy-dependent  slreaniing 
and  relativistic  cyclotron  frequency  terms.  The  behavior  of 
tf..  and  hence  p,,,  depends  on  the  relative  sign  of  the  p<, 
term  with  respect  to  the  energy-dependent  terms  that  ate 
proportional  to  ( I  -  ij;). 

If  the  sign  of  p„  is  opposite  that  of  ( I  -  i/j).  the  accel¬ 
eration  process  is  little  changed  from  the  p,,  =  0  scenario 
T  he  behavior  of  4'.,  is  monotoiiic  increasing  or  decreasing 
(depending  on  the  value  of  1;,).  with  the  background 
streaming  effect  simply  increasing  the  rate  of  change  An 
increased  rale  of  change  means  that  4,,  passes  through  the 
acceleration  range  in  fewer  orbits,  fhis  decreases  the  sum  of 
Api,  over  the  .acceleration  range  and.  conseqiieiitly.  lowers 
the  maximum  energy 

If  p.,,  has  the  same  sign  as  (I  -  t/j),  then  the  back¬ 
ground  streaming  term  contributes  to  Aif,  with  a  sign  oppo¬ 
site  to  that  of  the  energy-dependent  effects.  To  illustrate  how 
this  alters  the  acceleration  scenario,  we  consider  the  case 
where  |  / 1  =  I.  17,  <  I.  and  p„  >0.  i.e..  a  regime  where  the 
relativistic  cyclotron  frequency  effect  dominates  the  energy- 
dependent  contribution  to  Ai//.  These  paratiielcrs  lead  to 
the  simplified  Ap, ,  relation  given  in  Eq.  ( 48 )  1  o  help  guide 
the  reader  through  the  scenario,  we  display  in  Fig  2  a  sche¬ 
matic  of  the  lime  history  of  on  the  Ap,„  vs  tf'„  plot 
( dashed  line  above  the  solid  curve )  with  the  square  rieitoting 
the  initial  and  filial  stales  of  a  long  period  to  within  (Mr). 

Initially,  the  background  streaming  douiinales  the 
phase  change  since  |p_„/mc|  >•  -and  i/.,  will  in¬ 

crease.  Given  the  appropriate  choice  of  iniiial  phase 
(ifVt  =  ir  -t-  (5).  Ap,„  will  initially  be  positive  ami  reniains 
positive  as  long  as  ir  <  i/’„  <  2rr.  Ifp,,  is  not  loo  large,  then  the 
raleofchangeofif’.  will  be  slow  enough  loallowp,,  tolniild 
up  In  a  level  that  allows  the  energy-dependent  term  in  Aif>.  to 
cancel  out  and  then  exceed  the  h.’ickginnnd  Wieaming  term 
Assume  that  the  cancellalion  of  the  two  leiiiis 
[  Ai/’, (mod  2<r)  -  0|  occiiis  at  it',  ~  il’.,.  where  r-  if, 
<2ir  I  he  phase  w  ill  begin  to  decrea.se  hut  Ap,  .,  irmains 
positive  until  ii\  —  rr.  at  which  point  p,„  has  reached  a  niaxi- 
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mum.  Conliniiing  10  dcciease.  i/.,  enters  the  deieleiaiion 
r.iiige  (<)•-  t/'„  •  where  Ap,„  -  If  I  he  pet peinlK  tilai  mo- 
nietilum  decreases  and  at  the  point  I'y,  -  -  if  , .  the  feiek- 
ground  streaming  term  will  begin  again  to  doininale  Ai/„ 
fhe  phase  begins  to  increase  while  Ap,..  reniains  negalive 
until  if,  =  ir  —  A  and  the  cycle  is  complete 

This  acceleration  scenario  applies  cqii.'illv  well  to  the 
i;,  >  I  and  p„  <  0  ease,  provided  the  appropriate  changes  in 
initial  phase,  aceeleration-deecleration  ranges,  and  sign  of 
Aifi, (mod  2i7)  ate  made  fhe  scenatio  is  sinnlat  to  the 
p„  ~  Oscenaiio  in  that  niasniinm  energies  ninch  lai  ger  than 
the  quiver  energy  occur  with  peiinils  of  variation  nincli  laig 
er  than  a  cyclotron  perioil  In  contrast  with  the  <1  sec 
nario.  if,  exhibits  oscillatory  behavior  instead  of  inonotonic 
behavior.  Maxiiiintn  kinetic  energies  with  an  oscillalory  1/'., 
can  often  exceed  maximum  kinetic  energies  with  a  nionoton. 
ic  t/',  because  an  oscillating  i/'„  spends  more  cyclotron  orbits 
in  the  acceleration  range. 

Oscillatoiy  i/'„  behavior  ilisappcais  when  p.,  cxieerls 
some  critical  value,  sav  /► , .  ami  the  backgioniid  ‘.ticaining 
propels  1/',  Ihrongh  die  acceleration  range  beloie  the  ein  i  gy 
dependent  contiihntions  to  AiA,  can  "shut  oH"  the  bar  k 
ground  streaming.  For  p,,  ^p.,.  the  phase  nionotoincally 
changes  and  the  maximum  p,,  decreases  as  p,.  ini  reuses. 
Numerical  solutions  of  the  full  ecpiations  ol  tnoiioii  have 
verified  that  this  tyjre  of  pli.ase  behavior  mciirs  with  values  of 
p„  within  order  unity  of  those  estimated  by  the  PMAP 

As  was  the  case  when  p,,  -o:  0.  it  is  not  wise  to  press  the 
PMAP  loo  far  since  problems  with  the  iniiial  phase  and  mo¬ 
mentum  dependence  thwart  the  PMAP  predicti'c  power. 
This  becomes  obvious  when  we  ask  what  happens  when 
Pf,  -0  Slicking  to  the  oscillalory  scenario  desi  iiberl  in  tins 
section  forp,^,  -  t2(r).  we  would  expect  that  the  oscillation 
period  and  maximum  energy  wrnild  decrease  to  rein  Uni 
this  is  not  what  happens;  the  initial  phase  changes  to  dillcr- 
enl  values  so  that,  when  p„  •  0.  we  Irave  lire  p .,  -  d  accel¬ 
eration  scenario  .as  discussed  in  See.  II  C  f  with  laige  maxi¬ 
mum  energies.  I.el  us  appreciate  the  physical  intuition  that 
the  PMAP  has  given  us  and  move  on  to  a  more  complex 
Hamiltonian  analysis  that  will  satisfy  our  quant  ilalive  needs. 

III.  REDUCED  HAMILTONIAN  EQUATIONS  OF  MOTION 

To  probe  the  details  of  the  cyclotron  resonance  accelera¬ 
tion  process  that  fell  through  the  cracks  of  the  PMAP  we 
turn  to  a  Hamiltonian  formulation  of  the  test  panicle  prob¬ 
lem  Hamiltonian  metluxis  were  used  in  Paper  I  to  derive  a 
pseudopotential  function  that  was  .able  to  dcsciibe  the  be¬ 
havior  of  the  kinetic  energy  on  time  scales  longer  than  a 
cyclotron  period  In  this  section,  we  extend  the  Hamiltonian 
formulation  of  Paper  I  to  produce  reduced  equations  of  mo¬ 
tion  capable  of  predicting  cyclotron  orbit-averaged  details  of 
the  particle  trajectory  either  analytically  nr  in  far  less  com¬ 
putational  time  than  it  would  lake  to  compute  solutions  of 
the  full  equations  of  motion 

In  Cartesian  cooidinales,  the  I  iamiltonian  lot  a  ti-st  pat 
tide  in  the  elecliomagnetic  wave  fields  desciibed  In  Sec  II 
I  Eqs.  (4)  and  1 1 )  |.  is 

T'  fx.p.r)  ~  (ni'c'  t  t  Pr  -qAl'l'  '.  (40) 
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.\ii-.u  llh  LaiHUiii.il  iittititnilJ  :iu  tUliiiid  ni  hiiir>i>l  lli' 
physical  momenta  as  I’  =  p  f  qS./c.  1  he  com|K>nciils  of  the 
vector  iHitentinl  can  be  reduced  to 

,/(,  -  tmr'/\q\)\  (/ii.Aii)!'  I  r|Siii/f|.  (Ml) 

A,  =  (mr’e,/|7| )  cos/9,  (51) 

A.=  —  (inrf,/|?) )  sin/9,  (52) 

where  f,  is  given  hy  Eq.  ( 10)  and  we  have  introdueed  the 
ph.ase  variable 

flix.z.l)  —  k,x  +  k.2  —  fill.  (53) 

A  itnntbcr  of  canonic,il  liaiisforniations  of  the  Oirlesiaii 
Ilnmillonian  musi  be  performed  before  a  suflieiently  useful 
(ime-independen(  Ifamiltonian  and  correspotiding  set  of  ca¬ 
nonical  c(X)rdinales  is  produced.  We  refer  the  reader  lo  Pa¬ 
per  1  for  details  on  the  sequence  of  (ransformations  (hat  we 
employ  and  will  only  present  here  the  resultant  Hamiltonian 
and  (he  definitions  of  the  corresponding  canonical  coorili- 
nates  in  terms  of  physical  coordinates. 

The  Hamiltonian  of  interest  (Eq.  (24)  of  Paper  l|  can 
be  written  to  0(f )  as 


where 

no(r,ri.r,.)  =  r-p,. 

//,(f.d.r,,7,/>„)  =  ^^  j 


follow  ing  quantities  into  the  H  representation 

r(r,J.r„ )  =  [  i  +  (2r.iyf.>)(7  +  ) 

+  (9, /’i I'  -.  (57) 

=  -  (<i), /<u)/i| (f I  +<;)/„,, (>;,p> 

+  (f,  -fj)y„  ,(r;,p)| 

-f  2.tf,(r;,P.  -  q,P„)J„{qJ>).  (58) 

where 

p{P,A)  =  \(2,o/fo,  )(7  +  .5//’..  ))''*  (59) 

and  ris  the  sign  of  the  charge.  Unlike  the  Paper  I  representa¬ 
tion  of  //,  we  have  chosen  to  use  dimensionless  canonical 
variables.  In  particular,  the  canonical  momenta  {P,J.P^, ) 
are  in  units  normalized  to  to/mc'  and  the  Hamiltonian  //  is 
normalized  to  me’.  To  maintain  the  canonical  properties  of 
the  Hamiltonian  system  it  is  necessary  to  introrhicc  the  nor¬ 
malized  time  variable  /  =  (ol.  In  our  set  of  dimensionless 
variables,  derivatives  with  respect  to  tinte  arc  expressed  with 
the  independent  variable  (. 

Ihe  canonical  variables  U.i.P^.hP,,)  are  dermed  ni 
terms  of  (he  physical  variables  by  the  relations. 

I  —  P  +  (ru/ft),  )i7,  {p,./mc  -t  .rr,  cos/9  )  |  xli,  (60) 
-  ip, /me  -y  cos/9) 


—  arctan 


/  -  (P,/ 

V  t(p,/' 


(61) 


,/me  +  M|  sin/7)' 

/I  =  k,x  ~  k.z  —  {lo/iii^  )sq.  (p,/me  -I  rr,  cos/7  ). 

(62) 


I,  I  I  '  •  .  ' 

/ .  ^  9.  -  -  I  9 

V  mr  nu 

u\  \ 

—  'V.  l‘  *  V.  ^1  V  f j- 

7  = 

2/ff,  I  \  me  / 

■I  -+  rr ;  cos  j  j  -  'IP:  ■ 

P..  -  9, - 9.  -  - 

jj  V  me  mi 

10, 

- 'i;,!'-)  .r(i;.f|  )-  i).f,)sni/< j. 


(63) 


(64) 


(65) 


with  p(x.z.l)  given  by  Eq  ( 53 )  Inverting  these  definitions, 
we  obtain  the  following  expressions  for  the  physical  vari¬ 
ables  as  functions  of  Ihe  canonical  variables 


X  =  (r/tiO)’ )(»/..//  3  q.i 

—  9.(3  rv’/isind). 


(66) 


^). 

V  =  ( f  All )  1  -  .rt  fii/fi),  )  ( 9 .  P.  3  9..  P„  )  3  P  cos  ] . 

(54) 

(67) 

z  —  (e/ioq’){q.t  -  i/./i  -  4  >).(  ). 

(68) 

(55) 

p,  /me  —  (.tw,  All)/)  cos  d 

l)i]. 

-  .rf,  sintc  -  slit  4  sq ,p  s\\\6) . 

(69) 

(56) 

p,/me—  —  (ill,  Air)/i  sin 

cd  Ihe 

—  if,  cos(it  -  sli  4  sq.p  sin  i). 

(70) 

p,/me—  q,P;  -  9,P,, 

4  .If  1  sin(^  -  sIJi  4  rq,p  sin  rf ). 

(71) 

with  p(Pi.  7)  given  by  Eq  (tiO)  In  Paper  I.  the  relation 
between  the  canonical  coordinates  (t.iqi.P.^  J.P„  I  and  con¬ 
ventional  action-angle  guiding  center  canonical  variables  is 
discussed.  The  Hamiltonian  tl  and  corresponding  canonical 
variables  differ  from  Hamiltonian  formulations  used  in  pre¬ 
vious  studies  of  wave-panicle  interactions'  in  that  there  is 
no  singular  behavior  in  the  canonical  coordinates  as  q.  —0., 

The  cyclotron  resonance  approximation  used  in  Paper  I 
and  in  the  const  met  ion  of  Ihe  PMAP  (Sec.  II )  is  founded  on 
Ihe  assumption  that  there  arc  two  w  idely  v.nviiig  dynamical 
lime  scales,  with  Ihe  faster  lime  scale  lieing  on  the  order  of 
Ihe  nonrelalivislic  cyclotron  |>eritxl.  In  the  Hamilloninn  for- 
niulalion.  this  separation  of  lime  scales  is  determined  by  the 
relative  niagihinde  of  the  two  frequencies  i,i,  —  t/c  fdi  and 
to,  —  These  nondimcnsional  frequencies  can  he  com¬ 

puted  from  //  and  are  found  lo  be 

H(|  =-  (  l/T )  I  (v/i.r, /or)  (  1/  ( 1/  P  i/,/'  )] 

I  )  0{f).  (72) 


to,  ~  to.  /Tfo  t  (7tf  ) 


(73) 


!>cfming  the  winding  nninber  r  to  l>c  the  ratio  of  the  slow  to 
fast  frequency,  we  see 

r  —  si  +  {lo/io,  )q.{q.P.  --  q,P„  )  —  (lo/io  )T  4  (9(  f ) 

(74) 
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1  lie  cNclolroii  rcsiiimiicc  iipproxinialion  assmiiex 
with  /  choscti  to  xalixfy  this  as  well  as  piissiblc  When  ex¬ 
pressed  in  lenns  of  the  physical  variables,  the  assiiinpiioii  nf 
small  winding  number  is  equivalent  In  the  rcsniiance  condi¬ 
tion  I  Eq.  (Ill  normalized  to  the  relativistic  cyclotron  fre¬ 
quency  11.  In  the  above  analysis,  it  has  been  implicitly  as¬ 
sumed  that  (?//,  AV,  -  fJtf ),  which  seems  reasonable  given 
//,  ~0(()  We  shall  discover  later  (Sec.  Ill  C  2)  that  this  IS 
not  always  the  case. 

Reduction  of  the  Hamiltonian  //  in  the  cycloiion  reso¬ 
nance  approximation  can  be  carried  out  either  discretely  or 
continuously.  Though  the  discrete  mapping  approach  pre¬ 
sented  in  Sec.  Ill  A  is  often  the  method  of  choice  (since  the 
time  averaging  process  is  explicit),  there  are  difTiculties  with 
accuracy  in  certain  regions  of  phase  space.  We  arc  thus  led  to 
construct  equations  of  motion  with  a  eoiitimioiis  time  vaii- 
able  in  Sec.  Ill  B  from  an  orbit-averaged  rcihiced  Hamilto¬ 
nian.  Details  of  the  particle  trajectories  in  the  small  momen¬ 
tum  limit  are  studied  in  Sec.  HI  C. 


A.  Orbit-averaged  mapping  equations 

Our  goal  in  this  section  is  to  construct  a  set  of  area- 
preserving  mapping  equations  that  will  approximate  the  par¬ 
ticle  trajectory  in  the  canonical  variable  phase  space,  flic 
mapping  equations  will  determine  the  slowly  varying  vari¬ 
ables  and  ^  on  the  phase  space  surface  of  constant 
^(mrtd  2rr)  with  successive  iterations  of  the  map  (denoted 
by  the  subscript  n)  indicating  an  increase  of  ^  by  2ir.  i.e.. 

.  1  —4,  -I- 2n-  The  map  construction  outlined  below  em¬ 
ployees  standard  methods  of  Hamiltonian  analysis  that  are 
discussed  in  detail  elsewhere." 

We  seek  a  mapping  of  the  form 

/’t...  ^  (75) 

+2rrr<P,_  )  fg(r, (76) 

wliercristhe  winding  number  given  hy  Eq.  (74)  without  the 
“0(f)"  term.  When  e  -  0.  then  Ar,  —  ,g  —  0  and  f,  is  a 
constant  of  the  motion  In  this  limit.  £,  will  advance  by  an 
amount  equal  to  the  slow  frequency  ru,  limes  the  fast  period 
r  =  Irr/fu,,  with  *),.  given  by  Eq.  (7.1)  without  the  'Olf )" 
term. 

The  first-order  correction  AX’,  to  the  trivial  zeroih-or- 
der  behavior  of  is  computed  by  integrating  the  cqitalion 
of  motion  for  dr, /(/t  from  time  t,  tot.  +  P. 


■  <111, 

r/t— t-<o,l.<t„  -t- ftr.rr.  ./ J. 

(77) 

where  the  zerolh-order  trajectories  are  suhstituicd  in  for  the 
canonical  variables  in  the  integrand.  For  purposes  of  area 
preservation,  the  value  F.  is  used  inslead*nf  P  Also.  /  is 
a  constant  to(7(r )  independent  of  n.  Thiscan  bcdcrlnceil  by 
integrating  I  he  expression  dJ/rit  =  -  dU,  /,lji  to  lowest  or¬ 
der  between  /„  and  t,  t-  7'. 

Evaluafing  the  AF,  integral  (Eq.  (77)(  using  the  lit  si 


order  Humiltonian  |  I'.t)  (  56)  |  and  keeping  in  mind  Ihc  icso- 
nance  approxiinalioii,  we  (iiid 

AF  _  —  ( .reiAu,  )o,  cos  2, ,  (7S) 


wherea,(F,  )  is  given  by  Eq  (  58)  with  F.  siibsiitnied  in 
for  F, . 

The  first  order  correction  g  to  the  zeroth  orrlcr  rotation 
of  2,  is  delerniined  by  demanding  that  the  map  be  aica- 
preserving  in  ( F,  ,c )  phase  space  A  consideration  of  the  Ja¬ 
cobian  of  the  map  transformation  defined  by  Eqs  ( 75)  and 
(76)  yields  the  following  condition  for  area  preservation. 


d(AF.,) 


(76) 


This  differential  equation  can  be  easily  integratnl  upon  sub¬ 
stitution  of  the  c.iprcssion  |  Kq  ( 78 )  J  to  yield 


J5  )a]  sin  , 

where 


(80) 


a]  -  -  (t/ ’//■>)  I  (f, 

-If,  I  f.  )d, ,  ,  ( i;,/;)  I  -  2.r/i/,f  .7,1  i/,p) 

-y  2sf ,  {  v,7,(  i;./5)  y  (r/w/pVa, )( »;,F,  ’7,7’,,) 

X[').M  1  (>/,F)  - /7,(i7,p)  ]}  (81) 

The  map  is  now  complete  Starling  with  values  foi  (£„.P  ), 
thevalueofF,  isoblainedbysolvinglheF^  map e<|iintion 
(Eq.  (75)1  for  F_  given  Ihc  fmiclion  AF  IP.  ..2„) 
(Eq.  (78)1  Diiecl  siibsliliitioii  of  F  anil  2,,  into  the  i 
map  equation  (76)  with  /(F_  ,)  given  by  Eq  (75)  and 

g(F,_  ..^■„)  given  by  Eq.  (SO)  yields  2.  ,  ,  Initial  condi¬ 
tions  fix  the  value  of  it  morl  2r)  and  the  consiaiils  of  the 
motion  7  and  F„.  We  denote  the  map  consiriiclctl  above  as 
the  "OMAP"  since  it  is  more  quantitatively  icciirale  than 
the  PMAP constructed  in  Sec.  II 

The  QMAP  can  he  simplified  by  assiiniiiig  small  mo¬ 
menta.  In  ph.vsicnl  variables,  ihc  small  moiiienimn  limit  ile- 
mantis  |p/mr|  ■<  I,  which,  when  translated  to  canonical  vari¬ 
ables.  is  equivalent  to  the  conditions  7  i  r/F.  <  I  and 
>7,F,  -  7,F,.  <  I  Expanding  the  AF.  .  m.  and  i;  functions 
of  the  QMAP  in  the  small  arguments  (making  use  of  Eq 
(27)1  wc  arrive  ;it  (lie  foflovvingsct  of  mapping  cqiuKioiis  (nr 
negatively  charged  particles: 

Pf  ,  —  p£  —  (JTfo/fif.  )h  f  p  '  (82) 

c„.  ,  -=c\  t  2i:(|/|  _  -  (/  y  |(|F  ,) 


fl.to 


where 


4- 


W(i) 

- f'./ 

w, 


'  ^in 


(8.1) 


h  n  ~  -  (  V,  )  *  (f,  )  r ,  )/2 

<‘-f.  ”  (  I  )h  ,  , 


'I 

(84) 

(85) 
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iiiid  />(  ^ )  is  given  by  Eq  (59)  with  /*,  —P^  _  In  (be 

small  iniimcntiim  npprnximalinn/i-<  I. 

I  o  sec  if  the  QM  Al’  provided  a  reasonably  accurate  esti¬ 
mate  of  the  true  phase  space  trajectories,  we  compared 
(JMAP  sohitioiis  with  numerical  solutions  of  the  full  rqiia- 
lions  of  motion  |  Eqs.  ( 2 )  and  ( .1 )  |  over  a  range  of  the  free 
parameters  ( |/ 1.  ru/oi, ,  rj.  n.  t.  k-x,, )  for  cold  initial  condi¬ 
tions  (p„  =  0).  We  found  good  agreement  when  |/  j  >2.  al¬ 
beit  we  did  not  do  as  complete  a  survey  as  will  be  discussed  in 
Sec.  1 11  B.  There  is  a  problem,  however,  when  (/  (  =  I  and  the 
I  rue  behavior  off  in  certain  regions  of  pha.se  space  is  not  well 
modeled  by  the  QMAP. 

Ihis  dilTiculty  can  be  understood  as  follows.  When 
l/|  —  l.thef  QMAP  equation  |Eq  (R.5)  j  contains  a  term 
proportional  to  (sin  jt,  ^).  For  cold  initial  parti¬ 

cles.  there  are  portions  of  the  phase  space  orbits  (where  the 
momenta  are  very  small )  that  pass  very  close  to  those  values 
of/*,  that  makep  =  0.  Fortunately,  the  true  phase  trajectory 
is  also  in  a  region  near  —  0  or  rr  so  that  the  value  of  sin 
also  approaches  0. 1  he  behavior  of  the  ratio  ( sin  £  /p(Pf)i% 
extremely  sensitive  to  the  exact  values  of  (^,  T, )  to  the  ex¬ 
tent  that  a  slight  deviation  from  the  true  trajectory  as£— Oor 
-  results  in  a  value  much  greater  than  unity.  Unfortunately, 
as  a  consequence  of  the  fixed  time-step  size  of  the  QMAP 
and  the  implicit  nature  in  which  the  quantities  are  advanced, 
t  he  discrete  jump  in  is  computed  he/orr  the  corresponding 

jump  in  t,  and  the  quantity  (f,,  , )  deviates  enough 

from  the  true  trajectory  that  QMAP  ratio  sin  4„//>(  P,  ,  I 
becomes  extremely  large.  The  deviation  is  enough,  in  fact,  to 
cause  large  inaccuracies  in  the  values  of  ^  More 

will  be  said  about  these  regions  of  singular  behavior  in  Sec. 

me 

In  trying  to  circumvent  this  problem,  we  arc  immediate- 
l.t  led  to  consider  the  possibility  of  decreasing  the  time  step  of 
the  jump  so  that  the  quantity  (f..  P,.  _ , )  more  closely  ap¬ 
proximates  the  desired  quantity  (f(r).  P((f))  This  can  be 
done  most  effectively  by  abandoning  the  discrete  jumps  of  a 
map  altogether  and  constructing  orbit-averaged  equations 
of  motion  with  a  continuous  time  variable. 


B.  Orbll-averagcd  continuum  equations 

With  the  aid  of  adiabatic  canonical  perturbation  theo¬ 
ry.”  it  is  possible  to  transform  the  Hamiltonian  H  toa  new 
Hamiltonian  H  that  will  depend  only  on  slowly  varying  vari¬ 
ables  to  £2|f ).  provided  the  resonance  approximation  is  sal 
isficd.  I  his  transformation  was  used  in  the  course  of  detivinj^ 
the  HPP  theory  in  Appendix  H  of  Pajicr  I  We  outline  the 
transformation  below  in  the  context  of  the  dimensionless 
canonical  variables  that  have  been  introduced  in  Ihis  paper. 

The  generating  function  5  for  the  transformation  can  be 
»  rillen  as  a  function  of  the  old  coordinates  and  new  momen¬ 
tum  as 

5(c.d7/.P,,7.P„  )  =  fp,  -t  d7f/(P„  4  5,(i.d.P,.7.P,. ). 


/it  ”  o 

—  ■ - y - — cos  If  4  .r(/i  - /),A|  (g7) 

2ri),  xtn  —  I) 

<t  «>  I 

and  o,  (Pj.AP^j^  is  given  by  Eq  (5R)  with 
(Pj.7.P^,  )^(Pj./,P^, ).  To  Oif).  the  new  canonical  vari¬ 
ables  (f.d.P,./)  are  defined  in  terms  of  the  old  variables 
according  to  the  relations 


dS, 

(88) 

-  .  dS, 

(89) 

as, 

p  -  n  +  — 
i9P„ 

(9(1) 

as, 

p,  =  p, - 

(9|) 

1 

II 

(92) 

J'..  - 

(03) 

where  (Pj,7.P„ )  have  been  substituted  in  for  (r,,I.P„  )  in 
the  5,  definition  |Fjq  fR7))  The  Hnniihonian  II  |Ec| 
( 54) )  transforms  to  H.  where 

H  =  y  —  P^  4  (<7,/2T )siii f  )94) 

and  T(P,,/^P,J_  is  given  by  Eq  (57)  with 
(Pj.7.P„  )-.(P,./.Pj, )  By  choosing  S,  properly,  the  last 
varying  terms  have  been  displticed  to  01  e ’ )  in  transforming 
from  11  to  //.  What  remains  in  II  is  essentially  II  avriaged 
over  one  period  in  i  while  the  other  variables  are  held  con¬ 
stant.  Thus,  like  the  QMAP.  dynamic  details  ixcurring  on 
lime  scales  less  than  2n/ti>,  t  roughly  the  cyclotron  period ) 
are  absent 

From  the  orbit-averaged  llainilioninn  II.  we  can  com¬ 
pute  the  orbit-averred  equations  of  motion  for  the  canoni¬ 
cal  variables  I  and  P, : 


O,  -r 

-  COS  t. 

2T 


jsin  t. 


(95) 

(96) 


where 

T' -  t/w,  A.iT  4  (i/yTK  F).P,  -  r;,P,,  )  (97) 

and  u;  is  given  by J(q  iRDwiih/',  -P,  anil  /  •/  I  In- ca 
nonical  momenta  /  and  P„  are  constants  o(  the  motion  and 
the  linear  lime  variation  of  the  corresponding  angles  can  be 
written  as 


^  =  ii, 

P  -  Pn 


'’P„ 


(9R) 

(99) 


In  (be  small  momentum  limit,  the  orbit-averaged  eqiia- 
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lions  ol  inoiioii  c.iii  he  reduced  In  the  simpler  lot  in  |lI  iIic 
9MAI’  lediicMon.  r,(|s  lX2)  uiid  (S3)| 


'If'. 

tit 

(IIXII 

'!£- 

tit 

|/|„l 

=  b  \l\l\) 

to  V  to  / 

f  l/  ,(r/  .7’  II  Jl  )  -  1 

1 101) 

ic  h  , 

1  and  1,, ,  are  given  by  Fip  (  R4 )  anil  1 HS ). 

icspec 

lively,  and  we  have  avsiiiiied  negatively  cliarfird  parliclev 
We  alvi  make  use  of  llie  fad  lliat.  in  llie  small  iiiomciila 
limit,  the  resonanee  eondition  is  salislied  wlicii 
tit  —  |/  |/n  I  0{f). 

To  complete  the  orhil  averaged  conlintium  description, 
we  need  .a  prescription  that  gives  the  canonical  vaiiahles 
)  in  terms  of  the  physical  variables  and  vice 
versa.  In  theory,  this  is  straightforward,  given  the  definitions 
of  these  variables  in  terms  of  ( £,  i.  P  .  /.  //,  r„  )  |  f‘(|S.  ( R8  )- 
(**3)|  and  the  explicit  relations  between  <5.<A./’  ./ar./*,. ) 
and  the  physical  variables  |  Eqs  (60)-(  71 )  |  In  piactice.  we 
have  chosen  to  simply  set  (c..A./’ ) 
=  li.iA./’  ././I,/’,, )  and  ignore  the  5,  corrections  f'.i|iialing 
the  angles  [i.if’.fi]  -r  (t.i./i)  is  nndoiibledly  a  leasoiiahlc 
approximation  since  the  angular  variations  aie  and 

the  corrections  are  0(f)  Erpialing  the  actions  (/’  .7) 
-  ( P  ./)  is  reasonable  if  we  interpret  (P  .  h  as  icpresent- 
iiig  (|nanlilies  lime  averaged  over  the  last  period  Wc 

must  then  assiinie  that  the  physical  initial  conditions  rrpte- 
seiil  the  initial  time-averaged  values  of  (P  .1)  lliiongli  f-qs. 
(Ml) -(65 1  Conversely,  the  physical  variables  dciivcil  fiom 
ri(S.  (f>6)  -I  71 ),  assuming  (/’_,/)  —  (7*  ,/).  will  bechaiac 
lerisiic  of  the  lime  jiverage. 

With  (l.i.P  .  i.fi,  f,, )  —  (£.  i,  P  .  l./i.  P„  ).  the  or¬ 
bit-averaged  continuum  equations  are  identical  to  the  civii- 
(imioiis  limit  of  the  yMAI’  (Eqs  (75)  and  (7f>)|  m  the 
sense  that 

HP,  , 

"dT  “  T~' 

dt  _  2nr  +  g 
T  ' 

when  r,_ ,  , 

Reing  ordinary  dilTercnlial  equatimis  in  a  conlhiiioiis 
lime  variable,  the  orbit-averaged  equations  of  motion  can  Ive 
solverl  numerically  with  arbitrary  lime  steps  ( 1  e  .  as  small  as 
needed  for  stability)  and  hence  avoid  the  difTiciiliics  that 
were  imposed  on  the  (.7MAP  by  a  fixed  lime  step  interval. 
The  freedom  to  impose  an  arbitrary  lime  step  should  be 
viewed  solely  as  a  mathematical  convenience  since  short 
time  scale  physical  elTecls  have  been  averaged  out. 

To  numerically  solve  the  equations  of  motion,  we  use  a 
standard  fourth-order  accurate  Rnnge-Kiitia"  algorithm. 
As  a  demonstration  of  the  validityof  Iheorbii-avcragcrlcon- 
linuiim  approach,  we  compare  numerical  soliiiioiis  of  the 
orbit -averaged  eqnniions  to  numerical  solutions  ol  the  full 


(102) 
( 10.3) 


c(|iialions  ol  motion  ( l:i|s  (  2)  and  (  M  |.  wliicli  wetc  also 
solved  vviili  a  Rnncc  Kiilla  algoiiilnn  In  p.n in nl.ii.  wc 
compare  piciliclions  of  the  nia.smmin  kiiicoc  cncigy  ('„,,, 
and  the  oscillation  periinl  characteristic  ol  solutions  m  the 
cyclotron  lesonancc  regime,  over  a  bioad  range  of  the  pa¬ 
rameters  \l\.i,t/M  .7.k-x„.(i.  and  f  for  ciicnlailv  polarired 
W.1VCS  and  cold  initial  conditions  1  lie  si/c  ol  the  parameter 
spacesurveyed  issonievvlial  greater  than  that  sniveved  in  the 
extensive  comparison  of  predictions  of  the  lll’r  theory  to 
solutions  of  the  full  erpiations  of  motion  that  w  as  presented 
in  See.  I V  of  Paper  I, 

Referring  to  the  ■■deviation  "  as  the  dineirnce  between 
the  orbit -averaged  prediction  and  the  full  cipialion  prerlic- 
lion  normalixed  to  the  lull  equation  picrliclioii.  we  find  that. 

on  the  average,  when  |/ 1  -  I.  Ihedevialion  m  (> .  islvpical- 

ly  1%  with  a  maximnni  around  1 1  I  he  dev  lalion  in  r ^  is 
typically  .1'7-  with  a  maximiiiii  of  aroniid  1 7' ;  When 
|/ 1  =  2,  typical  deviations  in  and  iie  5'  :■  .and  1 7'T'. 
respectively,  with  niaximums  around  'bcj,  ( f '  _  )  .-md  50% 
( ).  For  |  /  I  —  we  compared  only  solutions  with  7,  e:  I 
and  found  typical  deviations  of  (/„,,,  to  be  ■I'T  w  iili  a  maxi¬ 
mum  of  13'T-.  Typical  deviations  of  were  40e;,  with  a 
maximum  of  .XfiCy,  |„  short,  the  and  csinnales  from 
the  orbit-averaged  equations  are  accurate  Irv  the  same  order 
as  those  from  the  HIM*  theory. 

Examination  of  the  particle  Iraiecloiies  geiieialcrl  from 
the  full  equations  of  motion  reveals  that  when  the  lai  ger  than 
typical  rleviatioiis  iKcnricil.  it  was  oltcn  foi  tin-  lollowing 
re.isons  First,  solutions  that  have  large  values  of  r,.  (e  g  . 
whcii|/|  —  3)  reipiirerxlremely  laigeminibcisoflmie steps 
and  thcminiciic.il  solutions  of  the  lull  erinationsi  :in  Iwcoiiic 
inaccurate  Scconil.  some  parameter  values  (lor  example. 
f)„  =  IT  when  |/1  —  2)  place  the  particle  tiajectoiics  niicom- 
forl.ably  close  to  sepatatices.  i.e  .  houndaiics  in  phase  sp.ace 
defined  by  the  orbit -averaged  Hamiltonian  iheoiv  that  sepa¬ 
rate  regimes  of  qiialitalively  dilferent  bchavioi  Higher-or¬ 
der  elTects  not  included  in  the  oibit-aveiaged  tlieoiy  will 
cause  the  actual  particle  trajectoiy  to  lutiip  betwceti  region' 
of  phase  space  both  inside  and  outside  the  scpaiatrix.  wliere- 
.as  the  trajectory  generated  from  the  orbit-avetaged  theory 
will  remain  smoothiv  on  one  side  or  ihe  other  We  have  more 
(o  say  about  the  detailed  phase  space  structure  in  the  next 
subsection 


C.  Phase  space  structure  in  the  small  momentum  limit 

1  he  orbii  -averaged  contiinium  equations  can  be  icadily 
employcil  to  predict  details  of  the  particle  tiaiectoiies  be¬ 
yond  the  scope  <vl  both  the  Hamiltonian  psendopotential  the¬ 
ory  (Paper  I )  and  the  PMAP  (Sec  ID  In  what  follows  we 
explore  Ihe  chaiaclei  of  Ihe  trajectories  (i>r  negatively 
chaigcd  panicles  m  the  P  -i  canonical  phase  space  as  deler- 
niined  by  the  01  bit -averaged  equal  ions  of  motion  in  Ihe  small 
momenliim  limit  |  E(|s  f  KX))  and  ( 101 )  |  lo  keep  within 
this  realm  of  paiameler  sp.ace.  we  will  onlv  consider  param¬ 
eter  sets  vvheie  >).  I  We  limit  our  analysis  lo  1/ 1  —  I  and 
|/ j  2.  since  Ihev  are  the  only  v.ilnes  of  |/ 1  lli.it  le.iil  to  ener¬ 
gies  above  Ihe  quiver  energy  when  n  e  I 

f)f  pi  iniaiy  inipoi  lanee  ill  vielei  mining  the  piopeities  ii| 
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Ilic  |i:irlii'k'  1 1 ;i jccloi ies  in  pliasc  space  is  (lie  liKation  and 
nature  of  llic  fiscd  points,  i.e.,  those  points  wlicie 
dl  /dl  =  dPf  /dt  —  0.  Setting  dP^  /di  =  0  |  Eq.  ( 11)1 )  |.  we 
find  that  any  fixed  points  must  satisfy  one  of  two  possible 
conditions: 


,<:cosi^=0.  (IfM) 

fl:O|,,(\)-0.  (105) 


where  we  denote  the  candidate  ^ed  points  tha^satisfy  con¬ 
dition  A  or  condition  B  as  (|,,,  and  (f*.  respec¬ 
tively. 

Before  pursuing  the  fixed  point  solutions,  w-c  pause  to 
introduce  some  new  notation.  Consideration  of  the  canoni¬ 
cal  cyclotron  radius  p  |  Eq.  (59)]  indicates  that,  for  physi¬ 
cally  realizable  problems  (where  p  is  a  real  number),  the 
values  permissible  for  Pg  are  bounded  from  below  by  . 
where/’j  ^  — //|/ 1.  It  is  convenient  to  introduce  the  di¬ 
mensionless  variable defined  as 

=7, (lOfi) 


When  expressed  in  terms  of  the  physical  variables  |Eqs. 
(60)-(6S) ),  Pf  reduces  loan  expression  involving  only  the 
perpendicular  momentum  and  the  phase: 


Pf  =  — ~ — 1(—  +  sti  sin^) 

*  2|/kI\ me  / 

+  4  S€,  cos^  j  j 


(107) 


Another  useful  quantity  is  a  constant  of  the  motion 
where 

(108) 

Written  in  terms  of  the  initial  values  of  the  physical  vari¬ 
ables.  P',„„  becomes 

«"  A>  -  ( 109) 

1  he  assumption  of  small  momenta  is  equivalent  to  the  as¬ 
sumption  that  P]  <  I  and  P',„„  <  I. 

The  existence  of  fixed  points  is  established  by  solving  the 
equation  d£  /dt  —  0  ( Eq.  ( l(X)) )  for  either  P\^  (case  A )  or 
(ease  B).  The  nature  of  the  panicle  motion  near  the  fixed 
point  is  then  investigated  via  linear  stability  analysis.  Using 
the  case  A  fixed  point  as  an  example,  we  assume  solutions  of 
the  form 

P](h  ^7'f^+SPlesp(A'i).  (IIO) 

f(t)  =1,  4«?„exp(,i;).  (Ill) 

where  SP'f  and  6t  are  penurbations  sulficiently  small  so 
that  the  equations  of  motion  can  be  linearized  about 
(£_,.  P'f^ ).  Solving  the  resultant  set  of  linear  equations  for 
the  eigenvalues/!,  the  fixed  point  can  be  classed  as  the  stable 
type  if  both  eigenvalues  are  imaginary,  or  of  the  unstable 
type  if  both  eigenvalues  are  real.  When  the  eigenvalues  are 
real,  there  will  be  both  a  positive  and  negatTve  branch,  in 
which  case  the  fixed  point  is  of  the  hyperbolic  type. 

The  remaining  discussion  is  broken  up  into  separate  sec¬ 
tions.  the  first  describing  phase  space  properties  for  |/i  —  2 
and  the  second  for  |/|  ^  I.  In  addition  to  the  fixed  point 


structure,  we  will  cxainine  the  behavior  of  the  phase  angle  i 
and  determine  under  what  physical  initial  conditions  t  be¬ 
comes  an  oscillatory  (as  opposed  to  nionotonic)  function  of 
time.  An  oscillatory  I  implies  that  the  particles  are  "phase 
lrap|icd,"  which  is  an  important  process,  for  example,  in 
interactions  of  whistler  waves  with  charged  particles  in  the 
Earth’s  magnetosphere.'*  ” 

1.  The  111=2  resonance 

We  consider  first  the  |/ 1  =  2  resonance  since  the  c.aiidi- 
date  fixed  points  are  of  a  more  standard  variety  than  what  we 
will  find  for  |/ 1  =  I.  In  Fig.  3(a).  weshowcurvesof constant 
H  (denoting  possible  particle  orbits)  in  (f.  P, )  phase  space 
Fixed  points  corresponding  to  cases  A  and  B  are  labeled  w  ith 
an  “A  ■■  and  “B."  respectively 

The  fixed  poiitts  for  case  A  must  clearly  have  —  v/1 
or  3rr/2.  Solving  the  dl  /dl  =  0  equation  for  P[^.  we  find 

7;,  =  |i/(i-v;)] 

y  [2w,/ii>  -  I  4  I),P',„.„  4  r/,  (f,  4  f,  )siti  | ,  |. 

(112) 

Performing  the  stability  analysis  we  find  that  the  eigenvalues 
satisfy  the  equation 

/!  ’  =  -  (  I  -  7,’) 7.  (f  I  4  <;  )7;_  sin  (113) 

indicating  that  (^,.r|_)  is  a  stable  fixed  point  for 
li  —  tr/2(3tr/2)  when  r;.  <  l(  >  I )  A  flipping  of  the  stable 
point  from  1^  =  tr/2  to  =  3rr/2  as  r;,  increases  through 
the  value  of  I  does  occur  and  has  been  observed  in  numerical 
solutions  of  the  full  equations  of  motion. 

The  oscillation  period  about  the  stable  fixed  point  pro¬ 
vides  a  crirde  estimate  of  the  oscillation  period  r,  character¬ 
istic  of  the  cyclotron  resonance  acceleration  prrrcess  As¬ 
suming  III  —  2(u,  and  cold  initial  particles,  the  eigenvalue 
relation  |  Eq  (113))  and  definition  of  P^^  yield  the  estimate 

»■,  =  |7i(*i  4e,  )’4  sin#^)  '  (114) 

where  is  in  units  of  the  wave  period  (2>r/rii).  Comparing 
this  estimate  to  those  obtained  in  Paper  I.  we  find  that  Eq 
(114)  predicts  a  significantly  lower  value  than  that  found 
from  either  the  lIPP  theory  |Eq  (44)  of  Paper  1|  nr  the 
numerical  solutions  of  the  equations  of  motion  (Sec  IV  of 
Paper  I).  The  reason  for  this  is  that  all  trajectories  for  cold 
initial  particles  lie  close  to  the  separatrix  (a  point  discussed 
later  in  this  section )  and  will  therefore  have  a  longer  oscilla¬ 
tion  period  than  Ihrrse  near  the  stable  fixed  point 

Turning  to  the  case  B  fixed  points,  a  solution  to  the 
equatir>no„,(P^^)  =0isr,^  =  ^r,  =  (*  Other  so- 

liitions  might  exist,  but  they  will  have  P]  ~  (?( I )  and  .ate 
therefore  beyond  the  scope  of  this  study  1  he  solutions  Z,  In 
d£  /dl  =  0  must  satisfy  the  relation 

stnZ,=  -  (1/7. (e,  4  r,  ) )  ( 2w/r,<,  -  I  4  r/.P',^.,.) 

(115) 

There  will  be  two  solutions  for  if  the  right-hand  side  of 
Eq  (115)  is  less  than  one.  and  no  solutions  otherwise  As¬ 
suming  that  solutions  exist,  the  stability  analysis  viclds  the 
eigenvalues 
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?•!<»  I.  ^VioJours  ft  tnii’.t.tni  H  in 

)  pha^f  irprr'-.rntiin 

tbrp»«Mhl^fra|r«  // 1  -  2 

f a )  anil  ]/|  I  (b>  I  tMniicli>'Hi  thr 
«niafl  inomrnfiini  irgmir.  rhe  ilictri- 
hiilion  (»f  irajrclnrir^  rr\rinbir^  lliat 
^ho»  n  here.  55cparafrii-r<  are  Huficaf- 
ed  M^iih  a  dashed  linr  and  the  oable 
fixed  pt>tn(x  are  labeled  "A  ’  Hie  la¬ 
bel  *‘B’*  correxpiMids  ii'  iinxiable 
fixed  poinix  in  (a )  and  iifixf.able  xm- 
giiiar  poinix  in  (h>  llie  pailicnlar 
parameterx  tixed  to  grnrtate  (Inx  fig¬ 
ure  were  t/  n  R,  rr  -  45*.  * 

-  M6  X  |0  «(»,  /,»  •  \  f\,  and 

/?..  rr/2  \n.,  -  nO)  for  |/|  -  2 
( j  / 1  I )  with  right  hand  ctrciilar- 
ly  polarired  wavex 


X  =  ±  »;,(*,+ f,  )cos  I,.  (116) 

The  points  (|,.  /*;_)  are  thus  Used  pointy  of  the  iiiislaWe 
hyperbolic  variety 

1  he  structure  of  the  orbits  in  (f.  /*, )  phase  space  ( Tigt. 
3(a)  I  is  not  unlike  (hat  for  a  classic  nonlinear  oscillator,  i.e . 
a  stable  fixed  point  Hanked  by  two  unstable  fixed  points. 
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There  exists  a  separalrix  connecting  the  two  inisiable  fixed 
points  that  separates  the  orbits  that  areoscilintoiv  in  f  from 
those  that  are  inonolonic  (dashed  line  In  pig.  3(a)  |.  Oiial- 
ibalivcly,  the  phase  space  sirucinre  I  hroiiglionl  I  lie  small  mo¬ 
mentum  regime  resembles  Pig  3(a)  when  fixed  point  solu¬ 
tions  for  f  exist,  llinugh  the  locations  of  the  fixed  points  vary 
depending  on  parameter  values  and  initial  conditions 
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hctlici  i  Is  inoiiiitoiiic  or  oscillatory  in  time  ck-|iciHls 
on  which  side  of  the  separalrix  the  initial  conditions  place 
the  trajectory.  This  can  be  determined  in  the  following  man¬ 
ner.  When  i;,  <  1  we  consider  the  functional  dependence  of 
^  on  I  as  we  move  along  line  of  constant  PJ  when 
P'f  =  Starting  at  the  stable  fixed  point  =  tr/2  and 
moving  in  the  direction  of  increasing  we  see  that  II  is 
monotonically  deceasing  in  the  interval  |  =  |  tr/2,3ir/2). 
Thus,  if  the  value  of  //  corresponding  lo£  given  set  of  initial 
conditions  is  greater  than  the  value  of  II  evaluated  on  the 
separalrix.  Tl,  —  NiluJ’l,).  the  orbit  will  be  oscill,alory  in 
f.  Evaluating  H  and  //»  (Eq.  (54)]  in  terms  of  the  initial 
conditions  using  the  estimates  for  (|,.  and  as.summg 
ft)  =  2rii,,  the  oscillatory  condition  //  —  //,>  0  can  be  writ¬ 
ten 

sin  In  +  +  rj )  >0.  (117) 

When  V,  >  I.  the  stable  fixed  point  shifts  to  =  Jrr/2  and 
H(i.P\^)  is  monotonically  increasing  as  f  decreases  from 
3ir/2  to  rr/2.  In  this  case,  the  condition  for  oscillatory  £ 
behavior  H  —  //,  <0  and  the  direction  of  the  inequality  in 
Eq.  (117)  must  be  reversed. 

As  an  example,  we  investigate  the  condition  for  rrscilla- 
lory  £  when  »),  <  I  and  tite  particles  are  initially  cold  Wf 
first  note  that  whether  the  orbits  are  oscillatory  nr  not.  they 
will  all  be  close  to  the  separalrix  in  the  sense  dint  the  initial 
conditions  place  H  much  closer  to  the  value  of  H„  then  to  the 
value  of  H  at  the  stable  fixed  point.  This  claim  follows  from 
the  fact  that  P'^^/P'i,  ~P(e)  I  for  the  initially  cold  particles. 
Recalling  the  definitions  of  the  canonical  variables  in  terms 
of  the  physical  variables  |Eqs.  (60)-(65)l,  the  oscillatory 
condition  can  be  written  to  lowest  order  as 

C,(/3„)>0.  <'"*> 

where 


ejsin  /7„  -  r;  i<is'/7„  t  2r|f,  cos'/y,, 
fj  .sin’ A,  ^  A,  co%-  P„ 

+  (lit, 

>7,(f|  -I  «))/ 

Figure  4(a)  contains  plots  of  G,  for  circularly  polarircd 
waves  as  a  function  of  the  initial  phase  An  -  Several  dilferent 
curves  are  shown,  each  with  a  unique  value  of  the  propaga¬ 
tion  angle  o.  The  condition  for  oscillatory  £  behavior  is  sat  is- 
fied  for  a  variety  of  initial  conditions  and  exhibits  a  nontri¬ 
vial  dependence  on  angle.  7  hese  predictions  of  the  onset  of 
oscillatory  behavior  agree  with  numcricai  solutions  of  the 
orbit -averaged  equations  of  motion  Comparing  to  the  solu¬ 
tions  of  the  full  equations  motion,  we  find  good  agreement 
forrr  =  5‘and  45'.  When  a  -  85".  the  full  equation  solutions 
have  a  tendency  to  jump  between  the  oscillatory  and  mono- 
tonic  branches  if  Ai  is  not  close  to  it/2  or  3tr/2. 


2.  The  111=  1  resonance 

In  Fig  3(b).  curves  of  constant //are  plotted  in  (£.  P[  ) 
phase  space  for  the  |/ 1  —  I  resonance  The  curves  livik  qiial- 
it.alively  similar  to  the  |/ 1  -  2  curves  and  in  many  ways  they 
are.  Both  resonances  have  stable  fixerl  points  (labeled  by 
"A”,  and  have  a  clear  separation  between  the  orbits  that 
oscillate  in  £  and  those  that  do  not.  1  he  primary  dilTcrence 
between  the  two  resonances  is  that  for  |/|  =  1.  there  are  no 
fixed  points  that  satisfy  condition  B  (Eq.  (106))  Rather, 
“singular  points"  satisfying  condition  B  exist  and  they  be¬ 
have  like  fixed  points  in  certain  respects. 

Before  considering  the  details  of  case  B.  we  examine  case 
A.  For  angles  £j  =  a/2.  3a/2  the  dl  /dt  -  0  equation  dic¬ 
tates  that  Pf^  satisfies  the  relation 


nn  4  I  hr  fijHChon  Gy  ifHif.i) 

pha^rA.  whrn  |/ 1  -  2  for  xaiimi^anplc' f»f 

piopap.ilinn  «  when  if  -  1)9.  t  ■ 

■*  In  '..milft'  --  2«i»  for  c««W  miiial  P-11 
liclrs  ami  riphi  hand  nrcuKirlv  polan/rd 
wavps  Whfn  C.  r-  n.  Ihr  !>rhaM»*i  of  I  o 
mcilbiorv 
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7  lie  slnhilily  .in,ilysi$  yields  the  eigenvalue  eqiialiim 


(^)  "f"  ^2  ^ 

4 


(“)■ 


Thus  =  3)7'/2( t/2)  corresponds  to  a  stable  fixed  point 
when  7,  <  l(  >  I).  The  shifting  of  the  fixed  point  as  7, 
passes  through  I  has  been  verified  with  numerical  solutions 
of  the  full  equations  of  mutton.  In  Fig.  3(b),  we  show  the 
stable  fixed  point  (A)  for  7,  <  I. 

Considering  cold  initial  particles  and  setting  <«  —  to, .  we 
obtain  from  Eq.  1 120)  the  following  expression  for  F'  : 

=  (I22) 

when  we  assume  (justified  a po.tferion).  As  was 

done  for  |/ )  =  2,  we  can  estimate  the  resonance  oscillation 
period  r,  using  the  stable  fixed  point  eigenvalues  (Eq. 
( 1 2 1 )  I  and  the  F  J  _  relation  ( Eq.  (12)).  Normalising  to 
the  wave  period,  we  find 

Contrary  to  what  was  found  for  jf  |  =  2.  the  estimate  re¬ 
sulting  from  the  stable  fixed  point  eigenvalue  analysis  is  re¬ 
markably  close  to  the  r,  estimate  from  the  HPP  theory  (Eq. 
(4 1 )  of  Paper  1 )  and  the  predictions  of  numerical  solutions 
to  the  full  equations  of  motion  (Sec.  IVofPaperlJ.  Like  the 
]/ 1  =  2  case,  the  orbits  of  cold  initial  particles  lie  near  the 
separatrtx.  However,  unlike  the  |f  |  =  2  case,  the  oscillation 
periods  for  orbits  near  the  separatrix  are  approximately 
equivalent  to  the  oscillation  periods  of  orbits  near  the  stable 
fixed  point.  Anticipating  our  upcoming  analysis,  we  conjec¬ 
ture  that  the  fast  periods  near  the  separatrix  are  a  manifesta¬ 
tion  of  the  particle  behavior  in  the  vicinity  of  the  case  B 
singular  points,  where  changes  in  |  become  quite  rapid. 

Moving  on  to  the  analysis  of  c.ise  fl,  the  solution  of  inter¬ 
est  to  the  equation  a^,^  (F,, )  =  0  is  F^,  =  Ft„.  the  s,inie  as 
we  found  for  |/|  =  2.  Consequently,  any  candidate  fixed 
points  must  have  angles  f  „  that  solve  the  equation 

a>,  ( <0 

0  = - •  h  -  («i  +  fi  l(^) 

to  \  / 


;  lim  - Y 


The  only  hope  for  a  solution  is  =  0  or  ir  so  that  the  limit  as 
^  — f,  and  F,  —  F,^  has  a  chance  of  remaining  finite.  Even 
so,  the  limit  in  Eq.  ( 124)  is  not  uniquely  determined  so  we 
will  have  to  content  ourselves  with  examining  the  tr.ajector- 
ies  in  the  vicinity  oHIie  candidate  fixed  points 

Letting  f  and  F,  take  the  form  |  =  f „  y  i3t(r)  and 
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”  f*.,,  I  where  iV  .ini)  .W  .uc  llllllMl<••.ml.ll 

pertiirhatioMS,  the  orbit  iivecacetle<|ii.iii[uis<i|  ukuioii  |l  ijs 
( l(X))  and  ( lOI )  (  to  lowest  order  irecorrre 

d5F,  -  /ru  N"' 

— ^  -  (f,  +  f.  )cosf,  -  .SFl  .  (I2S) 
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Analytic  solutions  to  these  time-dinercniial  r(|iiatioiis  are 
found  to  be 

<5F(  =,5F,J1  +  r/C, )’.  (127) 

5t  =  (ii>,/io  -  1  )  7,F.’.mn  ) 

X  ((/  +  C,  )■  -  C|  -y  2C,  |/2(r  t  (\  ).  (128) 

where 

C,  =  [.5F;;;’/(e,  y  r,  )cosi„  ]  (RWr.j,  029) 

C,  = - — - .  (130) 

b>,/io  -  I  -y  7,f;.„,„ 

and  (5f„,6F,  )  are  the  initial  values  at  time  f  —  0  If  we 
make  the  assumption  that  fSr.  is  smaff  rnouph  so  that 

- 1  I  7,f;„„„).  (i.'i) 

then  the  solution  takes  l)ic  relatively  simple  lot  in 

-UC^)  (132) 

when^/C,  <1.  In  the  discussion  to  follow,  we  will  use  the 

full  SPf  solution  and  the  approximate  <5^  solution  |Eq. 
(132)1,  though  we  realize  the  approximation  might  not  en¬ 
compass  all  physically  possible  trajectories. 

Caveats  notwithstanding,  the  local  5Fj  and  fi  solutions 
indicate  the  following  general  behavior.  If  =  0,  then  tra- 
jectorira  approaching  will  have  |^|  |  decreasing 

with  6Pf  increasing.  Conversely,  trajeewries  approaching 
I*  =  n- will  have  |  increasing  with  ^F^  decrc.asing  This 
behavior  in  the  vicinity  of  the  singular  prhnts  is  consistent 
with  the  many  numerical  solutions  of  the  equations  of  mo¬ 
tion  we  have  examined,  and  is  similar  to  that  found  near  the 
unstable  hyperbolic  fixed  points  at  (|,,  Fj^ )  when  |/ 1  =  2. 
We  cannot,  however,  deduce  that  (f,,  F,^ )  is  a  fixed  point 
for(f|  =  I  usingthelocalanalytic.soliitionsbecausethe.same 
problems  exist  in  faking  (he  limit  -0,  i5F,  -0  as  did  in 
evaluating  Eq.  ( 124).  In  fact,  numerical  solutions  of  the  full 
equations  of  innlion  indicate  that,  as  trajectories  approach 
the  point  (0,  F ),  values  of  /dt  can  become  very  large. 
The  rate  of  change  irf  the  fast  angle  ?  beemnes  large  also  and 
the  ratio  of  the  fast  angle  to  slow  angle  variatirrn  becomes  of 
0(1),  stretching  the  validity  of  the  resonance  .approxima¬ 
tion.  It  is  this  rapid  evolution  of  f  near  the  singular  points 
that  causes  the  convergence  problems  for  the  OMAP  (Sec. 
ill  A). 

We  will  sidestep  the  issue  of  theprecisecliar.actcrization 
of  the  (f,,  F, )  (mints  when  |/)  =  I  and  assert  that  these 
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"uiislilhirsiiigiilnr  |x)iiils''  (labeled  willi  a  "H"  in  Tig.  3(b)  | 
behave  in  a  niniiner  similar  lo  hyperbolic  fixed  points.  1  he 
contour  connecting  the  two  singular  points  scpaiates  trajec¬ 
tories  nionotonic  in  t  front  those  oscillatory  in  t  and  is  there¬ 
fore  a  separalrix  (dashed  line  in  Fig.  3(b) ).  Full  mnnctical 
solutions  of  the  equation  of  motion  have  verified  that  the 
phase  space  structure  throughout  the  small  momentum  re¬ 
gime  resembles  Fig.  3(b)  and  the  locations  of  the  points 
(J,.  )  and  (?„  /  j^)  are  in  grtod  agreement  with  the  lo¬ 

cations  predicted  by  the  preceding  analysis. 

1  he  range  of  parameters  and  initial  conditions  that  pro¬ 
duce  oscillatory  ^  behavior  can  be  deduced  by  the  tticihod 
that  was  used  in  the  (/(  =  2  analysis.  When  (/(  —  I.  the  Ham¬ 
iltonian  //  is  monotonically  decreasing  (increasing)  away 
from  the  stable  fixed  point  when  rj,  <  I  (r;,  >  I )  so  that  (be 
condition  for  oscillatory  i  is —  //,  >0  (//  —  //„  <0).  As¬ 
suming  to  =  fo^,  this  condition  simplifies  to 

sinfn<0  (133) 

when  7).  <  I  with  a  reversal  of  the  inequality  for  v,  >  •  Ex¬ 
panding  fp  in  terms  of  the  physical  variables,  the  condition 
for  o.scillatory  f  can  be  written  to  lowest  order  as 

G,  (^n.Pn)<0.  (1.34) 

where 


c.  =  -1 

[—  -  t,  sin/?„] 

sin| 

k  + 1).  — ) 

V  meJ 

-1 

cos  ft  J 

(cos 

(p.  +  n. 

\  me/ 

Addressing  the  specific  case  of  cold  initial  conditioirs,  it  can 
be  shown  that,  like  the  (/  (  =  2  situation,  all  physically  reali¬ 
zable  orbits  are  very  close  to  the  separatrix.  i.e., 
/’ -  0(f*'').  Unlike  the  situation  when  (/(  -  2.  all 
cold  particle  orbits  will  he  monotonic  for  (/  (  —  I  when  the 


angle  of  propagation  o<90'  ( Eq  (I34)|  Oscillalois  be¬ 
havior  can  be  found  for  some  comhinalion  ol  parainclers  if 
a  ->  9(r  or  if  the  initial  peipendirular  mnniriiliim  is  iionrrio 
Figure  5  illustrates  this  point  with  plots  of  G,  vrisiis  iiiiiinl 
phase  p„  for  several  dilTercnt  values  of  p.,,  when 
P<n  =  Po\  *"<1  Ihe  wave  is  circularly  polarized.  Numeri¬ 
cal  solutions  of  both  (he  orbit-averaged  equations  of  motion 
and  the  full  equations  of  motion  have  verified  that  (he  sign  of 
G,  is  an  accurate  predictor  of  (he  I,  behavior. 

IV.  SUMMARY 

1  he  objectives  of  this  paper  have  been  twofold  first,  to 
understand  the  physical  mechanisms  responsible  for  gener¬ 
ating  large  kinetic  energy  gains  in  the  cyclotron  resonance 
acceleration  process;  and  second,  to  obrain  a  set  of  reduced 
equations  of  motion  that  still  allow  the  accurate  determina¬ 
tion  of  details  of  the  particle  orbits  in  (he  cyclotron  reso¬ 
nance  regime. 

The  phenomenology  of  (he  acceleration  mechanism  is 
addressed  with  the  I’MAP.  a  set  of  mapping  e<|uations  jump¬ 
ing  the  momentum  and  phase  of  (he  test  particle  from  one 
cyclotron  orbit  to  the  next  For  each  orbit,  the  change  in 
kinetic  energy  is  proportional  to  the  corntating  comi'oneni 
of  the  wave  electric  field  and  is  of  the  order  of  the  tpiiver 
energy  or  less  Ihis  small  change  in  kinetic  energy  is  the 
result  of either  ihecorolalionelfect  ((/(  =  I)  orthcOoppler 
eflect  ((/  (  >  I )  with  (he  sign  and  magnitude  of  the  change 
depending  on  the  relative  phase  of  the  wave  at  certain  points 
during  the  orbit.  For  the  Doppler  elTcct  to  be  operative,  there 
must  be  a  nonzero  k.  Large  changes  in  (he  kinetic  energy 
arise  from  the  accumulation  of  the  small  changes  over  many 
orbits. 

Crucial  lo  the  energy  aecumnlalion  process  and  the  long 
lime  .scale  peritKiic  behavior  is  a  small  shifting  in  the  wave 
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phase  (/'  ( tiKxl  J.t)  of  each  cycloCron  ofbil.  Theshifl  iii  phase 
has  two  encrgy-depcndciU  contributions  arising  from  the 
wave  interaction:  one  is  a  result  of  streaming  along  the  back¬ 
ground  magnetic  field  caused  by  the  acceleration  of  the  par¬ 
ticle  parallel  to  n„,  and  the  other  is  a  result  of  an  increase  in 
the  cyclotron  perirxl  arising  from  relativistic  elTects.  Fliere  is 
also  a  constant  parallel  streaming  contribution  due  to  the 
initial  conditions.  We  find  that,  when  r;,  /  I.  the  liehavior  of 
the  tKmod  Itr)  can  he  either  monotonic  or  oscillatory,  de¬ 
pending  on  the  value  of  the  initial  streaming  term,  ft  is  a 
limitation  of  the  I’MAP  that  we  can  only  predict  the  exis¬ 
tence  of  both  monotonic  and  oscillatory  phase  behavior  for 
initial  momenta  p„/mc<0(f)  and  not  the  exact  functional 
dependence.  When  7,  —  1,  theenergy-dependeiii  teimscan- 
cel  each  other  out  and.  at  least  for  some  ranges  of  initial 
phase  and  momentum,  the  phase  remains  constant  in  the 
small  momentum  limit  This  allows  for  kinetic  energy  gains 
of  order  of  the  rest  mass  energy 

It  can  be  concluded  from  the  PMAP  analysis  that  the 
magnetic  field  of  the  wave  plays  a  significant,  if  not  domi¬ 
nant  role  in  altering  the  relative  phase  of  the  wave  of  each 
cyclotron  orbit.  Furthermore,  the  energy-dependent  cyclo¬ 
tron  frequency  plays  a  large  role  in  altering  the  phase  even 
when  the  particle  energies  are  far  below  the  rest  mass  energy. 
Clearly,  it  is  not  reasonable  to  ignore  the  wave  magnet ir  field 
or  relativistic  cyclotron  frequency  elTects  in  studies  of  reso¬ 
nance  acceleration  no  matter  what  the  particle  energy 

Reduced  equations  of  motion  more  .accurate  than  the 
PMAP  are  obtained  by  turning  to  a  Hamiltonian  forninla- 
tion  of  the  problem.  A  set  of  mapping  equations  (QMAP)  is 
derived  that  jump  the  slowly  varying  c.anonical  .action  Pj 
and  angle  (  over  a  2rr  period  of  variation  in  the  fast  angle  A 
The  QMAP  performs  well  when  |  f  1  >  I  but  runs  into  accu¬ 
racy  problems  for  cold  initial  conditions  when  |  / 1  =  I .  Dif¬ 
ficulties  arise  because  the  particle  orbits  in  phase  space  pass 
close  to  singular  points  where  the  rate  of  change  of  the  slow 
angle  apparently  diverges. 

The  QMAP  difficulties  are  avoided  by  working  with  a 
set  of  orbit-averaged  equations  of  motion  obtained  from  a 
Hamiltonian  that  w.as  derived  using  adiabatic  perturbation 
theory  In  terms  of  the  physical  processes  being  modeled,  the 
orbit-averaged  continuum  equations  and  the  QMAP  are  of 
identical  scope.  However,  with  a  continuous  time  variable 
the  orbit -averaged  equations  of  motion  can  be  numerically 
solved  with  an  arbitrary  time  step  and  therefore  avoid  con¬ 
vergence  dilTiculties  near  the  |I  1  =  I  singular  points.  An  ex¬ 
tensive  comparison  of  numerical  solutions  of  the  full  equa¬ 
tions  of  motion  to  solutions  of  the  orbit-averaged  equations 
demonstrates  the  viability  of  the  orbit-averaged  approach. 

I2ctails  of  the  orbit  distribution  in  the  phase  sp.ace  de¬ 
fined  by  the  orbit-averaged  continuum  variables  (£.  P^) 

I  which  have  been  equaled  to  the  QMAP  variables  l£,  P/)j 
are  examined  for  |/|  =  I  and  jf  |  =  2  in  the  limit  of  small 
momentum.  When  )/ )  =  2,  the  structure  is  similar  to  that  of 
a  one-dimensional  nonlinear  oscillator,  i.e.,  a  stable  fixed 
point  between  two  unstable  fixed  points  that  define  a  separa- 
Irix.  A  general  criterion  for  oscillatory  f  behavior  isdeiived. 
which  is  a  function  of  the  wave  parameters  and  particle  ini¬ 
tial  conditions.  For  initially  cold  particles  and  w  --  2<.>, .  we 


find  lli.at  all  pailicic  orbits  will  be  close  lo  llic  sepaiaii  is  anil 
that  the  existence  of  oscillatory  behavior  ilepi  iiils  siionglv 
on  the  values  of  ihe  initial  phase,  wave  ivilaiiraiion,  anil 
index  of  refraction  [Fq  (l|b)| 

The  phase  space  siriictuie  when  |/ 1  —  I  dillcts  from  the 
j/|  =  2  structure  in  that  there  are  no  iinslable  fixed  points 
Imstead.  there  are  unsl.ahle  singular  points  where  fixed  points 
might  be  expected  f  hough  Ihe  lime  rale  of  change  of  I  is  nol 
uniquely  delcrniincd  at  these  singular  points,  analysis  ol  ihe 
behavior  of  nearby  orbits  suggests  divergence.  Niiiiierical 
solutions  of  the  full  equations  of  motion  also  show  divergent 
behavior  in  the  vicinity  of  the  singular  points  and  indicate 
that  I  ceases  lo  he  a  slowly  varying  variable  Despite  the 
singular  nature  of  these  points,  they  play  innrh  the  same  role 
as  unstable  hyperbolic  fixed  points;  they  can  alliaci  and  le- 
pel  orbits  along  dilTereiil  axes,  and  they  define  a  sepaialrix 
between  orbits  oscillatory  and  monotonic  in  £.  lake  the 
|/|  =  2  case,  a  general  criterion  for  oscillatory  behavior  can 
be  derived.  When  nr  =  and  Ihe  particles  are  initially  cold 
all  Ihe  orbits  arc  near  the  separatrix  and  all  are  nionotonic  in 
£  for  angles  of  propagation  0'<ti<90’.  Only  when  the  initial 
perpendicular  momentum  is  nonrero  or  o  ->  W  can  oscilla¬ 
tory  motion  occur,  and  then  only  for  certain  values  of  the 
initial  phase  that  depend  on  the  wave  polariration  and  index 
of  refraction  |  F.q.  (134)) 
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APPENDIX:  SCALING  LAWS  FROM  THE  PMAP  WHEN 

In  this  appendix,  we  use  Ihe  PMAP  lo  derive  scaling 
relations  for  the  kinetic  energy  and  oscillation  period 
r,  associated  with  Ihe  resonance  .acceleration  process  1  he 
sm.all  momenlnin  approximation  lo  the  PMAP  is  employed 
and  we  assume  cold  initial  particles  with  «  =  |/  lor.  Having 
Ihe  benefit  of  Ihe  Paper  I  results,  we  know  this  to  be  a  reason¬ 
able  approximation  when  p,  =4  I 

We  will  work  with  the  small  momentum  version  of  the 
PMAP  ( Eqs.  ( 30)-(  32)  I  in  Ihe  following  form: 


Apl, 

me 

-  rf|(  1 

,  I'J'-). 

(Al) 

V-  _ 

me 

i^o  i7,(ri 

(A2) 

-  ir|/|(l 

(A3) 

where 

<?,-(-  V,/2)'''  'i»r|/("Vf  (|/|l|  (A4I 
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(AI2) 


and  the  truncated  phase  has  been  defined  to  lie 
il',  ~  •/'«  ( ttx’tl  2ir).  The  quantities  (,.i  —  1.2  are  defined  in 
F.q  ( 10). 

Consider  the  ratio  of  A/i,,  to  arising  from  the  map¬ 
ping  equations  ( A I )  and  ( A.) ), 

A(pi,/mc)  ^  _  rfiMv',"  '«!  +<»)  (Pjz.Y'  ' 
)r|/|(l-7j)  \mr) 


.(..tt). 


(A5) 


Approximating  the  finite  differences  as  continuous  differen¬ 
tials,  we  obtain  the  following  differential  equation: 

'fe.  +f,) 


di/’ 


''1  \mc/ 


=  -  (4-  |/|' 


-  fl) 


1  -  |/||1  -  >7: 1 A-f 
Since  the  accelcralKMi  process  cycht  .  wc  can  c.\pre« 
the  average  of  p]„  as  a  fund ion  of  ihc  maximum  of  p]„ 

rL..=c{p]„).  (AH) 

where  Cis  of  order  unity  and,  we  hypothesire,  weakly  depen¬ 
dent  on  e,  r},  and  n.  Noting  that  is  the  long  lime  scale 
oscillation  period  normalized  to  the  wave  period,  i  e.. 

=  2|/ |A',  we  manipu  te  the  reduced  sum  relation  ( A 12) 
to  find 

=  !(  (AM) 

Using  the  previously  derived  expressions  for  |  F.qs 

(A8)  and  (A9)|,  Ihe  expression  for  when  |7|  -  I  is 
found  to  be 


xcos^^';  -(- (A6) 

Integrating  this  differential  equation  assuming  p,„  =  0,  we 
find  with  the  appropriate  choice  of  initial  phase, 

,  (4-|/|)d,„vS.''  '«,  -!-«>) 

»r|/|(l  -  v!) 

(A7) 

For  |/|  =  1,  Ihe  maximum  kinetic  energy  computed  from 
Fim.,  is 

t/„..  =  l.65|(f,  -  vJ)]’'’  (A8) 

and  for  I  / 1  =  2,  we  find 

f/„..  =2i7,|(f,  -f  f,)/(l -.7;)|.  (A9) 

For  |  / 1  =  3,  —  Off* ),  the  same  order  as  Ihe  quiver  en¬ 

ergy.  The  scaling  of  t/„„  in  f,  tj,  and  a  given  by  Eq.s.  ( A8) 
and  (A9)  is  identical  to  that  obtained  from  Ihe  lll’P  theory 
(Paper  I).  Even  the  constants  of  proportionality  are  fairly 
close  to  lho.se  obtained  from  Ihe  lIPP  theory  (1.26  for 
|/|  I  and  2  for  |/|  =  2). 

T  o  probe  Ihe  scaling  of  Ihe  long  lime  oscillation  period 
r, .  we  consitler  Ihe  change  in  phase  A  VC  •  which  can  be  either 
positive  definite  (»;,  >  I )  or  negative  definite  (17.  <  I)  if  we 
ignore  Ihe  unstable  fixed  point  at  p,,  =  0.  The  phase  if-,',  will 
then  be  cither  monotonically  increasing  or  decreasing  le.ad- 
ing  to  alternating  periods  of  acceleration  and  deceleration,  ns 
we  discus.sed  in  Sec.  II  C.  Letting  N  be  Ihe  number  of  orbits 
that  Api,  >0  (which  is  equivalent  to  Ihe  number  of  orbits 
that  Ap,,  <0  by  the  symmetry  of  Ihe  map),  we  deduce  from 
Ihe  Ap,„  mapping  equation  (41 ) 

K 

rr=  £  l^VCl  (AlO) 

«  I  ^ 

Substituting  in  Ihe  AVC  mapping  equation  (A3)  we  find  Ihc 
sum  relation 

Defining  (pi,  )  to  be  Ihe  average  value  ofgi,  over  Ihe  accel¬ 
eration  range  of  VC>  cs"  further  reduce  Ihe  sum  relation 
to 


+^.1"'  'A15) 

and.  w  hen  |/ 1  =  2.  Ihe  scaling  relation  becomes 

cr  I/t;,  |f,  f  f  j  I  (Alb) 

Hy  depicting  only  a  proportionality,  we  have  neglected  con¬ 
stants  of  order  unity  and  Ihe  C  factor  in  the  above  esti¬ 
mate.  The  .scaling  of  r,  with  r ,  and  n  are  Ihc  same  as  that 
derived  from  Ihc  I IPP  theory  e.scepl  for  a  logarithmic  factor 
that  appears  in  (he  lIPP  expressions  when  |/|  —  2 

The  agreement  of  Ihe  PMAP  and  MPP  scaling  laws,  at 
least  to  order  unity  when  demonstrates  that  Ihe 

PMAP  does  reasonably  represent  Ihe  main  features  of  Ihe 
physical  processes  that  underlie  the  resonance  acceleration 
mechanism  w'hen  Ihe  momenta  are  small  compared  to  me. 
We  reiterate,  however,  that  Ihe  PMAP  is  limited  and  does 
not  explain  very  well  the  initial  phase  and  momentum  de¬ 
pendence  (Sec.  II  A). 
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AlkS'lHACT 

We  have  developed  a  model  describing  the  slriictiiie  of  a  pre-l)rrakii|>  aic 
based  on  an  ionospheric  Cowling  channel  and  its  exlension  into  the  magnelo 
spliere.  A  coupled  two-circuit  representation  of  the  subsl.orm  current  \v('(lge 
is  used  which  is  locally  superimposed  on  both  westward  and  eastward  elec¬ 
trojets.  We  find  that  brighter,  more  unstable  pre-breakup  arcs  are  formed  in 
the  premidnight  (southwest  of  the  Ilarang  Discontinuity)  than  in  the  jiosl- 
midnight  (northeast  of  the  Ilarang  Discontinuity)  sector.  This  contributes  ter 
the  observed  prevalence  of  auroral  activity  in  the  jrremidnight  sector.  Also, 
our  model  predicts  that  the  north-south  dimensions  of  the  current  wedge  in 
the  ionosphere  should  vary  from  a  few  kilometers  at  an  invariant  latitude 
(A)  of  62°  to  hundreds  of  kilometers  above  A  =  68°.  Coni)>arison  of  the  inodrd 
results  with  the  extensive  observations  of  Marklund  r/  al.  [1]  for  a  spei  ilii 
pre-breakup  arc  shows  good  agreement,  particularly  for  the  magnitude  of 
the  polarization  electric  field  and  the  arc  size. 

1.  INTRODUCTION 

Substorm  breakup,  as  theoretically  defined,  marks  the  onset  of  a  sub 
storm’s  expansion  phase.  Accorriing  to  Rostoker  rl  nl.  |2)  there  must  be  a 
minumurn  of  one  auroral  breakup  before  an  event  can  qualify  os  a  substorm. 
Substorrn  breakup,  as  observationally  defined,  is  the  sudden  brightening  of  a 
irreviousl}’  quiescent  auroral  arc  near  local  midnight.  Once  it  is  “triggeied" 
the  arc  dynamics  is  characterized  by  a  rapid  polewarrl  and  erist-west  exi'.ui 
sion  (  Akasofu  13);  Tanskanen  rt  al.  |4);  and  llallinan  (5);  Shepherd  rl  nl. 
[6]).  Other  key  features  of  auroral  breakup  are:  (I)  Breakup  occurs  predom¬ 
inantly  west  of  the  Ilarang  Discontinuity  (HD)  in  the  pre-tnidnighl  sector 
(Ileppner  [7],  Akasofu  [3],  Craven  and  Frank,  [8].  where  it  can  occur  al  L 
values  as  low  as  5.2  (Kremser  cl  al.  (9);  Kremscr  et  al.  [10];  Tanskanen  rt  al. 
4]  ;  llallinan  [5]  ;  Galperin  and  Feldslein  jllj  ).  (2)  Breakup  also  occurs  in  a 
imited  longitudinal  sector  near  local  midnight  (bezniak  and  Winckler  |12), 
'Jagai  et  al.  [13]).  (3)  During  the  growth  phase  there  is  an  enhancenient  .if 
the  polar-cap  potential.  Therefore,  the  likehood  of  breakup  must  increase  as 
the  cross-tail  electric  field  is  increased. 

We  assume  that  many  of  the  above  features  are  determined  bv  the  ton 
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ditions  undcrwhicli  tlie  prf!-l)rrak<i|)  arr  is  formed.  Tltal.  i.s  the  elef:tri(al 
configuration  of  the  pre-breakup  arc  s<rts  tin;  stage  for  the  Irreakiip  tnerh 
anisin.  In  this  paper  tlie  pre-breakup  arc  is  treated  as  a  local  substonn 
current  wedge  [14],  As  such,  the  east-west  anrl  north-.south  circuits  that 
form  the  current  wedge  are  strongly  coupled  both  in  the  ionosphere  and  in 
the  magnetosphere.  An  important  complication  arises  from  the  embedding 
of  these  local  wedge  structures  in  the  large-scale  eicctrojcts.  It  is  founil  that 
the  formation  of  a  local  current  wedge  is  enhanced  west  of  the  HI)  and  irn 
paired  east  of  the  HD  by  the  large-scale  electro  jets.  It  is  strongly  emphasized 
that  the  present  model  is  static  in  nature  and  does  not  pretend  to  describe 
the  full  time  <lependent  coupling  between  the  fields  and  particles  that  must 
occur  when  breakup  is  occurring. 


Figure  1.  A  three-dimensional  view  from  the  equatorial  plane  of 
the  coupled  circuits  discussed  in  the  text.  Jyv/v  is  a  current  sheet 
downward  on  the  equatorward  side  of  the  current  wedge  and  upward 
on  the  poleward  side.  Note  that  it  is  closed  by  an  earthward  current 
in  the  equatorial  plane.  The  other  symbols  shown  in  tlie  figure  are 
defined  in  the  text. 

Other  model  features  are  the  coupling  of  magnetospheric  plasma  Hows 
to  the  north-south  circuit  and  the  use  of  the  work  of  Fridman  and  l-emaire 
[1-'))  to  relate  the  field-aligned  current  density  to  the  field-aligned  potential 
drops.  If  the  HU  as  mapped  to  the  eouatorial  plane  bifurcates  eastwarti  and 
westward  plasma  flows  (G.-Erick.son  (ifij)  then  the  resulting  asymmetry  will 
also  enhance  wedge  formation  west  of  the  HI). 


368 


-160- 


'Die  inclcpoiulcnt,  parniiK'l-rrs  in  llic  model  are  the  field  aligned  potentinl 
drop  ♦h  in  the  north-south  eirruit  (see  Fig.  1)  and  the  total  east- west  elect  rlr 
field  in  tlie  equatorial  plane,  Ewt.  'I’he  field-aligned  potential  drop  *1'//  r  an  l)e 
related  in  a  one-to-one  manner  to  the  diverted  east- west  current,  ./n  u  V\e 
believe  that  these  magnctosjiheric  parameters  play  a  key  role  in  deteniiiiiiiig 
the  properties  of  the  pre  lir«‘akiip  arc.  in  our  model  breakiij)  (»r(  iirs  wIk  ii 
the  field-aligned  potential  droj)  along  the  fioleward  boundary  is  .‘juddeuly 
enhanced  which  causes  an  unstable  poleward  expansion  of  the  wedge. 

From  our  model  we  have  found  that  (1)  auroral  arcs  creatrjd  llirough 
the  formation  of  a  wedge  current  system  fall  into  either  a  ’’geneialor'  oi 
’’load”  class.  'I'he  definition  of  geneijvtor  and  load  arises  from  bow  the  mag 
netospheric  portion  of  the  nortb  south  circuit  closes  in  the  equatorial  |)lane. 
Westward  plasma  flows  produce  a  tailward  equatorial  electric  field  which,  as 
seen  from  Fig.  1,  creates  a  generator  in  the  north-south  circuit  .  Fast  ward 
plasma  flows  produce  an  earthward  equatorial  electric  field  which  acts  as  a 
load  on  the  north-south  circuit.  In  this  paper  we  will  only  treat  generator 
type  ar<s  west  of  the  111).  (2)  the  imposition  of  reasonable  physical  con 
straints  on  the  wedge  formation  implies  that  only  a  restricted  range  of  aia 
thicknesses  are  allowed  at  a  given  latitude.  (See  Fig.  2.)  'I’his  ranges  from  a 
few  kilometers  at  A  —  62°  to  hundreds  of  kilometers  for  latitudes  greater  than 
~  A  =  69°.  (3)  Higher  values  of  the  cross-tail  electric  field  shifts  our  results 
to  lower  latitudes  and  allows  the  formation  of  steady-state  arc  structures 
that  correspond  to  a  DC  diversion  of  the  cross-tail  current  through  the  iono 
sphere.  In  thc.se  cases  the  field-aligned  potential  drop  along  the  poleward 
boundarv  may  exceed  30  kV  consistent  with  the  results  of  Kremser  rt  al. 
[10)  and  Tanskanen  et  al.  [-1].  (4)  We  also  found  that  the  thickness  of  llie 
pre-breakup  arc  is  dependent  on  the  0+  concentration  in  the  plasma  sheet 
which  connects  our  work  w'ith  the  results  of  Lennartsson  and  Shar[)  [17], 
Cladis  (18),  Chappell  (19]  and  Uurch  [20]  that  indicate  that  the  ionospbere 
seeds  tbe  inner  edge  of  the  plasma  sheet  with  energetic  0+  during  times  of 
high  magnetic  activity.  See  Fig.  4  and  Rothwell  ct  al.  [21]  and  Hothwcll 
et  al.  [22]  for  details.  W'e  now  refer  to  these  earlier  papers  as  I’apcr  1  and 
Paper  2. 

The  ionospheric  location  where  breakup  is  observed  often  maps  to  an 
equatorial  location  substantially  earthward  of  the  expected  location  of  a 
near-earth  neutral  line.  'Phis  point  has  been  emphasized  by  Block  d  al.  [23] 
and  more  recently  by  Gal()erin  and  Feldstein  [11]  In  our  model,  theiefote, 
breakup  does  not  explicitly  depend  on  the  existence  of  a  near-earth  neulial 
line,  although  breakup  may  cause  the  outward  propagation  of  an  Alfven 
wave  which  results  in  the  formation  of  a  near-earth  neutral  line.  Heceiitly, 
Lui  et  al.  [24]  have  observed  current  interruption  at  L~8  without  the  usual 
signatures  associated  with  magnetic  reconnection.  Lopez  d  al.  [2.'i]  used 
two  satellites  to  conclude  that  disruption  of  the  current  sheet  sometimes 
begins  near  geosynchronous,  and  rapidly  expands  outward  in  the  near  earth 
magnetotail.  One  key  feature,  therefore,  of  the  present  model  is  that  it 
docs  not  require  the  formation  of  a  near-earth  neutral  line  and  it  jrlaces  I  he 
location  of  substorm  breakup  where  it  has  been  observed.  See  Baumjoharin 
[26]  for  a  recent  critique  of  the  boundary  layer  and  neutral-line  substorm 
models.  The  major  difference  between  our  breakup  model  and  that  of  Kan 
et  al.  [27]  and  Kan  and  Akasofu  [281  is  that  we  treat  the  stability  of  a  single 
arc  structure  while  the/  examine  the  global  effects  of  enhanced  earthward 
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convection. 

The  substorin  current  w«Klges  «ire  iinbetltled  in  llie  rlectrojets  on  each  side 
of  the  IID.  Current  continuity  requires  the  current  inside  the  we<lge  to  be  a 
superposition  of  tlie  diverted  inaguctosplicric  currents  and  the  el<?(  trojets. 

Jw  =  -Iwo  +  (  Id) 

Jn  —  Jno  +  /tff'tn  ( It) 

where  Kw  and  Kn  a,re  integralc<l  field-aligned  conductances  along  tlie  west¬ 
ern  and  poleward  boundaries,  resp«;ctively.  Note  that  ‘ti*/  and  are  tin- 
field-aligned  potential  drops  at  the  westward  and  poleward  boundaric's  of  the 
current  wedge.  We  treat  'in  and  '^^v  Jis  spatially  constant  at  the  Ironridaries 
and  zero  elsewhere.  Inside  the  wedge,  however,  we  scale  the  enhanced  con¬ 
ductivity  with  using  the  model  of  Robinson  et  al.  [32].  In  Section  II  we 
show  that  this  is  a  reasonable  approximation  for  at  least  one  arc  and  we  also 
include  the  effect  of  the  background  electrojets  on  the  electrical  properties 
of  the  current  wedge. 


_  _ _ poleward  boundary 

+  u  +  o  o  +  o  +  o  +  o  ^  o  +  c 
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Figure  2.  The  substorm  current  wedge  as  seen  in  the  ionosphere. 
This  has  been  referred  to  as  the  lahester-Baiijohann  model  in  our 
earlier  work  [21],  [22].  E,  is  the  east-west  field  that  drives  a  westward 
Pedersen  current  Jp  and  a  poleward  Hall  current  J„.  'Plie  polarization 
electric  field  E^,  wliich  results  from  the  none(]ual  continuation  of  J„ 
into  the  magnetosphere,  also  drives  a  westward  Hall  current  and  a 
southward  Pedersen  current  as  shown. 

On  the  other  hand,  northeast  of  the  Harang  Discontinuity  wliere  the 
convection  electric  field  points  equatorward  the  reverse  elfect  occurs  which 
teiids  to  inhibit  the  formation  of  the  substorm  current  wedge,  rherefoi'-, 
it  is  easier  for  a  current  wedge  to  form  and  breakup  to  occur  sontlnvcsl 
rather  tlian  northeast  of  the  liarang  Discontinuity  as  observed  by  Hrppnei 
[7],  Nagai  [13]  and  others. 
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II.  TIIR  'I'WO  (MIK’l/rr  MODEL 


Lot  »i.s  now  assume  tlint  enhanred  oloclron  |)ieci[>ilnli()ii  lins  (  icmU  iI  ;i 
lo(  ;ili7(  (l  region  of  cnliaiieed  roinlm (ivity  in  (lie  ioiiosplieie.  We  now  w.inl 
(o  electrically  couple  this  region  with  the  magnetosphere,  'I’he  ext < 
eastwest  orientation  of  the  observed  br<-akup  arc  motivates  an  approaih 
which  moflels  the  system  a.s  (wo  coupled  circuits,  one  north-south  and  the 
other  east-west.  (Parts  of  (Ids  section  are  also  in  Papers  I  and  2).  In  oni 
model  these  circuits  close  in  the  magnetosphere  via  magnetic-Iield  alp'iied 
( nrrents.  The  liehl-aligned  cm  rents,  in  turn,  are  the  (  onl  imialion  of  mag 
net.ospheiic  enrtents  in  (  he  ecpiatoi  ial  jilane  and  aie  di’pendent  on  Ihephc  ina 
characteristics  there.  It  is  the  compatibility  of  t.his  earthward  comci  tion 
with  the  field-aligned  currents  and  with  the  ionospheric  configurat  ion  I  lia  I 
determines  where  quiescent  current  systems  can  be  established  bet  ween  (  he 
ionosphere  and  the  magnetosphere.  'I’he  associated  auroral  arcs  are  t  he  siti-s 
of  auroral  breakup. 

Looking  at  Fig.  1  we  see  a  three-dimensional  projection  of  the  snbstoim 
current  wedge  circuits  as  seen  from  the  magnetotail.  A  diverted  current 
rieiisity  .Iww  is  observed  in  the  ionosphere  in  the  east-west  direction,  l  id*; 
current  closes  in  the  magnetosphere  through  a  field-aligned  potential  diop 
at  the  western  boundary  of  the  current  wedge.  Jn-ivc  closes  the  eqiia 
torial  loop  in  this  east-west  circuit  which  we  now  label  WC.  The  diveiled 
current  is  driven  by  the  [lotential  produced  by  (he  cross- tail  electric  field, 

'Phis  field  is  mapped  with  corrections  for  field-aligned  potent.ial  drops 
in  the  east-west  circuit  to  the  ionosphere  as  E„  in  Fig.  2,  which  shows 
the  ionospheric  elements  of  the  two  circuits.  Briefly,  the  westward  (lire<  (ed 
electric  field,  drives  both  a  westward  Pedersen  current  and  a  poleward 
Hall  current  in  a  highly  conducting  slab  which  is  embedded  in  the  elect  rojel  s. 
'File  lack  of  full  continuation  of  the  Hail  current  into  the  magnetosplioic 
is  associated  with  positive  charges  along  the  jioleward  boundary,  fhe  in  t 
poleward  current,  density  that  <  loses  in  the  magetospln  re  is  labelled  .1^  in  I  ig 
] .  In  our  model  there  arc  current  shwts  along  the  poleward  and  eqiiatoi  waid 
boundaries  of  the  wedge  region.  Along  the  poleward  boundary  there  is  also  a 
field-aligned  potential  drop,  <!■;>.  in  our  model  the  magnitude  of  this  potent  iai 
drop  is  critical  in  determining  the  stability  of  the  pre  breakup  arcs.  We  label 
the  north-south  circuit  as  H(!.  Partial  closure  also  generates  a  southward 
|)ointing  jiolarization  field,  Ay.  This  field  drives  a  southward  Pedersen  cm  n  ut 
and  a  westward  Hall  current  thereby  creating  a  C’owling  channel.  Note  that 
the  poleward  current  and  the  .southward  polarization  field  acts  as  a  geneiat.or 
for  the  north-south  (HC)  circuit.  We  believe  that  the  establishment  of  (his 
(fowling  channel  is  an  essential  element  of  the  breakii))  mechanism.  I'he  II 
circuit  (H(f)  is  closed  by  an  earthward  current,  .//v.,  in  the  equatorial  pl.itie 
between  (he  upward  and  downwarrl  current  sheets. 

One  of  the  key  elements  <jf  our  model  is  how  (he  IK'  current  is  ( losr-d 
in  the  magnetosphere.  The  north-south  extent,  tin,  of  the  ionosplu'iii  (iii 
rent  system  shown  in  I’ig.  2  is  mapped  to  the  eipialorial  plane  as  (/„,  — 
ditlFr  where  F,  is  a  scaling  factor  equal  to  AA/A/-  where  /,  is  the  Mcllwain 
L-shell  parameter.  f'„  is  the  azimuthal  ionosphere- magnetosphere  scaling 
factor  which,  in  a  dipole  field,  is  ecpial  to  L'^^’  [2?)].  i'r  and  f'„  can  easily 
be  extended  for  nondipolar  magnetic  field  models  sui  h  as  that  of  rsyg.i 
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neiiko  (30).  We  choose  a  coonlinale  system  in  the  e(|uatorial  plane  sii<  li 
that  X  points  eartiiward,  y  w«;stward  and  z  northward.  Over  tlie  interval, 
(ill,,  the  earthward-flowing  magnetosplieric  closure  current,  J/v,,  causes  tli<' 
bulk  plasma  to  be  accelerated  in  the  -y  direction.  Following  the  approach  of 
Weimer  ef  a/.  (31]  we  have  for  Jm- 


1  -  fUklF  ^  F  ^ 


where  p  is  the  mass  density  in  the  pla.sma  sheet,  B,  is  the  p<pialorial  value  of 
the  magnetic  field,  rf||~  is  the  a,ssuined  field  line  segment  over  which  ..'/v, 
is  nonzero,  and  £p.  is  the  radial  component  of  the  magnetospheric  electric 
field.  For  simplicity  we  assume  that  the  arc  is  uniform  in  longitude  so  that 
the  second  term  does  not  contribute.  However,  the  remaining  term  depends 
on  the  radial  gradient  of  Ep,,  not  on  its  magnitude.  On  the  other  hand,  the 
load  or  generator  character  of  the  magnetospheric  circuit  depends  on  the 
average  value  and  direction  of  Ept-  The  exact  relationship  between  these 
two  quantities  depends  on  a  self-consistent  solution  for  the  arc  structure. 
We  resolve  the  problem  here  by  assuming  that  the  electric  field  gradient  is 
constant.  That  is,  the  average  electric  field  across  dn,  is  some  fraction  of  the 
ramp  height  of  the  gradient.  In  this  way  we  can  examine  the  coupling  of  the 
equatorial  plasma  flow  with  the  wedge  circuit. 

III.  THE  EQUATIONS 

In  this  section  we  give  the  relevant  equations  and  a  l)rief  description  of 
how  they  are  solved.  There  are  eight  equations  and  eight  unknowns. 

A.  Ionospheric  Equations 
(l)/nsidc  the  current  wedge 


Jw  =  +  Ep^H  (3) 

J/v  =  EtEn  -  EpEp  (d) 

(2) Outside  the  current  wedge 

Jwo  =  E^Epg  +  Ep,T,iio  (•')) 

Jfio  ~  Eq\jHo  EppEpp  (0) 


I’he  subscript  ”0”  refers  to  the  backgrouiul  values  of  the  ehM.tiic  fields  and 
conductivities  just  outside  the  current  wedge.  The  use  of  E,  in  both  sets  of 
equations  ensures  a  solution  consistent  with  a  curl  free  electric  field. 

B.  Current  Continuity  at  the  wedge  boundaries 


Jww  =  Jw  —  J\vo  =  Kw’^w 

(U 

Jnn  =  Jn  -  Jho  — 

(S) 

C.  KirchhofF's  Law  in  the  East- West  Circuit 

<tw  _  .Ewp  , 

(9) 
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where  4>h  is  the  field-aligiird  potential  drop  along  the  western  bouiidai  y  ;ui<l 
Ew,  is  tlie  cross-tail  electric  liehl  ~  1  iiiv/in.  dw  ~  lOOOtjM. 

Uefine:  ill;#  =  E//  -  E/io.iLY  =  -  Epc.E  =  E;(/Ep,E/f  —  E//('I‘/i ), E,,  - 

Ep(<I>;;)  flobinson  ct  a/.(32].  (<E/i  and  6£f  are  finite  here.)  i'lie  above  erpia 
tions  can  be  solved  for  E„  as  a  function  of 

_  Kwdw  Ew,/Fa  -t  RKii^ii  -  £‘p„|/?Ept,  -  E//o| 

"  (^Ep  -f  RSHii  +  h^^'dw] 

D-  Inputsi  1  Ei4'f ,  Epo , E/io •  Epff 

E.  Fixed  parameters:  A/i , />»• . 7',j|,n,  .  The  first  two  parameters  are 
the  spatial  extent  of  the  current  closure  along  the  poleward  and  western 
wedge  boundaries,  respectively.  'I’he  next  three  parameters  are  the  electron 
temperature  and  density.  These  are  inputs  to  the  Fridman  and  Lemaire 
[15j  relation  that  relates  the  field-aligned  potential  drop  to  the  field-aligned 
current  density.  The  ratio  of  the.se  latter  two  quantities  gives  the  field  aligned 
conductivity  kn.  Note  that  An  =  kuLif.  ktv  is  fixed  at  3x  ur“  S/iiF.  I'lie  Insl 
three  parameters  are  the  electron  temperature  and  density.  These  are  inpnis 
to  Fridman  and  Lemaire  [15]  relation  that  relates  the  field-aligned  potential 
drop  to  the  field-aligned  current. 

F.  Outputs:  Eg,  Ef,,JN N  =  ,Jww 

G.  Magnetospheric  Equations. 

(1)  Norih-Sonth  Circuit 

Kirchhoff’s  Law 


where 


<  AFp,  >=  f;(AFp  -  -^1 
Oh 


AFp  -Eg-  Eg 


and  <  AFp,  >  is  the  average  value  of  the  perturbed  radial  magnetospberic 
electric  field  across  the  arc.  The  earthward  radial  current  in  the  magnclo- 
sphere  is  approximated  from  the  results  of  [31]  as  discussed  above. 


I  —  /<■  u 

JN*  —  *^m  /Vm  ,  '' 

OX  rf//e 


where 


Note  that  we  have  approximated  the  magnetos|>hcric  electric  field  by  a 
ramp- like  behavior  which  corresponds  to  a  spatially  constant  polarization 
current,  The  value  of  <  AFp,  >  is  assumed  proportional  to  the  height  of 
the  ramp  ^Fp,  by  some  constant  y  where  0  <  |y|  <  0.5.  As  mentioned  above, 
the  precise  value  of  y  can  be  ascertained  only  by  understanding  the  spatial 
structure  of  the  auroral  arc  and  the  details  of  its  cou|)ling  to  the  background 
plasma  flows  in  the  equatorial  plane. 

Current  continuity  requires 

7/v,  =  F.A„«l.„  (1.'^.) 

Combining  equations(ll),  (13)  and  (15)  we  find  a  quadratic  expression  for 
dll- 

a-]dii^  +  a,dn  +  Og  =  0  (If)) 
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wliere 


(17) 


fto  — 

«!  =  Fr^Km^Ep 

aj  =  F„I<u‘^in 

VVe  find  that  a  positive  root  for  du  only  exists  wlieii  7  is  negative.  \V<‘ 
choose  7  =  -0.5.  This  corresponds  to  a  taiiward  directed  JvEp,  since  is 
always  positive  for  an  earthward  closure  current,  J^,.  'I'his  is  a  generator 
configuration  and  kinetic  energy  is  being  converted  from  the  background 
plasma  (lows. 

fl)  [nputs:  ^n.^Ep.Ewt 

(2)  Fixed  paramelers:  Fr,Fa,l<n,l,P,B^,d^ 

{3)  Outputs:  dH,<  ^Ept>.  JN, 


I  0  )  2  5 

Jww  A/m 


Figure  3.  Comparison  of  the  present  model  with  the  observations  of 
Marklund  et  ai.  (!].  Ep  refers  to  the  polarization  field  shown  in  Fig. 
2.  There  are  two  values  «tf  the  cro-ss-tail  electric  field  as  this  rjnantity 
is  difTicult  to  estimate  from  the  data  [1|. 


IV.  i{KRiii;rs 


We  will  now  cdin|)are  our  niorlel  wiUi  a  S|)<-cilif  pro  l)ieakn))  arr  as  im  a 
suifd  l>y  Markhind  d  nl.  (Ij  and  is  rlassdied  as  1^  in  (lie  noiii'MK.Ial me 
defined  in  |33].  Tlie  Snbslorin-( JEOS  rocket  was  launclied  at  21. ()).■')(•  E  l 
on  27  .laniiary,  1979  from  liSUANGE,  Kinina.  Sweden  (A  =  66")  near  Icral 
midnight  on  January  27,  1979  shortly  after  the  onset  of  an  intense  magneto 
spheric  snhstorrn  over  northern  Scandinavia.  The  obtained  data  represents  a 
comprehensive  data  set  of  tin*  arc’s  electric  field  profile  in  both  the  east  west 
and  north-south  directions  as  well  as  the  sp»‘ctra  and  llnx  of  the  pret  ijiital  iiig 
electrons.  Although  this  data  is  for  an  arc  presumably  undeigoing  iuealoip 
we  compare  the  experimental  results  with  the  static  model  develo[>ecl  Iteie 
and  find  good  agreement.  Mo<l<-l  inputs  are  ^  =  0  8,10  mv/tn  ,  77,, „  - 
mv/m,  L/zo  =16  S,  Lpo  =  10  S  as  taken  from  Marklund  rt  al.  [1).  The  map 
|)ing  factors  are  calculated  using  the  1987  model  of  Tsyganenko  [30].  n,  and 
rf|l  are  fixed  by 


- - - - 1 - — - 1 - 1 _ 1 _ I 

0  12  3 

Jww  A/ m 


Figure  i.  One  of  thclnore  interesting  features  of  our  model  is  the  r  a 
pability  to  calculate  the  arc  tliickne.ss.  Four  calculations  were  made 
for  various  cross-tail  electric  fields  and  ion  mass  densities.  (The  num 
her  density  is  maintained  al  1  ion  per  cc.).  It  is  seen  tliat  the  Mark 
lurid  (I  nl.  ’s  |lj  data  is  well  bracketed  by  tan  assumption  of  0  and 
50  per  cent  for  the  0'*^  concenlralion.  A  potential  utilization  of  such 
a  model  is  to  estimate  magnelospheric  quantities  using  ionospherir 
measurements. 
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the  clioice  of  A  and  tlic  discussion  above.  I<i,  =  f  ntn  is  determined  setl  injf 
l-H,  the  size  of  tlie  conductivity  gradient  alon^  the  poleward  boundary,  to  ‘21) 
kin  and  by  using  the  results  of  Fridman  and  Lemaire  [if)]  to  dctcrmiiu^  the 
lield-aligncd  conductivity.  7  =  -0..').  Fig.  -1  sliows  excellent  agreement  for 
the  polarization  electric  fiehl  inside  the  arc.  Fig.  ■!  shows  the  model  results 
for  dll,  the  north-south  extent  of  tire  arc.  in  the  ionosphere  ns  determined 
from  equation  (16).  The  'I'lie  error  bars  are  taken  from  Fig.  8  of  Marklmid 
el  nl.  ’s  II]  data.  The  number  density  in  the  plasma  sheet  is  taken  ns  1  ion 
(electron)  per  cc.  The  uncertainty  in  the  cross-tail  electric  field,  is  <liii- 
to  the  spatial  variations  in  f;,  as  shown  in  the  same  work  (1).  It  is  seen  that 
the  experimental  results  are  well  bracketed  by  a  plasma  sheet  mass  <!ensity 
that 


d’p)  Kv 

Figure  ■'>.  'I’he  wedge  thickness  as  a  fimclion  of  I  he  field-nligmsl 
potential  drop  along  the  poleward  l)oundary  for  several  magm'tic 
latitudes.  Note  that  in  the  steady-state  model  as  presented  h<ue  <b( 
has  an  upper  limit  at  a  given  magnetic  latitude.  These  calculations 
were  made  for  a  background  el^^ctric  fiehl  ronsistimt  with  being  west 
of  the  FID.  The  7  =  0  solutions  correspond  to  no  coupling  b**tw<-en 
the  background  plasma  Hows  and  the  north  south  <  ircuit.  7  ()..') 

corresponds  to  maximum  coupling.  See  text. 
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is  between  0  and  50  per  cent  in  concentration.  Fig.  5  shows  a  grapli 
of  dll  versus  for  several  values  of  A  .  Note  that  if  there  is  no  coupling 
with  the  plasma  flows  in  the  equatorial  plane  (i.e.  7  =  0)  then  thinner  arc 
structures  cannot  form.  It  is  only  when  such  a  coupling  exists  that  thin  arcs 
ran  form  .  Note  that  there  is  an  upper  limit  to  d^  for  each  value  of  A  which 
indicates  that  thinner  wedges  tend  to  form  at  lower  latitudes. 

V.  CONCLUSIONS 

VVe  have  shown  that  pre-breakup  arcs  can  he  represented  by  two  coiqiled 
circuits  between  the  ionosphere  ami  the  magnetosphere  similar  to  the  cur 
rent  wedge  c.onnguratioii  prop<>se<l  by  (Mj.  'I'he  formation  of  such  a  currenl 
system  is  strongly  influenced  by  the  presence  of  background  electrojets  in  the 
ionosphere  and  directed  plasma  flows  in  the  magnetosphere.  A  comparison 
with  the  measurements  of  Marklund  cl  al.  [Ij  for  a  specific  pre-breakup  arc 
shows  excellent  agreement.  The  present  model  highlights  the  interdepen 
dence  between  ionospheric  and  magnetospheric  quantities  and  suggests  that 
by  measuring  one  set  that  one  could  imply  values  for  the  other.  For  exam 
pie,  the  above  application  of  the  the  inorlel  to  Marklund  cl  al.'s  observations 
imply  a  tailward  magnetospheric  electric  field  of  -0.9-(-1.6|  mv/m  which  is 
in  excellent  agreement  with  the  in  situ  measurement  of  [4]  during  another 
breakup  event. 
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The  Riiyal  Instiliite  of  1  et  hnoltiftv .  Slntlhtilm,  SteeJen 


We  have  dcvetopeU  a  tnwiel  describing  the  stniciuie  of  a  prebreakup  arc  based  on  an  ionospheric 
Cowling  channel  and  ils  ealension  into  the  niagnerosphcre.  A  coupled  two-circuii  reptcseiilaiion  of  the 
sulisloini  ciirreni  wrtige  is  used  which  is  locally  supenniposcd  on  both  westward  and  casiwnid 
eleclrn|els  We  find  that  hiighter,  more  unsiahle  pichicaktip  arcs  are  linmed  in  the  pieinidniglit 
(suiiiliwcsl  of  the  llarang  Disconrinuityl  ihaii  in  ihe  posimidnighl  (norlheast  of  the  llarang  Oisconlu 
nuily)  sector.  I  his  coninbtiles  to  Ihe  observed  prevalence  of  auroral  activity  in  Ihe  piemidnighl  sector. 
Alsu,  our  model  predicts  that  the  north-south  dimensions  of  the  current  wedge  in  Ihe  ionosphere 
should  vary  from  a  few  kilometers  at  an  invariant  latitude  (A)  of  62*  to  hundreds  of  kilometers  above 
A  =  68*.  Compansun  of  Ihe  model  results  with  the  esiensive  observations  of  Marklund  et  al.  ( 19821  for 
a  specilic  arc  observed  just  after  unset  shows  good  agreement,  particularly  for  Ihe  magnitude  of  the 
polariraiiun  electric  Held  and  the  arc  size  We  conclude  that  this  agreement  is  further  evidence  that  the 
siihsiorm  breakup  arises  from  magnetosphere-ionosphere  coupling  in  the  near  magnetosphere  and  that 
the  steady  stale  model  developed  here  is  descriptive  of  the  breakup  arc  before  inductive  effects 
become  dominant 


I.  Introduction 

Substorm  breakup,  as  theoretically  defined,  marks  Ihe 
onset  of  a  siibslorm's  expansion  phase.  According  to  Ro.s- 
Inker  ei  al.  |I987|  there  must  be  a  minimum  of  one  auroral 
breakup  before  an  event  can  qualify  as  a  siihslorm.  Sub- 
storm  breakup,  as  obscrvalionally  defined,  is  Ihe  sudden 
brightening  of  a  previously  quiescent  auroral  arc  near  local 
midnight.  Once  it  is  "triggered",  Ihe  arc  dynamics  is  char¬ 
acterized  by  a  rapid  poleward  and  east-west  expansion 
{Akasofu,  1974;  Timskanen  el  al ,  1987;  Hallinan,  1987; 
Shepherd  el  al. ,  I987|.  Other  key  features  of  auroral  breakup 
are  as  follows:  ( 1 1  Breakup  iKcurs  predominantly  west  of  Ihe 
Harang  Disconlimiily  (IIDl  in  Ihe  prcinidnighi  sector  |//<7>- 
piier,  1958:  Akasofu.  1974;  Craven  el  al.,  I989|.  where  it  can 
occur  at  L  values  as  low  as  5.2  |/Crrrtircr  ei  al.  1982.  I9H6; 
Taiiskanen  el  al.,  1987;  Hallinan.  1987;  Galperin  and  Feld- 
Mein.  1991 1.  |2I  Breakup  also  occurs  in  a  limited  longitudinal 
sector  near  local  midnight  [l.ezniak  and  Wimkier.  I97II; 
Nilgai  el  al..  I98}|.  13)  During  Ihe  growth  phase  there  is  an 
enhancement  of  the  polar  cap  potential.  Therefore  Ihe  like¬ 
lihood  of  breakup  must  increase  as  Ihe  cross-tail  electric  field 
is  increased. 

We  assume  that  many  of  the  above  features  are  deter¬ 
mined  by  Ihe  conditions  under  which  Ihe  prcbreakiip  arc  is 
I'oinied:  Thai  is.  the  electrical  configuration  of  Ihe  pre- 
breakup  arc  sets  the  stage  for  the  breakup  mechanism.  In 
this  piiper  Ihe  prebreakup  arc  is  treated  as  ,1  local  siibsiorm 
viiireiil  wcilge  [MiPheiron  el  al..  I973|  As  such,  Ihe 

I '•ifpiiglil  1991  by  the  Ametivaii  (ivophysical  Unmii 

I’iipci  number  9IJAUI26K. 

1)1-18-11227  91  9IJA-tll26X5llS.I8l 


cast-west  and  north-south  circuits  that  form  the  current 
wedge  are  strongly  coupled  both  in  Ihe  ionosphere  and  In  the 
magnetosphere.  An  important  complication  arises  from  the 
embedding  of  these  local  wedge  structures  in  the  large-scale 
electrojets.  It  is  found  that  the  formation  of  a  local  current 
wedge  is  more  favorable  west  of  the  HD  due  to  the  presence 
of  the  large-scale  electrojets.  It  is  strongly  emphasized  that 
Ihe  present  model  is  static  in  nature  and  does  not  pretend  to 
describe  Ihe  full  lime-dependent  coupling  between  Ihe  fields 
and  particles  that  must  occur  when  breakup  is  occurring 

Other  model  features  are  Ihe  coupling  of  magnelospheric 
plasma  Dows  to  Ihe  north-south  circuit  and  Ihe  use  of  Ihe 
I'ruhnan  and  l.emaire  (19801  formula  to  relate  the  field- 
aligned  current  density  to  the  field-aligned  potential  diops.  If 
Ihe  HD  as  mapped  to  Ihe  eqiialorial  plane  delineates  a  region 
of  enhanced  westward  plasma  flows  lErii  kson  el  al..  1991). 
then  Ihe  resulting  asymmetry  will  also  enhance  wedge  for¬ 
mation  west  of  the  HD. 

The  independent  parameters  in  Ihe  model  are  Ihe  field- 
aligned  potential  drop  ‘h,  in  Ihe  north-south  circuit  (see 
Figure  I)  and  the  total  east-west  electric  field  in  Ihe  equato¬ 
rial  plane.  The  field-aligned  potential  drop  •!>,  can  be 
related  in  a  one-to-one  manner  to  the  diverted  east-west 
current  J,.  We  believe  that  these  magnelospheric  parame¬ 
ters  play  a  key  role  in  determining  Ihe  properties  of  the 
prebreakup  arc.  In  our  model,  breakup  occurs  when  Ihe 
field-aligned  potential  drop  along  Ihe  poleward  boundary  is 
siiddcnlv  cniiancrd;  this  causes  an  unstable  poleward  expan- 
sKin  of  the  wetige.  From  out  iiioilel  wc  have  foumi  that  III 
.iiiioial  arcs  crcaletl  through  the  htrni.ititni  t>l  a  wedge 
eiiireni  system  fall  into  either  a  '  generaioi'  oi  ’  load  ' 
class  I  he  definition  ol  genet alor  .iiul  load  atises  Irttni  how 
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Ftg.  r  A  three-dim«nsion»l  (rom  ihc  equRiurval  plane  ot 
the  coupled  circuits  discussed  in  the  text.  Jy  is  downward  current  on 
the  eastern  edge  and  an  upward  cuirent  oh  the  western  edge.  Jt 
a  current  sheet  downward  on  the  equatorward  side  of  (he  current 
wedge  and  upward  on  the  poleward  side.  Note  that  it  is  closed  by  an 
earthward  current  in  the  equatorial  plane,  and  d>,  represent 
held-aligned  potential  drops  along  the  western  and  poleward  bound¬ 
aries,  respectively.  The  other  symbols  shown  in  the  figure  are 
defined  in  (he  text.  The  coordinate  system  is  such  that  c  is  toward 
the  Earth  and  y  points  duskward  (westward! 


(he  magneiospheric  ptiniun  of  (he  north-soulh  ciicuii  clo^c:^ 
in  the  equutomi  piane.  Westward  plasma  flows  produce  a 
(ailward  equatorial  electric  field  which,  as  seen  from  Figure 
1.  creates  a  generator  in  (he  north-south  circuit.  Eastward 
pfasniu  flows  produce  an  earthward  equatorial  electric  held 
which  acts  as  a  load  on  the  north-south  circuit.  In  this  paper 
wc  will  treat  only  generator-type  arcs  west  of  the  HD.  (2) 
The  imposition  of  reasonable  physical  constraints  on  the 
wedge  formation  implies  that  only  a  restricted  range  of  arc 
thicknesses  are  allowed  at  a  given  latitude  (see  Figure  121. 
This  ranges  from  a  few  kilometers  at  A  =  62*  to  hundreds  of 
kilometers  fur  latitudes  greater  than  -  69*.  (3)  Higher 
values  of  the  cross-tail  electric  field  allows  the  formation  at 
lower  latitudes  of  steady  state  arc  structures  that  correspond 
to  a  DC  diversion  of  the  cross-tail  current  through  the 
ionosphere.  In  these  cases  the  field-aligned  potential  drop 
along  (he  poleward  boundary  may  exceed  30  kV  which  is 
consistent  with  the  values  observed  in  the  preonset  precip¬ 
itation  front  by  Krernser  et  ut.  |I986|  and  Ttmxkunen  ct  al 
(I987(.  I4l  We  also  found  that  the  thickness  of  the  pre- 
breakup  arc  is  dependent  on  the  ()"  concentration  in  (he 
plasma  -<lieet  which  connects  uiir  woik  with  the  results  ol 
Ixttnunsum  and  Sharp  (I985|,  ('ladi\  |I986|,  ChappvU 
|I9KK|  and  Burch  |I9K8|  (hut  indicate  (hat  (he  umusphcrc 
seeds  the  inner  edge  of  (he  plasma  sheet  with  energetic  O  ^ 
dining  limes  of  high  magnetic  activity.  Sec  Figure  9  and 
Riuhn  etl  vf  ah  (198®.  I989|  for  details.  Wc  now  refer  lo  these 
earlier  papers  as  paper  I  and  paper  2. 

rile  ionospheric  location  where  breakup  i.s  observed  often 
maps  lo  an  equatorial  location  substantially  earthward  of  the 
expected  location  of  a  near-Earth  neutral  line*  Xhis  point  has 
liccn  cnip)iasi/cd  by  Bhn  k  ci  at  \  i9K(d  and  more  leccnily  by 
(iiilpcun  and  IvtdMcin  1 1*3*11 1  In  oiii  itnalcl  thcicbac 
breakup  docs  not  e.xpliciily  depend  on  the  existence  ol  a 
neat  Uaiili  ncniiat  line,  although  breakup  may  cause  lire 


outward  propagation  of  an  Allven  wave  which  results  in  the 
foniiuiion  of  a  near-Eaiih  neutral  line  Kceciuly.  l.ui  ti  u/ 
(19881  have  observed  current  inierrupiion  at  t  ^  8  wrihoui 
(he  usual  signatures  associated  with  magnetic  recunneciion. 
Lopez  et  al.  |I990|  used  two  satellites  to  conclude  that 
disruption  of  the  current  sheet  sometimes  begins  near  geo¬ 
synchronous  and  rapidly  expands  outwurd  in  the  neur-Harth 
niagnetoiail.  One  key  feature  therefore  of  the  present  model 
is  that  it  does  not  require  the  formation  of  a  near- Earth 
neutral  line  and  it  places  the  locution  of  sub«(orm  breakup 
where  it  has  been  observed.  See  Baumjithann  (I988|  for  a 
rcceitt  critique  of  (he  boundary  layer  and  neutral-line  sub¬ 
storm  models.  The  major  dilTcrence  between  our  breakup 
inodei  and  (hut  of  Kan  et  al.  (1988)  and  Kan  and  Akasoju 
|1989|  is  (hut  we  treat  a  single  are  structure  while  (hey 
examine  ihe  global  etfects  of  enhanced  earthward  convec- 
(liin. 

rite  substorm  current  wedges  arc  modeled  as  being  im¬ 
bedded  in  the  electrojets  on  each  side  of  the  HD.  Current 
continuity  requires  the  current  inside  (he  wedge  to  be  a 
superposition  of  the  diverted  magnetospheric  currents  and 
the  electrojets. 


tlu) 

Hi) 

where  and  are  integrated  Hcld-aiigned  conductances 
along  the  western  and  ptdeward  boundaries,  icspeciively 
Note  (hat  and  '!>,  are  the  licid-aligncd  poicniial  drops  a( 
(he  westward  and  poleward  boundaries  of  (he  current 
wedge.  We  treat  4>,  and  (t>y  as  spatially  constant  at  (he 
boundaries  and  zero  elsewhere,  inside  the  wedge,  however, 
we  scale  (he  enhanced  conductivity  with  'h,  using  the  model 
of  Robinson  et  al.  (1987).  In  section  4  we  show  (hut  this  is  a 
reasonable  approximation  for  at  least  one  arc. 

2.  Two-Circuit  Mooel 

Let  us  now  assume  that  enhanced  electron  precipitation 
has  created  a  localized  region  of  enhanced  conductivity  in 
the  ionosphere.  We  now  want  to  electrically  couple  this 
region  with  the  magnetosphere.  The  extended  east-west 
orientation  of  the  observed  breakup  arc  motivates  an  ap¬ 
proach  that  models  (he  system  as  two  coupled  circuits,  one 
north-south  and  (he  other  easi-west.  (Parts  of  this  section  are 
also  in  papers  1  and  2.)  In  our  model  these  circuits  close  in 
the  magnetosphere  via  magnetic-field-aligncd  currents.  Ihe 
field-aligned  currents  in  turn  arc  the  continuation  of  mag- 
nciosphcric  currents  in  the  equatorial  plane  and  are  depen¬ 
dent  on  Ihe  plasma  characteristics  ihete  It  is  ihe  compati¬ 
bility  of  this  earthward  convection  vMih  the  field  aligned 
cuirents  and  with  the  ionospheric  conliguratioii  that  deter- 
iiiiiies  where  quiescent  current  systems  can  be  esiuhlishcd 
between  the  ionosphere  and  the  magneiosplieic.  Wc  believe 
that  Ihe  associated  aurora)  arcs  are  the  siies  of  aurora) 
bteakiip 

l.ookingat  Figure  I  we  see  a  ihree  dimensional  piojeciion 
of  (he  siibslorm  current  wedge  circuits  as  seen  from  the 
magiielotjil.  A  diveiled  current  dciiMiy  is  ohscived 
(lowing  through  the  ionosphcie  in  the  c.isi  »csi  iliieciion 
Mils  cijiieni  closes  in  Ihe  in.ignclosphcic  ihioiigh  .i  held 
.iligned  p«itentiai  diop  *l>,  .it  ihe  wcsletn  I'oniul.iry  •>(  ihe 
Liiiieiit  wedge.  closes  the  cqiiaioi i.d  Kinp  m  iliis  c.i^l 
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Fig  2  The  siibstorni  current  weUye  of  Figure  I  as  seen  in  the 
Kinosphere  This  has  been  reterred  to  as  the  inhesier-Bamnjohann 
moUei  by  Roihw  rlt  ti  til.  1 1988.  i989|  Basically,  the  current  density 
J,  shimn  in  Figure  I  consists  of  a  Pedersen  component  and  a 
Hall  component  Jf/  from  the  polarization  electric  field  FptF,  I.  t  he 
ciment  density  7,  shown  m  Figure  I  also  consists  of  a  Pedersen  7^ 
component  and  a  Hall  component  J ^  E„  is  equivalent  to  £,  in  the 
test 


west  ciicuit  which  we  now  label  Y-C.  The  iliverted  ciiirent  is 
consisteni  with  the  potential  produced  hy  the  cross  i.iil 
eiccinc  field  iWe  choose  a  coordinate  system  in  the 

equatorial  plane  such  (hat  <  points  earthward,  y  points 
westward,  and  c  is  parallel  to  H.  (n  (he  ionosphere  (he 
corresponding  x  ctMirdiiiare  points  equatorward.  An  addi¬ 
tional  "e  '  subscript  denotes  a  magnetosphenc  quantity  ) 

Ihis  field  is  mapped  with  corrections  fur  field-aligned 
potential  drops  in  the  east-west  circuit  to  the  ionosphere  as 
E„{Ey)  in  Figure  2.  This  figure  shows  the  ionospheric 
elements  of  the  (wo  circuits.  Briefly,  the  westward  directed 
electric  field  E,  drives  both  a  westward  Pedersen  current  J^, 
and  a  poleward  Hall  current  J  n  in  a  highly  conducting  slab 
which  is  embedded  in  the  electrojets.  The  lack  of  full 
continuation  of  the  IfafI  current  into  (he  magnetosphere  is 
associated  with  positive  charges  along  the  poleward  bound¬ 
ary  The  net  poleward  current  density  (hat  closes  in  the 
magnetosphere  is  labeled  7,  in  Figure  1.  In  our  model  there 
are  current  sheets  along  (he  poleward  and  equatorward 
boundaries  of  the  wedge  region.  Along  the  poleward  bound¬ 
ary  there  is  also  a  field-aligned  potential  drop.  <!>,.  The 
magnitude  of  this  potential  drop  is  critical  in  determining  the 
stability  of  the  prebreakup  arcs.  We  label  the  north-south 
circuit  as  X-C.  Partial  closure  also  generates  a  southward 
pointing  polarization  field,  E,tE^)  in  the  ionosphere.  This 
electric  Held  drives  a  southward  Pedersen  current  (ip  and  a 
westwafd  Hall  current  (7f/)  thereby  creating  a  (^>wling 
channel  as  shown  in  Figure  2.  Note  that  the  ptdeward 
current  and  the  southward  polarization  field  act  as  a  gener¬ 
ator  for  the  north-south  (X-C)  circuit  We  believe  that  the 
establishment  of  (his  Cowling  channel  is  an  essential  element 
of  ihe  hieakijp  mechanism  The  north-south  circuit  (X-C)  is 
closed  by  an  earthward  current  7,^  in  the  equatorial  plane 
between  the  upward  and  downward  current  sheets.  We 
assume  here  that  7,,.  is  purely  an  inertia  current  while  (he 
total  westward  magnetosphenc  current  is  consistent  with  an 
earthward  pres.surc  gradient.  The  first  assumption  may  be 
modified  as  Ihe  present  model  is  incorporated  into  more 
global  models.  The  second  assumption  follows  from  our 
treatment  of  a  quasi-stutionary  sinicture. 

One  of  the  key  elements  of  our  model  is  how  the  X-C 
current  is  closed  in  (he  magnetosphere.  Ihe  norih-soulh 
extent.  r/(.  of  the  lor'osphcric  current  system  shown  in 
Mgurc  2  IS  mapped  to  the  equatorial  plane  as  -  d,//',. 
where  f  ,  is  a  scaling  factor  equal  to  AA/AE  it.  is  the 
Mcilw.im  /.  shell  parameter  and  A  is  (he  corresponding 
invariant  latrrudcl.  f\  is  rhe  azimuthal  ionosphere- 
tiiagneiitsphcrc  scaling  faeloi  which,  in  a  dipoic  field,  is 


equal  to  L  |/.orio  i-i  nl  ,  1987).  F,  and  /  „  can  easily  he 
extended  for  nondipolar  magnetic  field  models  such  as  ilial 
of  Tsv^anrnko  ( 1987].  We  use  ihc  Twinim  nkif  \  I987|  model 
ill  section  4  Over  the  interval  i/,,.  the  caiihward  (lowing 
magnetosphenc  closure  current  7,,  causes  the  hulk  plasma 
to  be  accelerated  in  the  -v  direction.  This  means  that 
westward  flowing  plasma  wilt  be  decclcrared  while  eastward 
flowing  plasma  will  be  accelerated  Therefore  in  a  region  of 
westward  (lowing  plasma  we  expect  a  generator-type  ciicuit. 
while  in  the  region  of  eastward  flowing  plasma  we  expect  a 
loud  type  circuit. 

The*magnctospheric  inertia  current  [Wenmr  <•/  <;/  .  19881 
is  given  by 


bI 


r}y  I 


where  pis  the  mass  density  in  Ihe  pfasrna  sheet,  is  the 
equatorial  value  of  (he  magnetic  field,  dg  (he 

assumed  field  line  segment  over  which  7,^  is  non/en'.  and 
is  (he  radial  component  of  (he  magnetosphenc  electric 
field.  For  simplicity  we  assume  that  (he  arc  is  uniform  in 
longitude  so  that  the  second  term  does  not  contribute. 
However,  the  remaining  term  depends  on  (he  radial  gradient 
of  E*,.  not  on  its  magnitude.  On  the  other  hand,  the  load  or 
generator  character  of  the  magnetospheric  circuit  depends 
on  Ihc  average  value  and  direction  of  E,,.  Wc  must  look 
therefore  outside  our  present  model  for  the  appropriate 
electric  field  gradient.  Phis  term  could  arise,  for  example, 
from  it  more  detailed  self  consistent  solution  for  auroral  arc 
structure.  Wc  resolve  the  problem  below  by  assuming  that 
the  electric  field  gradient  is  constant;  that  is.  the  average 
perturbed  electric  field  across  d,,  is  taken  as  some  fraction 
of  the  ramp  height  of  the  gradient.  In  this  way  we  approxi¬ 
mate  the  coupling  of  (he  equatorial  pla.sma  flow  with  the 
wedge  circuit  which  can  be  compared  with  experimental 
data.  Note  (hat  one  cannot  approximate  (2)  with  an  ohmic 
relation.  The  reason  is  that  there  must  be  current  across  J,, 
even  when  E„  is  zero.  That  is  the  case  when  'l>,  =  E,  j,  . 


5.  Equations 

In  this  section  wc  give  (he  relevant  equations  and  a  brief 
description  of  how  they  arc  solved. 

iirnospheru  Equations 

Inside  (he  current  wedge 


J.,  =  £,I,  f  t,X„ 

iM 

=  £.1„ 

(4) 

OuiMdc  Ihe  currcnl  wedge 

=  £,Xp„  £„„^h„ 

(51 

J..,  =  £.X 

(6) 

The  subscript  "o  '  refers  to  background  quantities  outside 
the  current  wedge,  and  the  subscript  "t"  denotes  the  total 
iono>phcric  currents  inside  the  wedge  I  hc  use  of  E, 
sets  of  equations  is  consistent  wnh  a  curl  free  electric  field 
Note  that  E,  docs  not  equal  the  mapped  value  of  to  the 
Mmosphere  except  in  rhe  limit  that  the  vanishes  We 
make  the  not  very  ladieal  assumption  that  nature  finds  a  wav 
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(o  conligure  Ihe  electric  Helds  so  that  Faraday's  Law  is 
obeyed.  A  lull  ireatmeni  of  (his  problem  which  entails 
negative  charge  buildup  u(  (he  western  boundary  of  (he 
wedge  is  beyond  the  scope  of  this  paper. 

Current  l  ontinuity  u(  the  i\‘eiit*e  houmluriei. 


-  7„.  =  Ky'Uy 

(7) 

1 

II 

18) 

Kirt  hhoJ]'%  Law  in  the  enst-we\l  circuit. 


'K 

J. 


(9) 


where  is  (he  Held-aligned  potential  drop  along  the  west¬ 
ern  boundary  and  is  (he  cross-tail  electric  Held.  '  1-2 
mv/in  \Euhhummtir,  I989fi.  />);  -  1000  km. 

Definitions.  Wc  deHne  =  Xu  - 
-  2p„.  R  »  Sh/S,.  =  S„(a>,).  and  using 

the  model  ol  Riihinjoii  et  iit.  ( 1987).  Note  that  these  are  finite 
dllTcrcnces.  The  above  equations  can  be  solved  for  E,  and 
E,  as  a  function  of  <!>,,  where 


^  K,JyE„IF,  +  RK,'i>,  -  E,„{R1^„  -  l„J 
”  («S,  +  «SX„  +  Af,d,)  "  ’ 

and  E,  is  easily  obtained  by  substitution. 

Iiiiiurs.  The  inputs  for  the  ionospheric  equations  arc 
■l>,.  the  field-aligned  potential  drop  along  the  poleward 
boundary;  the  cross-tail  electric  field;  the  north- 
south  electric  field  component  outside  the  current  wedge; 
and  and  Xp„.  the  Hall  and  Pedersen  conductivities 
outside  Ihe  current  wedge. 

Eixeil  ptiromelers.  The  fixed  parameters  ate  L,. 
r,i,.  r.  j,  </,,  and  Fy.  The  first  two  parameters  are  Ihe 
spatial  extent  of  the  current  closure  along  the  poleward  and 
western  wedge  boundaries,  respectively.  The  next  three 
parameters  are  Ihe  plasma  sheet  electron  temperature  and 
density.  These  are  inputs  to  FriUnuin  uiul  Lemairr  (I98it| 
relation  that  relates  Ihe  field-aligned  potential  drop  to  the 
field-aligned  current  density.  The  ratio  of  these  latter  two 
qiianlilies  gives  (he  field-aligned  conductivity  k,.  Note  that 
K,  =  k,Ly  and  Ky  =  k^L.  are  Ihe  integrated  field-aligned 
conductivities  (siemens  per  meierl.  H,.  is  fixed  at  3  x  III  * 
S/ni’.  The  Fridman  and  Lemaire  (I98()|  relation  allows  one 
to  estimate  Ihe  energy  Hux  of  Ihe  precipitation  which  is  then 
inpiillcd  into  Ihe  Robinson  cl  ai.  |I987|  model  for  Ihe 
ionospheric  conductivities.  Figure  3  shows  a  sample  calcu¬ 
lation  and  a  comparison  with  experimental  data. 

Oiiipiiif  The  outputs  are  Ihe  ionospheric  cast- 
west  electric  field  component  inside  the  wedge;  E,,  Ihe 
ionospheiic  norlh-soulh  polarizaiiun  electric  field  inside  the 
wedge;  7,  *  fi'.'fi, ,  Ihe  net  poleward  current  density  inside 
the  wedge;  7, ,  the  net  westward  current  density  (in  amperes 
per  nieterl  inside  the  wedge;  and  'l>,.  the  field-aligned 
potential  diop  along  Ihe  western  iMiiiiidary  of  the  current 
wedge 

Maiim’lasplwrii-  Eqiialinn  f 
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and  (A£„>  is  Ihe  average  value  of  the  perturbed  radial 
magnetospheric  electric  field  across  Ihe  arc.  fhe  earthward 
radial  current  in  the  magnetosphere  is  approximated  from  (21 
as  discussed  above. 
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Note  that  we  have  approximated  the  magnetospheric 
electric  field  by  a  ramplike  behavior  which  corresponds  to  a 
spatially  constant  inertia  current  7,,.  The  value  of  <i£,,>  is 
assumed  proportional  to  Ihe  height  of  the  ramp  &E„  by 
some  constant  y  where  0  £  |y|  ^  O.S.  As  was  mentioned 
almve,  the  precise  value  of  y  can  be  ascertained  only  by 
understanding  Ihe  spatial  structure  of  the  auroral  arc  and  Ihe 
details  of  its  coupling  to  the  background  plasma  flows  in  Ihe 
equatorial  plane.  Here  we  assume  |y|  =  0.5  which  is  consis¬ 
tent  with  Ihe  assumption  of  a  ramplike  behavior  for  £,, . 

Current  continuity  requires 

7„  =  f,A'.'l>,  (15) 


Combining  equations  II I).  113).  and  115)  we  find  a  quadratic 
expression  for  rf, . 

a.dj  +  a  III,  )■  ii„  -  0  1 16) 


where 

ai  =  -£?A„A£,  (17) 


a.  =  £.  A  ,'fi ,  y 


The  requirement  that  116)  has  only  real  roots  implies 


f;a„ia£,)- 


(18) 


Using  (he  T.\vjfuncnio  |I987|  moilel  ;il  *  hb®  wc  Hnil  thnl 
(',  ■  I  O'*.  Fur  p«)siijve  valucst  of  y,  which  correspond  to  a 
'load-type'’  perturbation.  can  take  on  only  small  values 
t'*'l  kV  M  A  bb’’).  Values  a  kilovolt  or  higher  can  vutly  be 
obtained  at  higher  luliiudcs  (A  2  70")  In  order  to  obtain  the 
higher  values  of  (hat  arc  obseived  at  lower  latitudes,  y 
iniisl  be  negative.  This  corresponds  to  a  luilwaid  diiected 
A/’ since  is  always  positive  for  the  earthward  clusuic 
ctiireni  J,,.  This  is  a  generator  conhguration.  and  kinetic 
energy  ts  being  converted  liom  (he  background  plasma 
flows.  Ihe  background  convection  electric  Held  enhances 
the  ’’generaior-iype  ”  properties  of  the  arc  west  of  the  HI) 
.mtl  the  ■luad-lypc  '  pM^pciiics  oast  ol  lire  III)  Figure  12 
a  model  calculiilioii  ol  il,  scimis  'I\  .iI  ddicicnt 
invaitaiit  latitudes  west  of  the  HI)  N«)le  that  only  generator 
ty|H;  values  of  y  allow  the  formation  ol  nafrtnv  wedge 
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sinictiiics  at  lower  l.iiiiudcs.  This  is  where  breakup  is  ohen 
observed. 

West  of  (he  HD  the  ambient  tailward  cleelric  held  adds  to 
(he  (ailwaid  perturbation  This  enhances  the  yeneiaior  iia- 
(liie  oi  (he  X  C  in  the  equatorial  plane  East  of  (he  HD  the 
opposite  IS  (me.  I  here  the  ambient  cailhward  elcctiie  tiehi 
lends  to  negate  the  tailward  pcrtiithalion  and  the  equaioiial 
"generator"  eithei  is  weakened  or  becomes  a  "load" 

I  hetelorc.  since  we  believe  that  (he  explosive  natiite  of  (he 
bieakup  arc  arises  fiom  the  X-(.'  generatoi  in  the  cqiiaiotial 
plane,  bieaktip  is  more  likely  west  of  the  HD 

/tifufti.  The  mpiils  for  the  magnclo.spheric  equations  arc 
the  held  aligned  potential  drop  along  the  poiewaid  bound 
ary:  SE, .  the  enhnnecinent  nl  the  north-south  component  ol 
the  electric  held  above  background  and  .  the 

cioss-taii  electric  held 

fixfti  fnirfiinettr\.  I  he  fixed  patamelers  are  h,.  f\. 
mapping  factors  between  the  ionosphere  and  the  magneto¬ 
sphere  in  (he  north-south  and  east-west  directions,  respec¬ 
tively;  A‘,  (in  siemens  per  meleil.  the  hold-aligned  conduc¬ 
tivity  integrated  over  (he  poleward  boundary;  y.  the 
parameter  that  couples  (he  north-south  circuit  to  equatonal 
plasma  Hows;  p.  the  mass  density  in  (he  plasma  sheet:  H,  . 
equatorial  value  of  the  magnetic  held;  and  </|.  the  distance 
over  which  (he  cross-tail  current  is  integrated. 

Outputs  The  outputs  arc  </, .  the  north-south  extent  of  the 
current  wedge  in  the  ionosphere;  ,, ).  the  perturbation  of 
(he  radial  component  of  the  equatorial  electric  held  inside 
(he  vsedge  region:  and  the  equatonal  cailhward  ciiircnt 
(hat  closes  the  noiili-sooth  eiteuil. 

Summary  o/  uiodr/  uwumptuuts.  I  he  model  is  suituna 
need  as  follows: 

I.  A  prchrcakiip  auroral  arc  may  be  reasonably  leprc- 
senicd  by  a  current  wedge.  A  two-dimensional  rectangular 
shape  in  (he  ionosphere  is  adequate  for  a  first  approximation. 

"1.  I  hc  radial  electric  held  in  the  magneiospheie  must  be 
nonconstant  (equation  (2H  in  order  to  properly  close  (he 
cuneni  in  the  north-south  circuit  A  linear  ramp  is  assumed 
adequate  for  a  first  approximation.  See  (13)  and  subsequent 
discussion. 

3  Reasonable  estimates  may  be  made  of  the  fixed  pa¬ 
rameters  labeled  above. 

4.  Rtsui.  rs 

We  will  now  compare  our  model  with  a  specific  picb- 
rcakiip  arc  as  mcnstircd  by  \tark!unJ  «*r  ul  (l')K^I  and 
classihed  as  i,f  in  the  niunencialurc  defined  by  MtitUuml 
I  l'>H4|  I  he  Substorin-tiEOS  iiKkci  was  launched  .u  ’IIM 
n  r  tin  'Ml. ary  27.  I'y79.  tiiKn  E.SRANdE.  Kuuna.  Sweden 
I  \  -  (»<»  I.  near  local  niidniglii  iin  Januaiy  27,  iy79.  nIiomIv 
alter  the  onset  of  an  intense  magnelosphcrtc  substorm  over 
northern  Scandinavia.  I  he  obtained  data  repiesent  a  coni- 
piehcfisivc  data  set  of  the  arc's  electric  held  piofilc  in  both 
(he  east-west  and  north-south  directions  as  well  us  the 
speclia  and  flux  of  Ihc  precipitating  electrons  .Mthough 
these  data  are  for  an  arc  presumably  undergoing  bicakup.  wc 
compaie  the  experimental  results  with  the  siaiic  mmlel 
developed  above  and  find  good  agreement,  f  his  implies  ih.ii 
iiuliieiivc  ellects  inside  this  specific  arc  weie  small  at  the 
lime  ot  Ihe  nickel  Highl  Model  inputs  are  •  OH  I  0 
nivin  ,  Smvoii  i.,,,.  -  lb  S.  and  lUSasl.ikcn 

liiitn  MotUuud  ft  III  I  I  he  mapping  lactois  aie  cakii 
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fig  3  Comparison  tif  tfie  Hull  (upper  cuivei  and  IVtlcisen 
(lower  curve)  conUuciiviiies  as  estimated  by  MtiiLlinul  i  i  ul  1 1VK)| 
inside  the  arc  wiih  (hat  predicted  hy  the  model  of  Rohinsim  tt  a/. 
|t9((7|  The  inputs  lo  (he  Robinson  et  al.  model  were  attained  using 
the  results  of  FnJman  unJ  Lvnuiire  |i9H0|  A  held-aligncd  poicntial 
drop  of  2  5  kV  was  used 


laied  using  the  1987  model  of  T\\ yunt  uko  1 1987)  B,  and 
aic  fixed  by  the  choice  of  and  the  discussum  above,  K  ,  * 
/.,A,  is  determined  setting  the  si/e  ol  the  conduciiMiy 
giadicni  along  (he  poleward  houndaiy .  to  20  km  and  by  using 
Ihe  icsiilts  of  Ftitlnum  iitul  Ia'ihiuiv  i  I9K0|  to  determiuc  Ihe 
held  aligned  eonductiviiy.  t  he  election  number  density  in 
the  plasma  sheet  is  taken  at  I  electrun/cin^  and  the  parallel 
and  perpendicular  electron  Icinperatures  as  5  keV.  Note  th.*i( 
we  SCI  y  *  *0.5  in  light  of  the  above  discussion  after  1 17) 

One  of  the  assumptions  in  (he  present  model  is  that  the 
ionospheric  conductivities  inside  the  wedge  region  ate  a 
function  of  the  Held-aligned  potential  drop  along  the  pole- 
ward  boundary.  This  assumption  is  somewhat  artiHctal  be¬ 
cause  the  conductivity  inside  the  wedge  region  may  also  be 
anecicd  by  other  precipitation  mechanisms  such  as  wave- 
particle  interactions.  However,  the  assumption  tends  to  give 
resiills  in  agreement  with  data  as  is  seen  from  Figure  3  Here 
wc  plot  1//  and  as  a  function  of  <b,  using  the  Robinson  i  t 
III  (1987)  conductivity  model  and  estimating  Ihe  precipita¬ 
tion  current  from  the  model  of  FriUnuin  ond  l.i’ounrc  \  I9K0(. 
Ihc  lop  curve  and  cross  haii  is  lor  •//.  and  the  bottom  ciiive 
and  cross  hair  is  for  fbe  eomlucliv  lues  aie  dclermmcd 
.IS  Ihc  square  root  ol  the  sum  of  Mpi.iics  oi  the  .iiuluciu 
conduetivity  as  delei  mined  by  Mmklnnd  i  t  ol  |  |9X(|  .nut  ihc 
enhanced  conduetivity  as  determined  fiom  ihe  model  ol 
Rohin.\on  el  id.  (1987)  Note  that  the  agreement  between 
expcrinicnl  and  theory  is  excellent.  We  will  now  compare 
each  of  the  output  vat  tables  in  our  inodci  with  ilie  resulis  of 
MttrUund  et  til.  ( 1983). 

f-igiiic  4  relates  (he  Held  aligned  potential  drop  'b,  wiih 
the  cast-west  eutrenl  Presently,  we  are  iicaiing  a^  .i 
fixed  par.^meler  We  use  two  values  for  the  magnelospheiic 
easl-w'csl  electric  field  F,,  because  of  the  iinceitainiv  m  the 
backgioiiiul  eleetiie  held  as  eslimaled  lioin  the  espcmneni.d 
data  Figure  ^  shows  ihc  loiu'spheiic  east  west  ekvim  lu M 
.IS  .1  iunclioii  of  /.  I  Ills  hguic  can  he  nndci  ummv 

cleaily  if  one  envisions  the  east  wevi  vUv.mi  .l^  .»  voIi.ilc 
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Fig.  4.  Comparison  of  Ihe  ficld-aligned  potential  drop  along  the 
poleward  boundary  •!>,  as  a  fuiKlion  of  the  diverted  cuirent  J^.  It  is 
seen  that  a  1.0  tnv/m  cross-tail  elecinc  held  gives  belter 
agreement. 

divider.  The  polenlial  drop  across  the  magnelospheric  por- 
lion  of  Ihe  circuit  is  divided  between  the  field-aligned  poten¬ 
tial  drop  <l>,  along  Ihe  western  boundary  and  Ihe  east-west 
extent  of  Ihe  wedge  in  Ihe  ionosphere.  The  field-aligned 
polenlial  drop  is  directly  proportional  to  J,  as  lung  as  the 
area  over  which  Ihe  associated  upward  current  exists  re¬ 
mains  constant  as  is  assumed  here.  In  that  case  £,  must 
decrease  as  J,  increases  in  order  to  satisfy  KirchholTs  Law. 
The  y  intercepts  are  consistent  with  the  direct  mapping  of  the 
assumed  values  of  E„  to  the  ionosphere  using  a  mapping 
factor  of  Fy  •  O.OS5  as  calculated  from  the  model  of 
Tsyganenko  (1987)  (Kp  ”  J).  Pedersen  el  at.  (1983)  and 
Fdlihammar  (1989a,  f>)  report  Ihe  preonset  east-west  electric 
field  to  be  1-2  mvfm  which  is  consistent  with  the  values  used 
here.  Figure  6  shows  excellent  agreement  for  Ihe  polariza¬ 
tion  electric  field  inside  the  arc.  Although  no  measured  data 


I  ig  ^  I'be  eBvl  wcvi  electric  lielif  £,  invule  the  uuioral  arc  av 
prcilieted  by  the  moilel  Note  that  the  I  ti  mv/m  value  ftu  £,,  gives 
iH-Hcr  agteemcni  as  is  the  case  in  Figure  4. 


Jy  A/m 


Fig.  6.  Comparison  of  the  measured  value  of  Ihe  polarization 
fietil  E,  inside  the  arc  as  shown  in  Figure  h  of  MarUunJ  et  ul  1 1983) 
with  that  predicted  by  the  current  model  Note  that  we  assume  £,  to 
be  positive  in  Ihe  equaiorward  direction,  while  Marklund  et  at. 
1 19831  assume  Ihe  opposite  convention  The  error  bars  presented 
here  are  estimated  from  Figure  6  of  Marklund  el  at.  |l9g3|. 


exist  for  we  show  it,  for  completeness,  as  as  function  of 
Jy  in  Figure  7.  For  the  western  boundary  we  fix  L, ,  the 
field-aligned  conductivity,  at  3  a  10 S/m^  The  east-west 
extent  of  Ihe  wedge  is  dy ,  and  Ihe  fractional  distance  over 
which  the  upward  current  exists  is  n, .  Clearly,  •),  affects  Ihe 
slope  of  Ihe  curve  shown.  That  is,  if  the  upward  current  is 
confined  to  a  smaller  area.  <l>,  will  be  higher  for  constant  Jy , 
i.e..  Ihe  smaller  spots  should  be  brighter  for  Ihe  same  value 
of  diverted  current.  The  net  poleward  cunent  inside  the 
wedge  (y,  -  fir,4j)as  a  function  of  y,  is  shown  in  Figure  8. 
The  discrepancy  is  consistent  with  the  large  error  bars  and 
the  uncenainty  in  estimating  the  extent  of  the  conductivity 


<(>y  versus  Jy 


Jy  A/m 


hif.  7.  The  modeled  fteld  aligned  poiential  dctip  along  ihe 
weMern  boundary  of  ihe  wedge  region  ii  e..  the  'hot  J,  t\ 

ibe  easi-wes)  exteni  of  the  currenl  wedge.  Ihe  east  we>t  spaiul 
extern  of  the  upward  cluviire  current  al«»ng  ihe  weilgc  in  jNSiuned  lo 
be  n)  km  Ihe  parameier  4,  is  the  held  aligned  coniiiKiivii>  .ii  the 
western  biMmdary 
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lig  8.  N«t  poicvi«ard  ciiricni  dciisiiy  inside  the  ctiiiciti 
wedge  larc)  as  a  tuncUDn  of  the  diverted  east- west  turreiti  Afihougii 
the  model  tesutls  aie  not  locooMsient  with  the  crroi  bars  shown. 
;igreement  can  be  improved  hy  lowering  the  plasma  sheet  election 
temperature  Irom  5  lu  ^  5  keV  and  increasing  the  plasm.*  Nficet 
particle  density  from  I  to  2  narticles/cm '  This  result  is  shown  by  ihe 
dashed-dotted  line.  No  signific.int  modihcalions  in  the  other  param¬ 
eters  that  have  been  plotted  wete  ohscived 


gruilieni  along  (he  poleward  boundary  and  (lie  clee(t«ui 
(entperattire  and  number  density  tn  Ihe  plasma  sheet  llic 
dashed'doMed  curve  shows  how  ihe  agreemeiii  can  he  im¬ 
proved  by  a  lower  plasma  sheet  electron  temperature  (Irom 
5  ke V  (o  2.5  keV)  and  a  higher  plasma  sheet  electron  mimher 
density  I  from  I  e'/cm^  to  2  e'/emS.  Figure  9  shows  the 
model  results  for  d, .  the  north-south  extent  of  the  arc  in  the 
ionosphere  as  determined  from  ( 16).  I'he  error  bars  are  taken 
from  Figure  8  of  MarklunJ  vt  ul.  1 1983|  fhe  number  density 
in  the  plasma  sheet  is  taken  as  I  ion  telcctton|/em^  Ihe 
variation  in  Ey,.  the  cross-tail  electric  held,  is  due  to  the 
observed  hucluaitons  in  as  shown  in  Figure  6  of  Murk- 
lund  er  of.  (19831-  It  is  seen  that  the  experimental  results  arc 
well  bracketed  by  a  plasma  sheet  mass  denstty  that  cotituins 
between  0  and  50%  of  O  * . 

Figure  ID  shows  the  predicted  value  of  the  magneiosphenc 
electric  held  Ihictuation  arising  from  the  wedge  presence 
This  fluctuation  points  lailward  and  lies  between  ~  1.6  and 

0.8  mv/m.  which  is  veiy  consistent  with  the  value  ol  - 1.2 
(o  '0.6  mv/m  as  repurred  hy  er  <#/.  |I987|  for 

another  magnetic  storm.  Finally,  Figute  II  shows  a  plot  of 
the  magiietosphcnc  closure  ciirieiil  in  the  e<tuatoiial  plane 
We  estimate  this  to  be  about  3  inA/m  in  magnitude  lor  the 
present  example.  Thcrcfoic  it  is  seen  (hat  our  rntnlcl  gives  a 
rather  complete  picluie  of  ihe  wedge  stiiicitire  in  IhuIi  ihe 
ionosphere  and  Ihe  magnetosphere  Figtiie  12  shows  a  graph 
of  </,  versus  *l»,  for  several  vahres  of  \  Now  dial  rl  rhe 
averaged  perturbed  eleciiic  held  is  zero  in  the  c(|iiatortal 
plane  li.e..  y  =  0),  then  thinner  arc  structures  cannot  lorin. 
It  IS  only  when  there  is  a  finite  lailward  electric  held 
l>erliirbalion  in  the  c(|ualorial  plane  that  thin  arcs  can  hum 
Also  note  that  there  is  an  np|Hrr  limit  to  J,  fur  each  value  ol 
\.  which  indicates  that  Ihiniiei  current  wedges  tend  to  lonn 
at  lower  lalirudes 


0  12  5 

Jy  A/m 


l  iu  0  t>ne  id  Ihe  more  inieresimg  teaiines  of  our  nuHlct  is  tlie 
v.ipahitity  lo  calcutale  (he  me  thickness  J, .  Four  ealcufjoonv  uere 
made  lor  varmus  cross-tail  elcctnc  tieids  and  ion  mass  densities 
1  Ihe  number  density  is  ni.oniaincd  at  t  ion  per  cubic  centiniclerl  it 
IS  seen  lliat  the  Mmihinti ti  til  ( l9K3i  data  are  well  hrackeleJ  hy  an 
assumption  of  0  niid  SIKr  lot  the  O'  conceniraiion  A  potential 
Hiilizaiion  of  such  a  miHlel  is  to  esiimatc  niugneiosphenc  qtinniiiies 
using  ionospheric  meusiiretneiiis 


S  (  ONI  I  IISIONS 

We  have  shown  lhai  prebreaknp  arcs  can  be  repi  eseiiieiJ 
by  two  coupled  circuits  between  the  ionosphere  and  the 
magnetosphere  similar  to  the  current  wedge  conhgurniion 
pio|H>sed  by  et  al.  \  1973).  I  he  formation  of  such 

a  current  system  is  strongly  inlhienced  by  the  presence  of 
background  electrojets  in  (he  ionosphere  and  directed 
plasma  flows  in  Ihe  magnetosphere.  A  detailed  comparison 
with  the  measurements  of  MurkUmd  et  ol.  [1983)  for  a 
specific  breakup  arc  shows  good  agreement.  The  piesent 
nuKlcI  highlights  the  interdependence  between  ionosphctic 


AE,e  versus  Jy 


Jy  A/m 


fit;  1(1  Hir  i;in)!C  ol  v.iliics  pieilicicd  Ih  oiir  nioOct  lor  ilu* 
i.hIi.iI  v«Miip«iiitftn  ol  the  {Kituihcd  ^qu.itoM.il  clccliic  held  M  . 
IIk  4  ‘..dins  aic  couMvtcni  uiih  .moilKr  cxaiitplc  picsenied  In 
n  <  /  •//  I IUX7) 
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J^e  versus  Jy 


0  12  3 

Jy  A/ m 


Fig.  II.  is  the  eurihwarJ  cliiMire  ciifrcnl  in  Ihe  equalorial 
plane  lhai  is  required  lo  close  ihe  noith-south  (X-Cl  circuit  in  mir 
model.  See  Figure  I.  For  the  Marklund  case  Ij  we  find  a  value  of 
about  )  mA/m. 


and  magneiospheric  quantities  and  suggests  that,  by  measur¬ 
ing  one  set.  one  cotild  imply  values  for  (he  other.  For 
cxaniple.  ihe  above  application  of  Ihe  model  lo  Marklund  el 
al 's  observations  imply  a  laihvard  magneiospheric  electric 
field  of  -0  8  lo  -  1.6  ntv/m  which  is  comparable  with  the  in 
situ  measurements  of  I'ansiam  n  cr  nl.  1 1987|  during  another 
breakup  event. 

We  consider  Ihe  agreement  nf  our  model  with  experimen¬ 
tal  data  as  strung  evidence  that  stibsiorm  breakup  originates 
in  the  near- Earth  niugnelusphere  as  proposed  by  Blu<  k  a  at. 
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I  le  17  Ihc  piedictcd  wcilgc  iliiskncss  d,  .is  a  liinciion  ol  the 
field  aligned  |Hilcntlal  drop  jliHig  llic  pidewuid  bouiidhiy  foi  sevci.il 
magnetic  latiittdes  Note  that  in  the  steady  slate  model  as  presented 
hcie  i/,  has  .in  upper  limit  al  a  given  magnelic  bliliide  These 
caleiil.iliims  iveie  made  lor  .i  bacKgriwind  eleclric  field  eimsislenl 
wall  being  west  of  Ihe  llaiang  Disconliminy.  Ihe  y  -  It  Miliitaais 
.oiiespoiul  lo  no  coupling  beiween  llie  background  plasma  lliocs 
.Old  Ihe  iioilh.coiilh  circnif  riic  case  where  >  -  OS  eorresrvaids 
lo  ai.iMiiiiiai  coupling  .See  lesl 


(I986|;  Kaui'mann  (1987);  papers  I  and  2.  Gatparin  and 
Fridilem  (1991);  Baker  el  al.  (1990)  and  others.  Moreover, 
eve  have  shown  (see  Figure  12)  (hat  in  order  for  the  ciiiTcnl 
wedge  lo  have  similar  dimensions  as  the  observed  arcs.  Ihe 
plasma  flows  in  the  equatorial  plane  must  be  decelerated  by 
Ihe  equivalent  circuit.  That  is.  Ihe  equatorial  portion  of  the 
X-(,'  must  act  as  a  generator  I  y  <  0).  This  is  more  likely  lo 
(K'cur  in  regions  of  enhanced  westward  convection  in  Ihe 
equatorial  plane  which  is  in  Ihe  premidnighi  sector. 

Briefly  summarizing,  we  have  assumed  that  at  least  part  of 
an  auroral  arc  may  be  represented  by  a  two-circuit  current 
wedge  between  Ihe  ionosphere  and  magnetosphere.  A  quasi- 
slalionary  situation  is  assumed  which  implies  that  the  dusk- 
ward  current  in  Ihe  magnetosphere  is  consistent  with  an 
earlhwaid  pressure  gradient  while  the  eanhward  magneto- 
spheric  current  is  menial.  Our  model  is  not  complete  as  this 
inertia  current  requires  specification  of  a  radial  eleclric  field 
gradient  in  the  equatorial  plane.  This  might  be  determined  by 
a  mure  complete  model  of  auroral  arc  structure  or  by 
incorporating  a  global  model  of  plasma  convection.  The 
good  agreement  of  our  stalie  mrxiel  with  an  auroral  arc 
already  undergoing  breakup  [Marklund  el  al  ,  1983)  implies 
that  inductive  effects  were  still  weak  even  some  minutes 
after  breakup. 

We  need  lo  make  a  few  final  points.  We  have  ignored  a 
ciiirenl-vollage  relation  in  the  cast-west  circuit  in  the  equa- 
liirial  plane  for  Ihe  simple  reason  we  do  not  presently  know 
how  lo  quantify  it  Overall  consistency  in  this  circuit  is 
maintained  by  adjusting  L,,  the  distance  over  which  the 
westward  current  clo.ses  into  the  magnetosphere.  Knowl¬ 
edge  of  Ihe  equatorial  currenl-vollage  relation  would  fix  L, 
rather  than  arbitrarily  selling  it  al  one  third  Ihe  east-west 
extent  of  the  arc  as  is  done  here.  It  is  interesting  lo  note  that 
/.,  scales  Ihe  size  of  the  expected  hot  spot  at  the  western 
wedge  boundary.  Increasing  L,  could  give  Ihc  appearance  of 
eastward  propagation.  We  speculate  that  Ihe  prebreakup  arc 
forms  near  the  inner  edge  of  Ihe  plasma  sheet  where  radial, 
mure  intense  eleclric  field  gradients  are  expected.  Another 
speculation  is  that  Ihe  eanhward  convection  of  electrons 
may  cause  them  lo  exceed  Iheir  whistler  self-excitation  limit. 
The  resulting  precipitation  causes  a  local  conductivity  en¬ 
hancement  in  Ihe  ionosphere  that  favors  the  diversion  of  the 
cross  iatl  current.  If  Ihe  cross-tail  eleclric  field  is  sufficiently 
strong,  a  quasi  steady  stale  current  wedge  can  form  as 
shown  by  our  model  The  picture  is  that  of  an  azimuthal  slice 
ol  field  lutes  that  arc  displaced  earthward  due  to  Ihe  current 
diversion.  Breakup  probably  commences  when  the  associ 
ated  cqitatoriiil  ions,  which  must  also  be  depicted  to  maintain 
charge  iicitlraliiy.  cause  a  pressure  imbalance  and  Ihe  mag 
neiic  field  lines  move  inward  We  do  nol  yet  understand  the 
lime  evolution  of  this  process,  hut  we  can  with  Ihe  present 
model  esliinale  Ihe  initial  properties  of  Ihe  breakup  arc  from 
magneiospheric  and  ionospheric  conditions 

Al  iiffiH/ei/gmefifi.  We  wtiulil  like  In  aeknowled|c  hetpfiil  dis 
eusHins  with  W  i.  Burke.  N  MaynaiJ.  M  Hetneman.  0  Sisvne. 
•ind  (f  Hnstoker  One  nf  us  IM  H  S  I  wniild  like  lo  acknowledge 
Mipfviii  Irnm  ihc  Air  Force  cnniracl  I-  l'tb2X-K?  K-tlltst  The  relerccs 
were  .ilsn  lielpliil  in  ni.ikiiig  Ihe  inaitiiseripl  more  rcarJable 
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ABSTRACT 

We  find  that  ions  EXB  drifting  througli  an  auroral  arc  can  undergo  transverse  acceleration 
and  stochastic  heating.  This  result  is  very  analogous  to  recent  work  regarding  similar  phe¬ 
nomena  in  the  magnetotail  (Buchner  and  2felcnyi  (1990),  Chen  and  Palmadesso  (1986)  and 
Brittnacher  and  Whipple  (1991)).  An  analytic  expression  for  the  maximum  arc  width  for 
which  chaotic  behavior  is  present  is  derived  and  numerically  verified.  We  find,  for  example, 
that  a  1.5  km  thick  arc  at  A  =  65*  requires  a  minimum  potential  drop  of  3  Kv  for  trans¬ 
verse  ion  acceleration  and  heating  to  occur.  Thicker  arcs  require  higher  potential  drops  for 
stochasticity  to  occur.  This  mechanism  could  be  a  partial  cause  for  ion  conics. 
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I.  IN  TRODUCTION 


The  theory  of  auroral  arcs  has  progressed  along  many  lines  of  thought:  electrostatic 
shocks  (Swift  1979,1988;  Kan  1975);  double  layers  (Block,  1972;  Borovsky,  1983;  Singh  rt 
al.,  1987);  Alfven  wave  propagation  (Lysak  1990;  Seyler  1990)  ;  the  formation  of  a  small 
current  wedge  (Rothwell  et  al.,  1991)  and  viscuous  interaction  at  the  magnetopause  (  Lotko 
et  al.,  1987).  In  simple  terms  the  arc  is  analogous  to  a  fountain  that  rises  to  some  height  at 
the  center,  spreads  out  at  the  top  and  then  is  returned  over  an  extended  area.  The  presence 
of  a  conductive  ionosphere  and  the  complex  interaction  of  the  associated  fields  and  particles 
makes  the  problem  very  complex.  A  self-consistent  model  of  an  auroral  arc  should  include 
a  mechanism  for  generating  the  field- aligned  potential  drop  associated  with  the  arc  and  a 
description  of  how  the  associated  currents  arc  conserved,  including  ionsplieric  effects.  In  this 
paper  we  address  the  additional  complication  that  an  auroral  arc  may  not  be  self-contained. 
We  find  that  it  modifies  the  ion  population  that  is  EXB  drifting  through  it.  The  drifting 
ions,  on  the  other  hand,  affect  the  charge  distribution  inside  the  arc  and,  hence,  the  potential 
distribution  itself.  We  will  examine  the  effect  of  the  arc  on  the  ions  in  analogy  with  similar 
effects  in  the  magnetotail. 

Recent  studies  of  Speiser  type  orbits  in  the  magnetotail  have  been  shown  to  exhibit 

chaotic  type  behavior  (Buchner  iind  Zelenyi  (1990),  Chen  and  Palmadesso(1986)).  This 

occurs  when  an  ion  makes  a  transition  from  gyrtxting  solely  on  one  sirle  of  the  neutral  sheet 

to  gyrating  on  both  sides  of  the  neutrfil  .sheet  (Speiser  orbit).  This  transition  is  extremely 

sharp  as  is  seen  from  Figure  1  of  Rothwell  and  Yates  (1984)  and,  in  fact,  corresponds  to  a 

point  in  direct  analogy  with  the  unstable  equilibrium  of  a  simple  harmonic  oscillator.  It  is 

well  known  that  in  the  latter  case  if  one  places  a  pendulum  so  that  its  weight  is  directly 

above  the  pivot  point  then  upon  release  the  pendulum  may  either  oscillate  back  and  forth 

or  rotate  about  the  pivot  point.  Which  mode  is  taken  is  so  sensitive  to  the  initial  conditions 
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that  it  ia  impossible  to  predict.  The  boundary  in  phase  space  that  separates  the  two  types  of 
motion  is  called  the  separatrix.  In  mathematical  terms  placing  a  pendulum  above  its  pivot 
point  is  equivalent  to  starting  it  at  a  hyperbolic  fixed  point  in  phase  space.  Lichtenberg 
and  Lieberman  (1983)  give  an  extensive  treatment  on  the  stochastic  nature  of  nonlinear 
harmonic  oscillators  near  hyperbolic  fixed  points.  From  a  difTerent  point  of  view  Brittnacher 
and  Whipple  (1991)  examine  the  discontinuity  in  the  invariants  of  motion  as  a  particle 
crosses  a  separatrix.  Their  work  was  ba.sed  on  earlier  work  by  Kruskal  (1962)  and  with 
specific  application  to  the  magnetotail  problem.  The  discontinuity  of  the  particle  motion  as 
it  crossed  the  separatrix  was  found  to  be  analogous  to  scattering. 

Here  we  apply  these  concepts  to  an  auroral  arc.  Visualize  ions  EXB  drifting  from  the 

magnetotail  towards  the  earth.  In  their  path  lies  an  auroral  arc  which  is  elongated  in 

the  east-west  direction.  In  the  earth-tail  direction  the  arc  is  assumed  to  have  a  U-shaped 

(gaussian)  potential  structure  (see  Figure  1).  The  subject  of  this  paper  is  to  determine 

response  of  the  ions  to  the  arc  as  they  pass  through.  For  simplicity,  it  also  assumed  that 

the  ions  pass  through  the  arc  in  a  time  short  compared  to  a  bounce  period.  This  allows  us 

to  treat  a  two  dimensional  problem.  The  coordinates  are  chosen  such  that  x  is  earthward,  y 

points  west  and  z  is  parallel  to  the  magnetic  field.  As  the  ion  enters  the  potential  structure 

an  earthward  electric  field  accelerates  it  and  at  the  same  time  imparts  an  eastward  drift.  See 

Figure  8a.  The  El,  electric  field  causes  the  ion  to  continue  drifting  through  the  arc.  When 

the  ion  encounters  the  tailward  electric  field  it  drifts  westward  and  eventually  escapes  the 

potential.  While  inside  the  well  the  ion  may  be  trapped.  In  that  case  when  the  ion  exits  the 

well  it  must  cross  a  separatrix  and  scatter  (Brittnacher  and  Whipple  (1991)).  The  cross-tail 

electric  field  E,  accelerates  the  ion  westward  while  it  is  undergoing  nonadiabatic  motion 

(scattering).  If  we  now  consider  an  ensemble  of  ions  entering  the  potential  well  and  recall 

that  in  the  vicinity  of  a  hyperbolic  fixed  point  motion  is  stochastic  then  we  can  umlerst.arul 
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how  a  net  westward  ion  acceleration  and  the  associated  heating  arise.  In  section  II  an  upper 
limit  is  found  for  the  scale  size  of  the  potential.  Below  this  limit  acceleration  and  stocha.stir 
heating  take  place,  but  of  above  this  limit  the  motion  is  adiabatic.  In  Section  III  a  ba.se 
set  of  inputs  are  chosen  and  appropriately  varied  to  show  that  this  upper  limit  is  a  good 
approximation.  In  this  section  we  also  show  that  below  the  limit  a  hyperbolic  fixed  point 
exists  and  that  it  causes  the  drifting  ions  to  scatter  as  in  the  manner  of  Brittnaclier  and 
Whipple  (1991).  In  Section  IV  we  give  our  conclusions. 
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II.  EQUATIONS 

The  equations  of  motion  in  component  form  are 


Af  (4  =«(£,  + v;b] 


(la) 


Afl^,  =«{£:,- 14  B|  (li) 

where  e  and  M  are  the  ion’s  cliarge  and  mass.  B  denotes  the  magnetic  field  in  the  postitive 
z-direction.  V=(V,’  +  V,’)'/*  is  the  ion  velocity.  E,  =  -V^(»)  where 


(2) 


and  Ey  in  equation  (lb)  is  considered  constant.  A  finite  E,  within  an  auroral  arc  has  been 
observed  by  Marklund  {1984)  and  others.  Since  x(t)  denotes  the  ion’s  position  and,  therefore, 
Et(x)=  E,(x(t))  we  may  combine  equations  (la)  and  (lb). 


(3) 


U)  = 


eB 

M 


We  gain  some  insight  into  the  physics  represented  by  equation  (3)  by  momentarily 
assuming  dE/dx  =  const.  Cole  (1976).  In  that  case  the  homogeneous  solutions  to  equation 
(3)  are  either  oscillatory  or  exponential  depending  on  whether  the  coefficient  of  V,  is  positive 
or  negative.  More  explicitly,  if  (Cole,  1976) 


i-lE 

M  dz 


(4) 


then  the  electric  potential  has  a  dominating  effect  on  the  ion  motion.  From  equation  (2) 
and  Figure  1  we  see  that  in  our  problem  the  ions  initially  encounter  a  positive  ramp  in 
Er.  Therefore,  equation  (4)  is  an  approximation  to  the  value  of  this  dE/dx  above  which  we 
expect  to  see  nonadiabatic  effects, 

6 


-184- 


We  appoximale  dE/dx  by 


dE 

dx 


using  equation  (2).  Therefore,  equation  (4)  is  satisfied  if 


(■'■>) 


(f.) 


Below  we  verify  equation  (6)  by  varying  B.M,  and  and  show  that  it  is  a  reasonable 
indicator  between  the  adiabatic  and  nonadiabatic  regimes. 

L|  can  also  be  found  by  linearizing  the  potential  given  in  equation  (2).  This  leads  to 
simple  harmonic  motion  near  x=0  which  can  be  in  resonance  with  the  gyrcinotioii.  By 
equating  the  electric  oscillator  frequency  with  the  gyrofrequency  we  find  that  the  condition 
for  resonance  is  the  same  condition  as  given  by  equation  (6)  to  within  a  numerical  factor.  A 
similar  bound  will  also  result  if  we  compare  the  maximum  amplitude  of  the  trocboidal  ion 
motion  in  the  electric  field  to  the  scale  L,  i.e.  when  ((E,„„/B)  (M/eB)  ~  L,)  .  For  shallow 
gradients  the  ions  follow  an  adiabatic  trajectory  through  the  potential  well  and  no  net  energy 
exchange  takes  place.  It  is  only  when  equation  (4)  is  sulTiciently  satisfied  that  significant 
entrapment  in  the  potential  well  takes  place  and  stochastic  heating  and  acceleration  occur 
as  the  ions  pass  through  the  vicinity  of  the  hyperbolic  fixed  point  as  discussed  above. 
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III.  RESULTS 


Mathematical  Preliminaries  The  equations  of  motion  were  numerically  integrated  using 
a  step-wise  adaptive  technique  with  a  fourth  order  Runge  Kutta  method  as  described  by 
Press  et  al.  (1986).  At  each  step  of  the  integration  procedure  tlie  total  energy 

Et  =  (7) 

was  calculated  and  compared  to  the  initial  total  energy.  The  accuracy  of  the  integration 
procedure  was  adjusted  to  keep  the  ma.xiiiiiim  error  in  the  total  energy  below  2  parl.s  in  a 
thousand.  With  this  criterion  it  took  between  30s  and  one  minute  to  trace  one  ion  using  an 
IBM  Compatible  386  personal  computer. 

The  Hyperbolic  Fixed  Point  We  now  wi.sh  to  illustrate  the  presence  of  the  hyperbolic 
fixed  point.  Figure  2a  shows  the  results  in  coordinate  space  for  two  200  ev  0+  ions  that  start 
100  meters  (0.002  L,)  apart  500  kilometers  (-10  L,)  downstream  of  the  potential  well.  (L, 
=  50  km).  They  then  EXB  drift  towards  the  potential  well.  (B=144  nT).  After  scattering 
through  the  separatrix  the  ions  are  separated  in  the  y-direction  by  387  kin.  Figures  2b  and 
2c  show  pha.se  space  plots  of  the  two  ion  trajectories.  Note  that  the  ion  with  the  smaller 
y-displacement  (Figure  2c)  bearly  escaped  the  potential  well  while  the  ion  with  the  larger 
y-displaccinent  (Figure  2b)  remained  narrowly  trapped  and  oscillated  in  the  well  structure 
one  more  time  before  exiting.  During  this  one  bounce  it,  of  course,  was  gaining  additional 
energy  from  E,  (1  mv/m).  By  superimposing  both  ion  trajectories  in  an  exploded  view  near 
where  the  qiiasi-discontinous  motion  appears  the  hyperbolic  nature  of  the  two  trajectories  is 
readily  apparent  (Figure  2d).  This  is  the  hyperbolic  fixed  point.  The  analogy  to  scattering 
as  proposed  by  Brittnacher  and  Whipple  (1991)  is  clearly  apparent. 

Acceleration  and  Stochastic  Heating  There  are  six  variables  that  affect  the  ion  trajectory  : 

Lr,  the  size  of  the  potential  well;  E^,  the  cast-west  electric  field;  the  depth  of  the  potential 

well;  <(  ,  the  initial  kinetic  energy  of  the  ion  before  it  enters  the  potential  well;  M,  the  ion 
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mass;  and  B,  the  local  magnetic  field  strength.  An  initial  base  result  is  established  and  then 
tested  for  sensitivity  to  changes  in  each  of  the  parameters.  The  initially  chosen  values  are 
=  3  Kv,  (j=  200  ev,  E,  =  1  mv/m,  B  =  144  nT,  and  M  =  16  (0+).  We  then  scanned  in  L, 
to  determine  the  region  of  nonadiabatic  behavior.  For  each  value  of  L,  we  followed  100  ions 
randomly  chosen  over  an  interval  of  2R,  (R,  =  ion  gyroradius).  This  interval  is  centered  <  - 
6Lr  from  the  well  center.  Each  ion  is  started  with  its  velocity  pointing  along  the  x-axis  and 
with  y=0.  Figure  3  shows  the  results  for  the  base  run.  The  circles  denote  the  mean  values 
of  the  exit  energy  (/  and  the  triangles  and  squares  denote  the  one  standard  deviation  limits. 
Note  that  the  energy  distribution  will  generally  not  be  Maxwellian  so  that  these  limits  may 
not  correspond  to  true  temperatures.  However,  they  do  indicate  the  relative  importance 
of  heating.  We  see  that  there  is  a  maximum  heating  and  acceleration  at  about  L,  =  140 
km.  L»  is  the  threshold  value  of  L,  as  given  by  equation  (6).  L«  corresponds  to  the  ion 
gyroradius  (56  km).  The  upper  limit  I,,,  which  has  an  actual  value  of  155  km,  does  not 
exactly  correspond  to  the  break  between  adiabatic  and  nonadiabatic  motion  at  ~  200  km. 
We,  therefore,  rescale  L»  to  agree  with  the  base  case  (Figure  3)  and  test  this  agreement  by 
changing  the  values  of  B,  M,  and  as  shown  in  equation  (6).  For  example,  if  we  change 
and  B  as  shown  in  Figures  4  and  5  then  we  see  that  L»  scales  as  expected.  However,  for 
the  M=  I  (protons)  case  shown  in  I'igure  6  L*  is  ~20  %  too  high  which  indicates  a  mass 
dependence  in  U  more  complex  than  that  shown  in  equation  (6).  We,  therefore,  conclude 
that  the  upper  limit  given  by  equation  (6)  is  a  re^conable  estimate  of  the  threshold  between 
adiabatic  and  nonadiabatic  motion.  Having  established  this  we  can  then  use  equation  (6) 
to  estimate  the  maximum  arc  thickness  underwhich  ion  acceleration  and  heating  will  occur. 
This  will  be  done  in  Section  V. 

Single  Ion  Trajectories  Now  we  take  three  single  ion  trajectories  for  the  base  case  shown 

in  Figure  3  ;  L,  =  10  km,  L,  =  110  km  and  L,  =  400  km.  These  three  ca.scs  allow 
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a  comparison  between  the  acceleration/heating  regime  and  the  non-acceieration/lieating 
regimes.  For  the  L,  =  10  km  case  sliown  in  Figures  7a  and  7b  we  see  that  although  there  is 
signiHcant  trapping  by  the  potential  well  (Figure  7b)  there  is  little  drift  in  the  -y-direction 
(Figure  7a).  Therefore,  E,  does  not  significantly  interact  with  the  ions  in  contrast  to  the 
next  case.  The  x-coordinate  tic  marks  in  Figures  7a  and  7b  are  in  units  of  Rj.  Note  L,  ~ 
0.2  Rc  so  that  the  ion  executes  only  a  small  part  of  its  gyromotion  while  being  trapped  in 
the  well.  In  other  words,  the  potential  well  introduces  a  relatively  small  perturbation  on  the 
gyromotion  although  there  is  still  some  scattering  as  the  ion  crosses  the  separatrix.  This  is 
seen  as  residual  heating  at  low  values  of  L.  as  seen  in  the  base  plot  (Figure  3  ). 

The  second  case  (  L*  >  2.5  R^  )  results  are  shown  in  Figures  8a  and  8b  .  The  tic 
marks  shown  here  are  units  of  L,  =  HO  km.  Note  from  Figure  8b  how  the  gyromotion  is 
dominated  by  the  electric  potential.  As  the  ion  EXB  drifts  in  the  -y-direction  it  becomes 
more  entrapped  by  the  potential  well  (Figure  8a).  Note  that  the  -y-drift  distance  is  more 
than  9L,.  The  drift  in  y  as  previously  slated  is  controlled  by  the  reverse  electric  fields  inside 
the  well.  It  is  the  beating  of  the  gyromotion  with  the  trapping  inside  the  potential  weU  that 
makes  the  ion  trajectories  so  phase  sensitive  subject  to  stochastic  behavior. 

The  third  case  (L,  =  8  R.)  results  are  shown  in  Figures  9a  and  9b  .  Again  the  units 
are  in  multiples  of  L,.  Here  it  is  apparent  that  the  gyromotion  dominates  even  in  the 
regions  of  positive  dE/dx.  The  ions  are  never  decoupled  from  the  magnetic  field  as  they 
were  in  the  second  case.  Here  they  simply  adiabatically  drift  back  and  forth  in  y  following 
an  equipotential  contour. 
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IV.  CONCLUSIONS 


Here  we  have  applied  the  ch.iotic  properties  of  the  nonlinear  harmonic  oscillator  to 
an  auroral  arc.  The  associated  hyperbolic  fixed  point  was  explicitly  determined  and  the 
resonance  type  behavior  of  the  ion  acceleration  and  heating  demonstrated  and  explained. 
Although  equation  (6)  was  approximate,  it  was  shown  to  scale  properly  in  the  exact  c.ase. 
Therefore,  we  use  it  as  a  measure  for  the  onset  of  chaos  in  an  auroral  arc.  For  example,  if 
we  assume  the  field-aligned  potential  drop  is  located  at  approximately  2.5  Rg  at  A  =  65°. 
The  B-field  value  is  3.7xlO"'T.  From  equation  (6)  we  obtain  Lj  =  m.  The  scale 

factor  is  about  a  factor  of  four  for  a  flipole  field  so  at  the  ionosphere  we  have 

/„.  =  27.7(^.)'/^m  (8) 

If  =  3Kv  then  L»i  =  1.5  km.  Mapping  this  up  to  2.5  Re  we  have  Lj  =  6  km  which  is 
2.7  R,  for  an  O'*’  (200  ev)  ion.  This  is  consistent  with  Figure  3.  Therefore,  moderate  field- 
aligned  potential  drops  are  adequate  to  cause  drifting  ions  to  be  transversely  accelerated 
and  heated.  Thicker  arcs  require  a  higher  value  of  in  accordance  with  equation  (8). 
Whether  this  could  be  related  to  substorm  onsets  is  an  open,  but  interesting  question.  Also 
low  altitude  ion  acceleration  and  stochastic  heating  could  be  an  important  source  for  ion 
conics  (Lysak,  1981;  Yang  and  Kan,  1983;  Borovsky,  1981).  Mozer  et  al.  (1980)  notes  the 
experimental  observation  of  electric  field  gradients  that  satisfy  equation  (4).  Finally,  we 
note  that  the  expected  presence  of  turbulence  inside  the  arc  should  add  to  the  stochastic 
heating  determined  here.  Also  from  Figures  2b  and  2c  it  is  apparent  that  trapped  ions  will 
modify  the  charge  distribution  insifle  the  arc  and,  hence,  the  potential  structure. 
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FKJUIIB  CAPTIONS 


FIGURE  1.  The  auroral  arc  potential  structure  and  the  associated  electric  field.  The 
abscissas  denote  the  x-coordinate  in  units  of  L,  while  the  ordinates  are  in  units  of  and 
respectively.  Note  the  reversed  electric  field  profile  that  imposes  a  nonlinear  hariiioiiic 
component  on  the  ion  motion. 

FIGURE  2.  Explicit  representation  of  the  hyperbolic  fixed  point  associated  with  the 
nonlinear  harmonic  motion  produced  by  the  potential  structure  shown  in  Figure  1.  (a) 
Highlights  the  sudden  bifurcation  in  the  trajectories  of  two  ions  that  are  started  0.002  h, 
units  apart  10  F,  units  (L,  =  50km)  upstream  of  the  potential.  A  net  displacement  in  the 
y-direction  implies  a  net  gain  or  lo.ss  of  particle  energy  due  to  R, .  (b)  Pha.se  spare  plot  for 
the  ion  that  exited  the  potential  with  the  largest  y-displacemcnt  in  (2a).  Note  that  the  ion 
just  barely  missed  escaping  the  potential  and  executed  one  more  oscillation  in  comparison 
with  the  other  ion  shown  in  (2c).  This  allowed  the  ion  shown  in  (2b)  to  gain  additional 
energy  from  E,.  V,  is  the  thermal  energy,  (c)  Phase  space  plot  for  the  ion  that  exited  the 
potential  well  with  the  lower  kinetic  energy,  (d)  By  superimposing  these  two  trajectories  in 
an  exploded  view  the  hyperbolic  fi.xcd  point  is  clearly  evident. 

FIGURE  3.  Base  plot  for  the  ion  (0+)  exit  energy  as  a  function  of  L,  (meters).  For 
each  value  of  L,  100  ions  were  drifted  through  the  potential  structure  shown  in  Figtire  1 . 
The  circles  denote  mean  values  while  the  triangles  and  squares  represent  a  one  st.andard 
deviation  from  the  mean.  L,  denotes  the  ion  gyroradius.  U  denotes  an  upper  threshold  to 
nonadiabatic  motion  as  describedln  the  text.  The  inputs  for  this  base  run  were  M  =  16,  F,, 
=  1  mv/m,  B  =  1.44  X  lO'^T,  =  3k V.  These  input  values  were  also  used  for  the  resrdts 
shown  in  Figure  2. 

FIGURE  4.  The  effect  seen  in  Figtire  3  is  clearly  enhanced  if  the  depth  of  the  poteii.ial 

well  is  increased  from  3  kV  to  6  kV.  Note  that  L»  is  shifted  consistent  with  the  sq\iare  root 
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dependence  found  in  the  text. 

FIGURE  5.  This  figure  is  the  same  as  Figure  3  except  that  the  B-field  value  has  been 
doubled.  Note  that  Lt  follows  the  transition  between  nonadiabatic  and  adiabatic  motion 
consistent  with  an  inverse  B-dependcnce  as  found  in  the  text. 

FIGURE  6.  Same  as  Figure  3  except  now  M  =  1.  Again  note  the  scaling  of  L*.  U  is 
at  SOktn  instead  at  ~  42km.  This  is  an  error  of  about  20  %  which  is,  no  doubt,  reflects  tiie 
simplicity  of  our  assumptions  in  deriving  L|. 

FIGURE  7.  (a)  A  coordinate  space  plot  of  an  ion  trajectory  for  which  L,  =  10  km 
and  for  the  parameter  values  as  given  in  Figure  3.  (b)  The  corresp>onding  phase  space  plot. 
Note  that  although  the  potential  traps  the  ion  it  only  causes  a  minor  perturbation  in  its 
gyromotion.  The  resulting  limited  excursion  in  y  accounts  for  the  diminished  acceleration 
and  heating  observed  at  lower  values  of  L»  in  Figure  3. 

FIGURE  8.  Coordinate  (a)  and  plia.se  space  plots  (b)  of  an  ion  trajectory  such  that  L* 
=  140  km  which  corresponds  to  the  region  of  maximum  acceleration  and  heating  as  seen 
in  Figure  3.  Note  the  large  displacement  in  the  -y  (eastward)  direction  with  significant 
oscillation  in  the  x-component.  The  key  point  here  is  that  as  the  ion  enters  the  potential  the 
electric  field  has  a  mucli  greater  effect  on  the  ion  trajectory  than  the  magnetic  field.  This  is 
seen  in  both  (a)  and  (b). 

FIGURE  9.  Coordinate  (a)  and  phase  .space  plots  (b)  of  an  ion  trajectory  where  L,  = 
400  km.  This  corresponds  to  the  adiabatic  region  shown  in  Figure  3.  Note  in  (a)  the  ion 
is  e.xecuting  almost  pure  EXB  drift  in  the  y-direclion  with  only  a  limited  extent  of  x  being 
traversed  during  each  gyroperiod.  Therefore,  the  ion  is  simply  following  an  equipotential 
contour. 
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The  Dynamics  of  Charged  Particles  in  the  Near  Wake 
of  a  Very  Negatively  Charged  Body — Laboratory 
Experiment  and  Numerical  Simulation 

M.  ALVIN  MORGAN.  CHUNG  CHAN,  senior  member,  ieee.  DAVID  L.  COOKE, 

AND  MAURICE  F.  TAUTZ 


Abfiraet^fi  numcriril  !clmulitloii  thti  H  c>lln<1rlcil  In  cnnftfturtilion 
spac«  and  3-D  (r,«  r,«  r.)  in  vclocK>  space  has  been  initialed  to  test  a 
model  for  the  ncar«wakc  d.vnamks  of  a  very  neitotively  charged  body. 
The  simulation  paramcteri  were  closely  matched  to  (hose  of  a  labora¬ 
tory  experiment  so  that  the  results  may  be  compared  directly.  It  was 
found  from  (he  laboratory  study  that  the  electrons  and  Ions  can  display 
dllfcreni  temporal  features  In  the  fliling-ln  of  the  wake;  and  that  they 
both  can  be  found  la  the  very  near-wake  region  (within  one  body  di¬ 
ameter)  of  an  object  with  a  highly  negative  body  potential.  We  have 
also  found  that  the  temperature  of  the  electrons  In  the  very  near  stake 
could  be  somewhat  colder  than  the  ambient  value,  suggesting  the  pos¬ 
sibility  of  a  ftllerlng  mechanisai  being  operative  there. 

The  simulation  results  (o  date  largely  corroborate  the  density  And- 
Ings  In  terms  of  the  presence  of  an  enhancement  for  both  Ions  and  elec¬ 
trons  and  in  Its  location.  There  h  reason  to  think  toe  that  additional 
agreements  can  be  realised  If  two  key  elements'-tbe  Inclusion  of  a  2- 
eompenent,  source  elcctren  distribution  In  the  simulation  and  nn  nn- 
dertUndlng  uf  (be  perturbation  Imposed  by  the  diagnostic  probe  itself 
on  the  cxperl(iient>-can  be  achieved.  This  b  an  ongoing  process.  Re- 
tnlts  from  both  the  laboratory  experiment  and  the  numerical  Simula- 
(ton  will  be  presented,  nnd  a  model  that  accommodates  these  findings 
win  be  discussed. 

I  Introduction 

HE  need  (o  further  understand  the  plasma  environ¬ 
ment  surrounding  spacecrafts  has  been  recognized  for 
sometime  now.  With  the  resumption  of  shuttle  flights  into 
near-earth  orbit,  and  the  wide  variety  of  experiments  (hat 
are  to  be  carried  out  in  its  wake  or  within  that  of  (he 
planned  space  alation,  it  is  becoming  imperative  that  this 
information  be  acquired.  Hester  and  Sonin  |l].  Samir  ei 
at.  [2],  and  Stone  (3]  are  foremost  among  those  who  have 
repotted  on  experiments  that  seek  to  relate  laboratory 
wake  phenomena  to  (he  space  environment.  Others,  in¬ 
cluding  Martin  (4]  and  Parker  (5]  have  sought  to  gain 
some  insight  into  (he  physics  of  plasma  wakes  by  means 
of  numerical  simulation.  To  date,  however,  there  has  not 
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been  mucf  allenlion  given  to  corroborating  numerical 
simulation  results  with  laboratory  findings.  A  key  reason 
for  wanting  to  do  this  would  be  to  obtain  some  assurance 
that  a  numerical  model  can  indeed  provide  results  that  are 
realistic:  one  could  actually  test  the  code  with  some  known 
parameters  and  compare  the  results.  Conversely,  if  the 
model's  efficacy  is  established,  then  one  might  want  to 
see  how  well  the  laboratory  results  conform  to  the  model . 

This  paper  is  an  update  of  our  ongoing  elTort  to  under¬ 
stand  the  dynamics  of  charged  particles  in  the  near  wake 
of  a  very  negatively  charged  body.  In  previous  publica¬ 
tions,  we  reported  on  the  temporal  evolution  of  electron 
and  ion  streams  within  one  body  radius  in  the  wake  of  a 
metallic  disc  placed  in  a  flowing  plasma  [6];  and  on  the 
variability  of  the  electron  temperature  in  the  same  region 
depending  on  the  characteristics  of  the  surrounding  plasma 
|7).  Here,  we  briefly  review  these  recent  and  entirely  un¬ 
anticipated  findings,  present  some  results  from  a  steady- 
state  numerical  simulation  (that  incorporated  much  of  the 
experimental  parameteis,  including  the  finite  U>undary 
and  the  wall  potential)  which  corroborate  the  steady-si.alc, 
electron,  and  ion  density  findings,  and  propose  a  model 
that  links  these  results  together.  The  organization  of  the 
subsequent  material  is  as  follows;  Section  II  contains  a 
brief  description  of  the  experimental  configuration  and  the 
experimental  results.  Section  III  describes  in  short  order 
the  numerical  model  and  technique  that  were  used  to  carry 
out  a  computer  simulation  of  the  experimental  scenario. 
The  simulation  results  achieved  to  ('ate  are  also  pre.sented. 
A  discussion  of  the  laboratory  and  simulation  results  then 
follow,  in  the  closing  Section  IV. 

II.  Experimental  Configuration  and  Results 

Our  experiments  were  performed  in  a  pulsed  plasma 
stream  that  was  produced  in  the  modified  double  plasma 
device  shown  in  Fig.  I .  The  object  used  was  a  thin  ( thick¬ 
ness  <  0.5  cm)  aluminum  disc  of  radius  s  3.25  cm.  It 
was  suspended  in  the  middle  of  the  stream  5.0  cm  from 
the  plasma  entrance  into  the  target  chamber.  Readers  are 
referred  to  previous  publications  for  details  on  the  exper¬ 
imental  sei-up  and  diagnostics  (6),  and  on  the  specifics  of 
the  generated  plasma  |7].  For  the  particle  density  studies, 
the  typical  operating  parameters  were:  Plasma  source 
density  n,  s  10*  cm~\  average  plasma  stream  (target) 
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Fig  1.  Schemaiic  of  ihc  experimfnisi  devicc- 


•I  Z/R,  ••  (1  g. 


density  n,  =  lO’-IO’ cm ambient  electron  temperature 
~  2-4  eV  and  ion  temperature  Tj  s  0.3  eV;  ion  (low 
velocity  (o,)  «  1  -»  2c,.  where  c,  is  the  ion-acoustic 
velocity;  Debye  length  (Xo)  =  0.33  cm,  and  tjie  steady- 
state  floating  potential  of  the  object  was  s  -20  -  ~25 
V.  The  ratio  of  the  ion  flow  energy  to  the  object  potential 
energy— subsequently  referred  to  as  the  A  parameter— was 
<1.0. 

Figs,  2  and  3  are  illustrative  of  the  results  obtained  for 
electron  and  ion  current  density  in  this  plasma  regime. 
The  figures  both  infer  particle  density  at  a  fixed  loc.nion 
iZ/Rn  =  0.8 )  in  time,  from  30  to  100  ps  for  the  electrons 
and  to  500  ps  for  the  ions.  The  salient  points  here  arc  that 
I)  a  strong  enhancement  in  density  for  boih  particles  in 
the  wake  is  evident  at  this  location  Indeed,  it  can  be  seen 
that  at  70  ps  for  the  electrons  and  55  ps  for  the  ions,  the 
wake  density  exceeds  the  ambient  density  in  magnilude. 


7./H^  =  OR 


100  pt 
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AMO  100  f% 


ih) 

f'f  ^  (•>*<<  rO:  Trao.ivertf  plrctmn  currmi  drn^iiy  profile  at  *00  ns 
and  3,0cm(7/ffo  *  09)  behind  di^c  (h)  >  1 .0-.  Transverse  electron 

current  density  profile  at  100  m*  and  3  0  cm  (7/^0  0  9)  behind  disc, 

(f)  Energy  analyrer  probe  location  for  ambient  data  (|)  Energy  analyzer 
probe  location  for  wake  data. 

2)  the  electrons'  profile  exhibits  a  double  peaking  feature, 
suggestive  of  crossing  electron  streams  but  which  may  be 
due  to  other  factors  ihni  arc  absent  in  the  ion  proliles. 
Only  a  single  ion  enhancement  peak  was  ever  observed  in 
these  experiments.  3)  it  is  noted  that  whereas  the  electron 
profiles  exhibit  .in  electron  void  in  the  w.ikc  at  .31)  yis.  the 
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Fl|.  5.  A  <  1.0;  Erieffy  tnilyter  probe  !TiC€»  of  •mbitnl  tod  w»ke.  elec* 

Iron  4au  «t  3.0  cm  (Z//f«  *  0.9)  and  time  (t)  300  ttn:  (b)  lOQ  pit:  and 

(e)  70  Kt. 

equivalent  ion  profile  displays  a  significant  ion  enhance¬ 
ment.  This  strongly  suggests  that  particle  enhancement 
occurs  first  with  the  ions  and  subsequently  with  the  elec¬ 
trons. 

In  the  electron  temperature  experiments  two  plasma  re¬ 
gimes  were  investigated.  One  regime  corresponded  to  iliat 
used  for  the  aforementioned  temporal  studies  as  outlined 
above.  In  the  other,  v,  was  increased  to  3  -•  5c,  and 
was  »  —10  V,  such  that  A  =  2.0  -*  3.0,  or  A  >  10. 
Fig.  4(a)  for  the  ri  <  1.0  regime  and  Fig.  4(b)  for  A  > 

1 .0  effectively  summarize  the  contrast  between  the  two 
plasma  regimes  in  terms  of  the  near- wake  density.  They 
show  the  electron  current  density  profiles  as  obtained  by 
scanning  transversely  at  3.0  cm  (Z/Rq  =  0-9)  behind  the 
disc;  as  can  be  seen  in  Fig.  4(b),  the  density  profile  dis¬ 
plays  a  void  in  the  wake  with  respect  to  the  ambient  den¬ 
sity.  This  is  in  sharp  contrast  to  the  profile  shown  in  Fig. 
4(a)  for  which  a  density  enhancement  in  the  region  is 
clearly  evident. 

Figs.  5  and  6  show  the  electron  energy  distribution  for 
the  .4  <  1.0  and  yf  >  1.0  regimes,  respectively,  at  the 
location  (Z/Ho  0.9)  of  Fig.  4.  It  was  found  that  in  both 
regimes  the  energy  distribution  consists  of  a  Maxwellian 
bulk  population  at  the  plasma  potential,  and  another  pop¬ 
ulation  of  hotter-tail  electrons.  However,  the  location  at 
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Fig.  6.  <  1 .0;  Energy  analyzer  probe  itaccs  of  ambieni  and  wake,  elec¬ 

tron  data  at  3.0  cm  {Z/R^  «•  0.9)  and  time  (a)  500  p%:  (b)  100  ms:  and 
(c)  70  M»- 

which  this  is  true  is  different  for  the  two  regimes.  As  a 
result,  while  the  ambient  temperature  is  clearly  colder  than 
that  of  the  wake  region  in  the  A  >  1 .0  regime,  the  con¬ 
verse  is  true  in  the  A  <  1.0  instance.  It  is  .seen  then  that 
forA  <  1,  a  large-density  enhancement  in  the  near  wake 
corresponds  to  cold  ambient  electrons  being  drawn  into 
the  region.  On  the  other  hand,  in  the  absence  of  any  near¬ 
wake  density  enhancement,  the  electron  temperature  in 
the  region  could  be  even  hotter  than  the  ambient  value  due 
to  the  presence  of  a  hot-tail  component  in  the  bulk  elec¬ 
tron  distribution  of  the  flowing  plasma. 

III.  Numerical  Model,  Simulation  Technique, 
AND  Simulation  ResuLts 

In  order  to  further  verify  the  results  that  were  achieved 
in  the  experiments,  a  full  computer  simulation  of  the  ex¬ 
perimental  scenario  was  initiated.  The  approach  taken  was 
to  model  the  plasma  kinetically;  that  is,  the  net  motion  of 
many  interacting  particles  was  regarded  as  the  determin¬ 
ing  factor  in  the  plasma  flow.  The  laws  of  mechanics  are 
therefore  applied  to  the  individiiai  particles  of  the  ensem¬ 
ble,  and  statistical  techniques  are  then  used  to  determine 
the  net  movement  of  the  bulk  plasma.  As  such,  the  rele¬ 
vant  equations  that  govern  panicle  behavior  in  a  rarefied 
pla.sma  flow  with  singly  ionized  ions  and  electrons  sur- 
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rounding  an  object  are  I)  the  Vlasov  equations  for  both 
ions  and  electrons  which  provide  the  local  values  of  both 
species,  and  2)  Poisson's  equation,  which  governs  the 
electric  potential.  Since  the  thermal  velocity  of  the  elec¬ 
trons  ( s  lO"  cm /s )  significantly  exceeds  the  plasma¬ 
streaming  velocity,  which  is  on  the  order  of  the  ion- 
acoustic  velocity  (i.e.,  u,  »  2c,  =  (5)10’  cm/s,  where 
c,  =  ion-acoustic  velocity),  it  is  therefore  usual  to  con¬ 
sider  the  elections  to  be  in  thermal  equilibrium  and  to  have 
a  Maxwell-Boltzmann  energy  distribution  so  that 


where  n  =  initial  stream  electron  density,  and  n  =  elec¬ 
tron  thermal  velocity. 

The  local  electron  density  is  then  given  by 

i)  =  "o  exp  [(#d'(x.  l)/KT,)\.  (2) 

The  ion-energy  distribution  cannot  be  as  easily  speci¬ 
fied.  for  there  is  no  ready  form  in  which  the  ion  density 
can  be  expressed.  The  local  ion  density  is  thus  expressed 
as 

=  (3) 

where /  is  to  be  determined. 

Substituting  (2)  and  (3)  into  Poisson's  equation,  one 
gets 

=  4x«|^no  exp  (e+/Arr,)  -  |/jdr.'j  (4) 

which  is  solved  along  with  the  Vlasov  equation  for  ions, 

f  +  t'.  •  +  -  7*  •  =  0.  (5) 

at  m, 

It  is  then  necessary  to  solve  (4)  and  (5).  subject  to  the 
appropriate  boundary  conditions,  to  get  self-consistent 
values  for/1,,  n,,  and  ♦. 

In  general,  four  boundary  conditions  are  required  to  ob¬ 
tain  a  solution.  The.se  are  as  follows: 

1)  The  potential  on  the  body;  i.e.,  ♦(/? )  =  where 
R  =  body  radius,  and  ♦,  =  surface  potential. 

2)  The  potential  far  away  from  the  object,  usually  ex¬ 
pressed  as  <((00,  r),  but  necessarily  the  boundary 
potential  in  a  bounded  plasma. 

3)  The  distribution  function  for  ions,  far  away  from  the 
object  /(( 00,  u);  also,  it  is  just  the  distribution  func¬ 
tion  for  ions  at  the  edge  in  a  bounded^lasma. 

4)  The  distribution  that  describes  the  charged  ions 
leaving  the  surface  of  the  object— /;(^,  r>  >  0); 
where  =  velocity  of  the  emitted  ion  at  the  bound¬ 
ary  of  the  object;  i.e..  at  the  body  radius  R. 


Generally,  all  of  the  above  information  cannot  he  read¬ 
ily  known  and  some  assumptions  must  be  ntadc.  Tor 
boundary  condition  4,  for  example,  it  was  assumed  that 
the  object  surface  is  perfectly  conducting  to  incident  ions 
and  secondary  emission  was  ignored;  /  f /?,  r>  >  0)  was 
therefore  set  to  zero.  /(<»,  P),  on  the  other  hand,  was 
specified  to  be  a  drifting  Maxwellian,  given  by 


where  v,  is  the  plasma  flow  velocity. 

The  boundary  potential  was  set  at  - 1  KT„  which 
roughly  corresponded  to  the  actual  experimental  cham¬ 
ber-wall  sheath  value  and  the  object  body  potential  was 
set  at  a  steady-stale  value  of  -20  V. 

The  actual  solution  technique  used  was  the  "insidc- 
oul"  method  18).  Panicles  were  followed  from  a  point 
within  the  wake,  then  back  outside  into  the  ambient 
plasma  in  a  time-independent  fashion.  With  no  lime  de¬ 
pendency  the  distribution  function  along  the  panicle  tracks 
is  constrained  to  be  whatever  it  is  specified  to  be  in  the 
source  region,  thus  affording  a  means  of  solving  Vlasov's 
equation  to  obtain  panicle  densities.  The  program  used 
was  the  Mesolhermal  Auroral  CHarging  (MACH)  pro¬ 
gram.  It  is  an  adaptation  of  TDWAKE,  a  program  origi¬ 
nally  developed  for  the  National  Aeronautics  and  Space 
Administration  (NASA).  Currently  in  the  possession  of 
the  Space  Physics  Division  of  the  U.S  Air  Force  Geo¬ 
physics  Laboratory,  MACH  was  developed  in  pan  to 
study  the  sheath  structures  surrounding  large  bodies  in 
space.  It  is  2-D  (R.  Z)  in  configuration  space  and  3-D 
(v,,  V,,  t>i)  in  velocity  space. 

Computations  were  carried  out  in  a  cylindrical  mesh 
centered  on  the  object,  and  the  Vlasov  and  Poisson  equa¬ 
tions  were  solved  to  produce  electron  density,  ion  den¬ 
sity.  total  density,  and  electric  potential  at  each  iteration 
node  point.  The  machine  on  which  the  program  was  ex¬ 
ecuted  was  a  RIDGE-32  .supermini  computer. 

The  steady-state  results  for  the  electron  and  ion  density , 
as  obtained  by  inputting  the  parameters  for  the  <4  <  1 .0 
regime  of  the  experimental  study  and  iterating  in  a  cylin¬ 
drical  space  scaled  to  the  dimensions  of  the  plasma  cham¬ 
ber,  are  shown  in  Figs.  7  and  8,  respectively.  Corre¬ 
sponding  plots  from  data  taken  at  5(X)  /is  (the  longest  time 
for  which  experimental  data  was  available,  and  which  is 
essentially  steady  state  in  the  experiment)  are  shown  in 
Figs.  9  and  10.  It  is  clearly  seen  in  the  experimental  re¬ 
sults  that  a  density  enhancement  occurs  in  the  wake  region 
of  both  species;  in  addition,  the  location  at  which  this  is 
true  is  roughly  equivalent,  for  it  occurs  between  Z/Rg  = 
0.6 -*  1 .2  for  the  electrons,  and  between  Z/Ro  =  0.5  -• 
1.0  for  the  ions.  In  the  simulation  results,  some  density 
enhancement  is  also  seen  in  the  wake  region.  The  location 
at  which  this  occurs,  however,  is  a  little  further  down¬ 
stream  from  that  of  the  experimental  results,  at  Z/Rn  = 

1 .6  -*  2. 1  for  ions  and  Z/R„  =  1 .7  2. 1  for  electrons. 

It  is  noted  ton  that  in  the  electron  profiles  of  Fig  7  there 
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Fig.  9  <4  <  I;  Two-dimensional  electron  current  density  profiles  from 
esperimeni  ■(  500  ps. 
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Fig.  10  d  <  I:  Two-dimensional  ion  current  density  pff>files  from  e*- 
perimeni  at  500  fit 


is  some  apparent  enhancement  at  Z//fo  *  0.7  —  1.0 
which  is  in  very  close  accord  with  the  experimental  re¬ 
sults.  The  amplitude  of  this  feature  with  respect  to  the 
ambient  density  is  considerably  le.ss  than  was  observed  in 
the  corresponding  experimental  result  however,  and  fur¬ 
ther  effort  is  required  to  fully  resolve  this  feature  in  oniri 
to  determine  exactly  what  is  occuriinp  there  One  possible 
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expluialion  could  lie  in  the  fict  that  actual  number  den- 
titiea  were  calculated  in  the  simulation,  while  current 
denilty  was  the  actual  quantity  measured  in  the  experi¬ 
ments. 

A  dilTereiit  penpective  of  the  information  in  Pigs.  7  and 
8  is  shown  in  Figs.  11  and  12.  These  figures  essentially 
show  the  2'D  density  contouts  of  the  electrons  and  ions, 
respectively:  in  both,  the  density-enhaacement  regions 
(indicated  by  an  arrow)  can  be  clearly  teen.  The  unnum¬ 
bered  conioun  to  the  left  of  Z/K^  -  0.9  amindicative  of 
lent  impinging  direbtly  onto  the  backside  of  the  object 
and  creating  a  legion  of  significant  density  enhancement 
in  the  process.  Such  a  feature  could  not  be  observed  in 
the  experimental  results  because  of  the  single-sided  nature 


of  the  Langmuir  probe  that  was  used  to  make  the  density 
measurements.  This  is  due  to  the  fact  that  the  trajectories 
of  the  particles  that  give  rise  to  it  would  have  impacted 
directly  onto  the  backside  of  the  probe  which  was  covered 
with  an  insulating  ceramic  coating.  This  does  serve  to  il¬ 
lustrate  very  nicely,  however,  how  numerical  simulations 
can  direct  experimental  work,  for  the  presence  of  such 
Impinging  ions  will  certainly  be  allowed  for  and  possibly 
be  detected  in  subsequent  laboratory  investigations. 

fV.  Discussion  of  LABORAToar  and  Simulation 
Results 

Although  the  experimental  ion  and  electron  current 
density  profiles  are  similar  in  their  essential  features  to 
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the  numerical  profiles,  there  is  a  significant  diflcrcnce  in 
their  magnitudes.  To  begin  with,  the  experimental  data 
shows  a  much  larger  electron  current  density  enhance¬ 
ment  in  the  wake  when  compared  to  the  electron-density 
enhancement  seen  in  the  numerical  data.  This  might  be 
explained  by  the  fact  that:  a)  Electron  current  density  was 
the  quantity  measured  in  the  experiment,  while  the  actual 
electron  number  density  v  -”'  calculated  in  the  simulation. 
As  such,  then,  the  velocity  of  the  wake  electrons  could 
play  a  role  in  the  observed  differences  in  magnitude;  b) 
there  could  also  be  some  secondary  electron  emission  from 
the  backside  of  the  di.sc,  which  is  being  impacted  by  ions. 
These  electrons  would  contribute  additionally  to  the  en¬ 
hancement  of  the  wake  electron  current  density  as  mea¬ 
sured  in  the  laboratory.  Since  secondary  emission  was  not 
considered  in  the  numerical  simulation,  this  added  en¬ 
hancement  effect  would  therefore  not  be  a  factor  in  the 
simulation  results;  c)  another  matter  that  could  have  some 
bearing  on  the  observed  differences  is  that  the  physical 
presence  of  a  probe  in  the  wake  region  of  an  object  will 
influence  to  some  extent  the  very  parameters  which  the 
probe  seeks  to  measure.  Perturbations  of  this  type  are  par¬ 
ticularly  noteworthy  in  these  experiments,  for  the  physics 
of  Langmuir  probes  in  the  wake  of  a  larger  object  is  cur¬ 
rently  not  well  understood.  To  illustrate,  it  is  noted  that 
the  wake  of  the  probe  could  conceivably  interact  with  the 
wake  of  the  disc  in  such  a  manner  that  some  of  the  ob¬ 
served  difference  between  the  experiment  and  simulation 
data  might  be  attributed  to  the  perturbing  influence  of  the 
probe.  We  are  currently  engaged  in  studying  how  such 
effects  could  potentially  arise  by  comparing  the  obtained 
l-V  characteristic  of  a  Langmuir  prol>e  that  is  physically 
immersed  in  a  plasma  (supported  on  a  conducting  probe 
shaft)  with  those  obtained  from  numerical  simulations  of 
a  probe-like  object  that  is  biased  at  varying  potentials  to 
collect  electron  current  in  the  wake  of  a  larger  object.  It 
is  hoped  that  along  with  the  wall  effects,  which  have  also 
been  included  in  the  simulation  parameters,  we  will  arrive 
at  a  belter  understanding  of  laboratory  wake  dynamics  in 
the  presence  of  diagnostic  probes. 

The  picture  that  emerges  from  the  experimental  and 
simulation  data  then,  regarding  the  dynamics  of  electrons 
and  ions  in  the  near  wake,  is  a  somewhat  more  involved 
process  than  that  depicted  in  what  has  become  the  stan¬ 
dard  view  of  the  near-wake  environment.  From  that  per¬ 
spective.  ions  follow  straight-line  or  "balli-stic"  trajec¬ 
tories  in  going  past  an  object  immersed  in  a  collisionless 
plasma  flow  and  cross  the  geometric  axis  of  the  object 
somewhere  in  the  mid-  to  far-wake  region.  The  near  wake 
(the  region  in  the  immediate  vicinity  of  the  object  and 
extending  out  to  roughly  Z//?o  <  4 )  is  thought  to  be  ion 
free.  These  are  the  underlying  assumptions  in  the  works 
of  several  authors,  including  Taylor  |9],  Martin  1 10).  Kii- 
nemann  1 1 1  ],  and  Stone  1 1 2) . 

One  difficulty  with  this  standard  viewpoint  is  the  fact 
that  for  plasma-flow  regimes  in  which  the  potential  energy 
of  the  object  exceeds  the  kinetic-llow  energy  of  the  pl.isma 
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Stream— i.e.,  when  A  <  1. 0-ion  trajectories  will  not  fol¬ 
low  ballistic  paths,  and  as  seen  in  Figs.  2-6.  9,  and  10— 
ions  do  enter  into  the  near-wake  region.  Such  conditions 
could  arise  from  the  charging  of  a  spacecraft  during  the 
emission  of  a  charged-particle  beam  or  during  an  auroral 
event. 

The  results  indicate  that  if  an  A  <  1.0  scenario  sud 
denly  comes  about,  ions  will  be  attracted  to  the  object, 
and  under  the  influence  of  the  surrounding  charge  sheath, 
which  initially  is  large  in  extent  (on  the  order  of  the  object 
radius  prior  to  the  arrival  of  the  main  bulk  plasma),  will 
follow  a  curved  trajectory  into  the  region  behind  the  ob¬ 
ject.  This  focusing  action  is  enhanced  by  the  fact  that  the 
sheath  contracts  as  the  plasma  density  increases  at  the  ob¬ 
ject  location  (the  final  Debye  length  is  £0  3.f  ems  in  our 
experiment ),  for  the  contracting  sheath  serves  to  pull  ions 
even  closer  to  the  object.  Indeed,  it  is  seen  from  the  sim¬ 
ulation  data  that  some  ion  trajectories  impinge  directly 
onto  the  backside  of  the  object,  even  in  a  steady  state. 

The  excess  positive  space  charge  generated  by  the 
buildup  of  ions  just  behind  the  object— clearly  seen  in  Fig. 
12— subsequently  serve  to  attract  more  electrons  to  the 
area.  This  is  supported  by  the  experimental  data  in  Figs. 
2  and  3.  As  was  pointed  out  in  Section  II.  not  only  do  the 
ions  move  into  the  wake  region  before  the  electrons,  but 
the  electron  density  is  at  a  maximum  at  a  later  time  than 
the  corresponding  lime  for  the  ions;  it  is  this  mechanism 
that  is  thought  to  bring  about  a  colder-than-ambient  elec¬ 
tron  temperature  in  the  near-wake  region. 

Of  course,  the  electrons  can  never  directly  impact  the 
object,  as  the  ions  easily  can.  unless  they  possess  energy 
sufficient  to  overcome  the  object's  potential  barrier.  It  can 
be  expected  that  the  electrons  w  ill  be  ultimately  reflected 
at  the  point  where  the  potential  barrier  equals  their  kiretic 
energy.  For  an  electron  population  that  is  perfectly  Boltz¬ 
mann  in  distribution,  the  I  KTe  potential  contour  will  be 
roughly  the  close.st  that  electrons  can  be  expected  to  ap¬ 
proach  the  object.  For  an  electron  distribution  that  has  a 
hot  tail  component,  as  was  the  case  in  the  cxpctimenis,  it 
might  be  expected  that  electrons  would  approach  even 
closer  to  the  object  With  electron  densities  on  the  order 
of  lO’  cm'\  the  Debye  length  was  ®0.3  cm,  which  cor¬ 
responded  to  a  location  of  Z/R^  »  0. 1 .  It  would  therefore 
seem  possible  for  electrons  to  approach  to  within  Z/Rn  < 

1 .0.  even  in  steady  .state,  and  that  both  ions  and  electrons 
would  be  prc.sent  in  the  near  wake  The  steady-stale  re 
suits  seem  to  indicate  this  to  be  true. 
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